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Abstract—The chaotic dynamics of a gyrotron with nonstationary field structure has been numerically simulated and the Lyapunov exponents of chaotic attractors are calculated. The dimensions of chaotic attractors estimated using the Kaplan–Yorke formula have proved to be anomalously high. This fact is related to the presence
of a large number of high-Q eigenmodes in the gyrotron resonator operating in the vicinity of a critical frequency of the slow-wave system.
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On of the main properties of dynamic chaos is the
exponential instability of phase trajectories [1–3]. This
instability can be quantitatively characterized in terms
of the Lyapunov exponents calculated for attractors of
a given system. In the case of a system with N-dimensional phase space, there is a spectrum of N such exponents wherein positive and negative values refer to the
exponential growth and decay of perturbations near the
typical trajectories belonging to the given attractor.
Chaotic attractors are characterized by the presence of
least one positive Lyapunov exponent in this spectrum.
Analysis of the spectrum of Lyapunov exponents is
widely used for the investigation of complicated
dynamics both in systems described by ordinary differential equations and in models (maps) with discrete
time. In recent years, the ideas and methods of nonlinear dynamics have been extensively used for the investigation of distributed systems of the electron-wave
nature such as backward-wave oscillators (BWOs),
gyrotrons, and delayed feedback oscillators based on
traveling-wave tubes (TWTs) and klystrons. Now it is
reliably established that, for certain sets of parameters,
these systems can feature single-mode, multimode, and
chaotic oscillations. For the investigation of dynamics
and the illustrative representation of results, it is convenient to use time series, spectra, phase portraits, and
bifurcation diagrams. We believe that an analysis of the
spectrum of Lyapunov exponents will provide a deeper
insight into the nature of regimes observed in such
systems.
Since the systems under consideration are distributed (i.e., possess infinite dimension), the number of
Lyapunov exponents in the spectrum has to be also infinitely large. However, only a limited subset of this infinite set is important in practice. This subset represents
a sequence of decreasing exponents whose number is

sufficient for determining the dimension (so-called
Lyapunov dimension) of the corresponding attractor
using the well-known Kaplan–Yorke formula [1–3].
To the present, several papers have been published
in which the Lyapunov exponents have been used for
the characterization of nonlinear dynamics of electronwave devices. The first investigation of this kind was
reported in [4], where chaotic oscillations in a BWO
were considered and the corresponding major
Lyapunov exponent was estimated. The results of
numerical simulations and experiments showed that
chaos in this electron-wave system is related to the
instability of its dynamics with respect to small perturbations in the initial conditions. Recently, several
Lyapunov exponents were calculated for a BWO model
[5] and the dimensions of attractors corresponding to
chaotic regimes in this system were estimated. It was
established that, depending on the electron beam current, the system can feature chaotic regimes either with
a single positive exponent (weak chaos) or with several
positive exponents (developed chaos or hyperchaos).
Dronov et al. [5] considered chaotic dynamics in a
TWT and obtained estimates for several Lyapunov
exponents.
The nonlinear dynamics of a gyrotron with nonstationary longitudinal field structure was originally studied by Ginzburg et al. [7]. Based on the numerical solution of equations describing this dynamics, it was established that automodulation regimes are possible in this
system. Later, Airila et al. [8] modeled nonstationary
oscillatory processes in a gyrotron in a broad range of
parameters. Recently, automodulation regimes were
experimentally realized in gyrotrons with delayed feedback (see, e.g., [9, 10]). The results of our recent
numerical simulations [11] showed that the transition to
chaos can proceed according to various scenarios,

364

HIGH-DIMENSIONAL CHAOTIC ATTRACTORS IN A GYROTRON

either via a cascade of period-doubling bifurcations or
via breakage of quasi-periodic motion regimes.
Below, we present and discuss the results of calculations of the spectrum of Lyapunov exponents for chaotic regimes in a gyrotron with nonstationary longitudinal field structure. The Lyapunov dimensions of the
attractors for these regimes will be estimated using the
Kaplan–Yorke formula. In contrast to electron-wave
systems of the BWO type, a gyrotron operating in the
vicinity of a critical frequency of the slow-wave system
is characterized by a large number of Lyapunov exponents with small absolute values. This fact is related to
the large number of high-Q eigenmodes of the slowwave system and leads to a rather unexpected conclusion concerning very high dimensions of chaotic attractors. These dimensions are much greater than those of
chaotic attractors in the other electron-wave systems
studied so far.
The dynamics of a gyrotron with nonstationary longitudinal field structure will be considered on the basis
of a numerical solution of the following system of
equations written in terms of the dimensionless variables and parameters:
2π
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Fig. 1. Frequencies of the linear modes of a “cold” system
on the complex plane (Ωre, Ωim) for the boundary conditions of types A (curve A) and B (curve B) in the exit plane
of the waveguide. The inset shows plots of the absolute
value of the reflection coefficient versus frequency for
boundary conditions of the corresponding types.
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= e 0 , ϕ 0 ∈ [0, 2π].

Here, F(x, t) is a function describing the instantaneous
longitudinal distribution of the complex amplitude of
the high-frequency field, p is the transverse momentum
of electron, ∆ is the mismatch between the cyclotron
frequency and the critical frequency of the working
waveguide mode, and I0 is the electron beam current.
The interaction equations are supplemented by the following initial condition for the field: F(x, 0) = F0(x).
Let the boundary condition at the entrance cross section correspond to the total reflection, whereby the field
is always zero: F(0, t) = 0. At the collector end (exit
cross section), the gyrotron is loaded on a horn antenna
with a small opening angle. An adequate form of the
boundary condition for this case was established
in [12]. According to this, the absolute value of the
reflection coefficient smoothly decreases with increasing frequency (see curve A in the inset to Fig. 1). An
alternative variant for a gyrotron with the typical resonator geometry is offered by approximate boundary
conditions, whereby the absolute value of the reflection
coefficient depends on the frequency as described by
curve B in the same inset to Fig. 1.1
1 In

what follows, the boundary conditions for a horn antenna with
the frequency dependence of the reflection coefficient corresponding to curves A and B in Fig. 1 will be referred to as the
boundary conditions of types A and B, respectively.
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The map of gyrotron regimes on the plane of the
main parameters (∆, I0), which was obtained in [11],
contains regions corresponding to various types of generation (stationary, automodulation, chaos). It was
established that, in addition to a chaotic regime characterized by a single positive Lyapunov exponent
(“weak” chaos), the gyrotron can also feature the
regimes (referred to as the developed chaos or hyperchaos) with several positive Lyapunov exponents [13].
Figures 2a–2c present plots illustrating the regime
of hyperchaos, which corresponds to a numerical solution of Eqs. (1) with the boundary conditions of type B.
The first diagram (Fig. 2a) shows the time series of the
electron efficiency η(t) that is calculated using the
transverse momentum of electrons at the collector end
of the system. Figure 2b shows a phase portrait constructed using the values of η(t) at the current time and
at the delayed moment. Figure 2c presents the spectrum
determined using the Fourier analysis of the complex
amplitude of a signal at the gyrotron output. In contrast
to the case of weak chaos, the regime of hyperchaos has
(i) a continuous spectrum that is more homogeneous
with respect to the power distribution and (ii) a phase
portrait that is characterized by the absence of any pronounced structure.
In order to calculate the spectrum of Lyapunov
exponents, we have used the Benettin algorithm [1-3]
adapted to a distributed electron-wave system as
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represent the accumulating sums that show a change in
the norm of nth perturbation upon M steps of the algorithm. Using these sums, the Lyapunov exponents Λn
are estimated as follows:
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In order to obtain a more precise estimate, the time variation of the accumulating sum (2) is approximated by a
straight line using least squares, and then Λn is determined as the slope of this line.
Once a sufficiently large number of Lyapunov exponents are determined, the Lyapunov dimension of the
attractor can be determined using the Kaplan–Yorke
formula [3]:
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Fig. 2. Plots illustrating the regime of hyperchaos in a
gyrotron described by Eqs. (1) with ∆= 1.0, I0 = 0.15 and
output boundary conditions of type B: (a) a typical time
2π

2

series of the electron efficiency η⊥ = 1 – 1/(2π) ∫0 p dϕ0;
(b) the phase portrait reconstructed from this time series;
(c) the field spectrum at the gyrotron output.

described in [5]. The set of N exponents is obtained
from a numerical solution of N + 1 sets of Eqs. (1) with
boundary conditions of the A and B types, in which the
initial conditions for the field are set by close complex
functions Fn(x) = F(x) + ε F̃ n (x), where F̃ n (x) has a
norm of unity and ε is a small quantity. After each time
step ∆τ, the solution perturbations are orthogonalized
and normalized using the Gram–Schmidt algorithm.
Then, N values of Sn are calculated at each step, which

∑

m+1
Λi
i=1

(3)

∑

m
Λ
i=1 i

> 0,

< 0. As is known from
whereas σm + 1 =
numerous examples considered in the literature on nonlinear dynamics, the value given by formula (3) usually
provides a good estimate of the fractal dimension for a
chaotic attractor.
Using the procedure described above, we have calculated the Lyapunov exponents for several regimes of
weak and developed chaos in a gyrotron described by
Eqs. (1) with boundary conditions of the A and B types.
Figure 3a shows the plots of several accumulating sums
σn obtained in the course of calculations of the spectrum of Lyapunov exponents in a regime of hyperchaos.
The values of Sn(t) monotonically increasing on the
average correspond to positive exponents. It should be
noted that attractors of the given system, which correspond to the automodulation and chaotic regimes, possess at least two zero exponents (for which perturbations corresponding to a shift of the solution with
respect to phase and time neither increase nor decrease
with the time).
Figure 3b shows plots of the accumulating sums σn
for the first Lyapunov exponents (enumerated in the
order of decrease) versus the number n of terms in the
sum. Here, curves 1 and 2 correspond to weak chaos
regimes with ∆ = 0.0, I0 = 0.0365 (boundary conditions A)
and ∆ = 0.0, I0 = 0.038 (boundary conditions B), respectively. Curves 3 and 4 correspond to developed chaos
regimes with ∆ = 1.0, I0 = 0.11 (boundary conditions A)
and ∆ = 1.0, I0 = 0.15 (boundary conditions B), respectively. The point of intersection of each cure with the
abscissa axis give an estimate of the Lyapunov dimension according to the Kaplan–Yorke formula.
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Let us consider the estimates of attractor dimensions
for various regimes. In a system with the boundary conditions of type A, the attractor dimension in a regime of
weak chaos is approximately D ≈ 16.4, while that in a
regime of hyperchaos is about 30.6. In the case of
boundary conditions B, the attractor dimensions
increase to D ≈ 26.6 for weak chaos and D ≈ 40.7 for
hyperchaos. For the comparison, it should be noted that
the estimates of attractor dimensions obtained for a
BWO in the regimes of weak and developed chaos were
3.5 and 6.4, respectively [5]. For a TWT with delayed
feedback, the chaotic attractor dimension was estimated as 2 < D < 3 [6]. Thus, the dimensions of chaotic
attractors in our system are substantially higher than
those obtained for the other electron-wave systems. We
believe that this difference is related to the fact that the
gyrotron under consideration operates in the vicinity of
a boundary of the transmission band of the slow-wave
system.
In order to illustrate this explanation, let us consider
the “cold” system (i.e., that in the absence of the electron beam), which corresponds to setting I0 = 0 in
Eqs. (1). In this case, the system has a trivial solution
F(x, t) ≡ 0 that is evidently robust. Then, let us represent
a field perturbation in the cold system as a superposition of linear eigenmodes of the distributed resonator
formed by the slow-wave system, with the corresponding boundary conditions. Each mode will decay with
time according to the law ~exp(–Ωim, nt), where Ωim,n is
the imaginary part of the frequency for this eigenmode.
The Lyapunov exponents calculated for the cold system
with perturbations in the trivial solution must decay to
zero as ~exp(Λnt), so that Λn > 0. Thus, the cold system
must obey the relation Λn = –Ωim, n . The values of imaginary parts of the eigenmode frequencies calculated
using Eqs. (1) with the boundary conditions B are presented in the table in comparison to the estimates of
Lyapunov exponents for a cold system obtained for the
trivial solution using the proposed numerical algorithm.
As can be seen the two values are in quite good agreement.
Figure 1 shows the linear eigenmode frequencies for
a cold system on the complex plane (curves A and B
refer to the values calculated for the boundary conditions of types A and B, respectively). An analysis of the
complex frequencies of linear eigenmodes leads to a
conclusion that the slow-wave system features a large
number of modes with relatively high Q (with a small
positive imaginary part), which are weakly coupled to
the electron beam. For boundary conditions of the B
type, the decay times of such modes are on the same
(sufficiently large) order of magnitude. Then, the relaxation time of a small random perturbation arising on the
background of the fundamental modes and containing
the aforementioned high-Q modes will coincide in the
order of magnitude with their characteristic decay time.
Therefore, a large number of negative Lyapunov exponents with small absolute values will be also contained
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Fig. 3. Plots of the accumulating sums σn (a) versus time t
in the regime of hyperchaos with ∆ = 1.0, I0 = 0.15 and
(b) versus the number of terms in the sum for (1, 2) weak
chaos regimes with ∆ = 0.0, I0 = 0.0365 (boundary conditions A) and ∆ = 0.0, I0 = 0.038 (boundary conditions B),
respectively, and (3, 4) developed chaos regimes with ∆ =
1.0, I0 = 0.11 (boundary conditions A) and ∆ = 1.0, I0 = 0.15
(boundary conditions B), respectively.

in the spectrum of a system in the presence of the electron beam. Depending on the type of the boundary conditions, the system of such “cold” eigenmodes may
contain either relatively high-Q (for boundary conditions of the B type) or low-Q (for the boundary conditions A), and the difference of imaginary parts of the
frequencies of higher eigenmodes can be rather significant (see Fig. 1). For this reason, the estimates of the
attractor dimension obtained for the system with
boundary conditions of the A type are significantly
lower than those in the case of boundary conditions B.
In conclusion, we have numerically calculated the
Lyapunov exponents for chaotic regimes in a gyrotron
with nonstationary field structure and estimated the
attractor dimensions for the regimes of weak and developed chaos in this system. The results showed anomalously high values of the attractor dimension in com-
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Table
1

–Ωim

n

Λ

1
2
3
4
5
6
7
8
9
10

–0.00685
–0.0259
–0.05123
–0.07238
–0.08451
–0.09024
–0.09295
–0.09431
–0.09506
–0.09551

1
2
3
4
5
6
7
8
9
10

–0.0094
–0.0263
–0.0522
–0.0623
–0.0650
–0.0801
–0.0891
–0.0923
–0.0984
–0.0989

parison to those reported for the other electron-wave
systems. This phenomenon is explained by the presence of a large number of high-Q eigenmodes weakly
interacting with the electron beam in the gyrotron resonator operating in the vicinity of a critical frequency of
the slow-wave system.
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