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CPABHI/ITEJILHbeI AHAJIN3 CHHXPOHU3AILINHN
TAPMOHUNYECKHUM 1 UMITYJIbCHBIM CUT'HAJIOM
HA TIPUMEPE CHCTEMbBI JIOPEHIIA

FO.C. Atioaposa, A.Il. Kysneyos, JI.B. Tioprokuna

YHCNEeHHO ¥ AHANMTHYECKY MCCIEA0BAHA CHHXPOHH3ALHA BHELINMM NEPHONUYECKHM BO3-
neiicTBueM B cucTeMe JlopeHna. JIeTalbHO HCCIENOBAHO HIMEHEHHE KAPTHHBI CHHXPOHH3ALHH
TIpK M3MEHCHHH NAPAMETpa, OTBEYAIOIIEND 3 BO3HMKHOBEHHE B ABTOHOMHOMN CHCTEME XaoTH-
YECKOTO aTTPAKTOpa.

BBeaenue

SIpneHue CHHXPOHHM3ALMH SBIAETCS OOBEKTOM INPHCTAIBHOIO MHTEpECa HCCIeNo-
Bareseil B pa3nuuHbIX obmacTsax ecrectBosHanus [1-8]. K HacrosiueMy BpeMeHu nocra-
TOYHO XOPOIIO M3YUEHO SBICHHE KIJACCHUECKOH» CHHXPOHM3AlHUM, KOTOpas COCTOHMT B
TOM, 4TO Ha aBToxoneSaTenLnyo CHCTEMY C YCTOWYHBBIM IpeleIbHBIM LIMKIOM BO3AcH-
CTBYIOT BHELIHUM TNepUOIHIeCKHM (0GBIYHO rapMOHHYECKMM) curHanom [1, 3, 6, 9-11].
Jisis 3T0ro ciiydas M3BECTHEI (pa30BbIe COOTHONICHHUS, 3aBHCHMOCTh 00IaCTH CHHXPOHH3a-
IMH OT YaCTOThl BO3AEHCTBYA M T.A. B Hacrosiiee BpeMs, OAHAKO, HAMOONBIIMH HHTEPEC
TPEACTABIAET CUHXPOHU3AIMA CHCTEM, JAEMOHCTPHPYIOIHUX CIOKHYIO, B TOM YUCTIE Xao-
THYECKYI0, AUHaMHUKY [12-14]. Oka3anocs, 4T0 KOHLENHA CHHXPOHU3AIKH TaKkKe MOXET
OBITH PUMEHHMA M K ONPENENICHHOMY KJIacCy XaOTHYECKHX CHCTEM, JUIS KOTOPBIX OC-
HOBHAs 4acToTa JIETKO MOXeT ObITh ompereneHa u3 cnekrpa [6, 14-16]. Cnoxuee neno
06CTOMT ¢ CHCTEMaMM C NJIOXO OmpexesieHHOH (a3oi, Ha KOTOphie BO3ACHCTBYET CHIa
Gonsmoi ammnuTyAsl. CHHXpOHH3aIHA B TAKUX CHCTEMAX NPAKTHYECKH He MOJAHAeTCA
AHAIMTHYECKOMY HCCIEROBaHMIO. IIpuMepoM Takoi CHCTEMBI MOXET CIYXHTh CHCTEMA
JlopeHua, ABAIOMAACS OTHOMN H3 «ITANIOHHBIX» MOJCNEH HETHHEHHOH THHAMUKY U OJHOH
U3 TIEPBHIX AUCCHUIIATHBHBIX CHCTEM € aTTPaKTOPaMH, OIIHCHIBAEMBIX C HOMOIIBIO Au(de-
pEHLMAIBHEIX YPaBHEHHMI, B KOTOPOil ObLIH OOHApYKEHBI PEXUMEI JMHAMUYECKOTO Xaoca
[1, 17-19]. HccnenoBaHuio CHHXPOHM3AIMH B cHcTeMe JIOpEHIIa MOCBALIEHO HOBONBHO
3HauMTeNbHOE YMCH0 paboT (cM., Hampumep, [15, 19-21]), oqHako B HHUX, B OCHOBHOM,
paccMarpuBaiack CHHXPOHM3AIMA XaOTHYECKOTO aTTPAKTOpPa BHEMIHUM rapMOHMYECKHM
BO3ACHCTBHEM.

B nmannoii paGore NMpOBOAMTCS CPABHUTENBHOE HCCIENOBAHHE CHHXPOHH3ALUH B
cucreme JlopeHua 1o BHEIIHHM BO3JEHCTBMEM TAPMOHHYECKHM CHUIHAIOM H IEPHOAH-
9eCKOH I0CIIEA0BATENFHOCTRIO KOPOTKHX HMITYIILCOB, MOJICTHPYEMEIX I1OCICAOBATEIBHO-
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CcTBIO S-yHKIML, @ IS TAPMOHMYECKOTO BO3ACHCTBHS MPOBOIUTCA TAIOKC COMocCTaBe-
HMe YHCIEHHBIX M AHAIWTHYECKHX pesynsraroB. Kpome 3TOro, HCCIeAyeTcs M3MEHEHHUE
KapTHHBI CHHXPOHH3AIIMH TIPU M3MEHEHHH YTPAB/IAIONICro napamerpa COOTBETCTBYIOLIEH
ABTOHOMHOM CHCTEMbI, OTBEYaomero 3a Hammuue Gudypxaumii ¥ BOSHAKHOBEHHE B Heit
Xa0THUECKOro aTTpaKropa. PacyeTsl NPOBOAMIHCE B CYIIECTBCHHO Gonee WMPOKHUX AHana-
30HAX 110 MapaMeTpaM, YTO MO3BONAIO BHIABUTE OONACTH CMHXPOHHM3AIMA Ha IIOCKOCTH
(YacTOTa BHEIIHEr0 BO3AEHCTBHSA — AMIUTMTYAa BHEIIHETO BO3JEHCTBHA), KOTOPHIE paHee
He paccMaTpuBauch. Mccrnenosanne peXuMOB CHHXPOHH3ALNH OCYLIECTBIATIOCH YEPe3
AHATN3 KapT JMHAMHYECKHX PeXuMoB [17], kOTOpEIA NO3BOMACT C MOMOIIBIO KOMITBIOTED-
HOTO IKCIIEPUMEHTA TOTYIHTh CYIIECTBEHHYIO MH(OpMAIHIO 06 ycrpoiicTBe MpOCTpaH-
CTBA I1apaMeTpPOB.

1. Cunxponmszanus B cucreme Jlopenua, Haxoxaueiics
N0J rapMOHHYECKUM BO3AEiiCTBHEM

HauneM paccMOTpeHHE ¢ Haubonee TPanMUMOHHOTO ClIyHast — BO3JEHUCTBUA HA CH-
cTemy JlopeHla BHELIHHM rapMOHHYECKUM CUTHAJIOM, KOTOpO® no0GasiseTcsa B ypaBHEHHE
T IMHAMUYECKOi TepeMeHHO 2, YTOObl HE HAPYIIMTh CUMMETPHIO CHCTEMEI OTHOCH-
TeJILHO 3aMEHBI MEPEMEHHBIX T — —Y, § — —T. B 3TOM Cilyyae HEaBTOHOMHAdA CHCTEMa
Jlopenua BHITIALMT CEAYIOIEM 06pasoM:

=0y — z),
y=Rx—y—zz, ; . N
3 = —bz + zy + € cos(wt), ‘

3pech 7, y, z — AMHAMUYECKHE IEPEMEHHEIE; O, b — mapaMeTpst cucTemsl; R — ynpasnsio-
1M apaMeTp; € — aMILINTY/A BHELIHET0 BOICHCTBAA M (0 — €r0 4acToTa.

WccnenyeM KapTHHY CHHXPOHM3AllHH, BOSHHKAIOUIYIO B TakoM 'CUCTEME TIpH H3-
MeHeHUH yrpasnsiomero napamerpa. C 5To# UeNbio I CHCTEMBI (1) mocTpouM KapThl
JMHAMHYECKHX PEKMMOB HA MIOCKOCTH MapameTpoB (w — €). Ommemim, umo npu usme-
Henuu napamempa R 6 aemonomnou cucmeme Jlopenya npoucxo0sam Kawecmeentbvie usme-
Henus (Pa306020 NPOCMPAHCMEA, 6 pesylibmame KOMopbix e03HuKaem Xaomuueckui am-
mpakmop. B neasroHoMHo# cucreme (1) 3adHKCHpyeM IapaMeTphl © U b, a mapameTp R
Gy/eM YBEIHYHBATh, YT00B! MPOCAEANTS HIMEHEHYE KapTUHEI CHHXPOHH3ALIH. Ha puc. 1
TIpeICTABIIEHE! KAPThI PACCYMTAHHBIX AMHAMHYECKHX PEXHMOB M HX yBEIMICHHAIC ¢par-
MEHTHI 18 HECKOIBKMX 3HAYeHWii mapaMerpa H, OTBEeHalONIMX KaueCTBEHHO Pas/INTHBIM
pEKHUMaM B COOTBETCTBYIOMICH aBTOHOMHOMH CHCTEME Jlopenua. Ha aTux 1 BCex mocneay-
JOIIMX KAPTaxX OTTEHKAMH CEporo IBera 0603HaYeHb! 00MACTH CyIIECTBOBARMS PEXHMOB
pa3IHYHBIX DEPHONOB — Y€M TEMHEE LIBET, TEM Gosplie MEepHoJ pexuMa. bensiM LBETOM
06O3HAYCHE] XAOTHUECKHE M KBA3MIICPHOTHUECKHE PEXUMEL, a4 TAIOKE PEXUMbI OOTBIIMX
nepuonoB — Gonee 16. IIpy onpeserncHuy NEPHOAA PEXHUMA HCHIONL30BANIOCH cTpobocko-
[IHYECKOE CEUeHHe, KOTOpPOe BLIOHPANIOCh 4epe3 NEPHOM BHEIIHETO BO3JCHCTBHSL.

PaccMOTpUM IMHAMHKY HEAaBTOHOMHOH CHCTEMBI Jlopenua nogpobuee. Tak, mpu
MaJIbIX 3HAYEHHAX yTpasisiowmero napamerpa R = 0.7, koz0a 6 ¢hazoeom npocmpancmee
Q6MONOMHOL CUCTEMBL eCMb eOUHCIBEHHAA YCMOUMUEAs HEeNOOBUIICHAS MOYKA, B HEABTO-
HOMHO# cucTeMe HabmogaeTcs obmMpHas ofIacTh «CHHXPOHHM3AaLHUKY, OTBedaiomas pe-
KuMy Tiepuonia 1, a Takxke JOCTaTouHO Gorbas o6nacTs pexuMa nepuona 2 (puc. 1, a).
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Puc. 1. Kaprs! qunaMudeckux pexumos (a, 6, 6, 0, €) ¥ uX yBeauueHHbIe GParMeHTHI (2, 9, 3) I CHCTEMBI
JlopeHna moJ BHEUIHHM TapMOHHYECKMM Bo3feficTsMeM Mt ¢ = 10, b = 8/3 ¥ pasnuYHbIX 3HAMCHHI
mapametpa R: a - 0.7; 6 - 15; 6, 2 - 28; 9, oc — 222; e, 3 — 345. Tludpamu Ha KapTax 0603HAYCHBE NEPHOJLI
peXUMOB
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Puc. 2. Kapra JMHaMHYECKHMX DEXHMOB M aTTPAaKTOph HeaBToHoMHOH cucrems! Jlopewua (1), R = 28,
o=10,b=8/3
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Puc. 3. Kapra mumaMudeckux pexumoB u GudypkalMOHHEIE JEPEBbA WA CHCTeMbI JlopeHua nox rapMOHH-
yeckuM Bo3geiicTareM npu R = 28, b = 8/3, 6 = 10. [lepeBbs NOCTPOEHBI BAONL NMHUHA £ = const: a - 30;
6 - 60; 6 — 100; 2 - 160
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ITpu yBenn4aeHHH yrpapIsiomero napamMerpa R = 15, kapTa AMHAMUYECKHX PEXHUMOB Cy-
IecTBEHHO MeHsercs (puc. 1, 6): obnacts pexxuMa nepuoga 1 crana MeHslue, a 061acTu
OCTaNBHBIX PEKUMOB — 3HAYUTEIBHO GONbILE, HX BHYTPEHHEE YCTPOHCTBO CTATO0 CIOKHEE.
Teneps xapTHHa CHHXPOHHM3AIMH 06IafacT APKO BHIPAKCHHOM MEPUOAUYECKOH CTPYKTYy-
poii. Tak, obnactu pexxumoB nepuozos 1, 2 u T.A. 06pa3yIOT MOYTH BEPTHKAIBHBIE TIOJI0-
Chbl, KOTOPHIE HEOJHOKPATHO MOBTOPSIOTCS, CTAHOBACH BCE Goliee Y3KMMH TIPH ABHKEHUH
110 KapTe B 00/1aCTh ManbIX 3HaYCHUH YacTOTH! BHEINHETO BO3AeiCTBUA. [Tpu danvhetiuem
yeenuuenuu R 6 asmonomnoii cucmeme Jlopenya 6oznuxaem cmpannsiii xaomuyeckuti am-
mpaxmop. Kak cnencTsve, B HEABTOHOMHOH CHCTEME MPOUCXOLHUT CYUIECTBEHHOE H3Me-
HEHME KapThl AHHAMHYECKHX PEXUMOB (pHC. 1, 6): BMecTo obnacTu pexuma mepuona 1,
ABIABIIEHCA «GOHOMY Ha MPEABIAYIHX KapTax, OSBUIACh 06/1aCTh KBA3UNIEpHOAMKH (Oe-
b1l QoH); Hcuesna 061acTh CUHXPOHU3ALMH NIEpHOJa 2 B OKPECTHOCTH YacTOTHl 0 = 14,
a BCE OCTaNBHBIC A3BIKH ONATH CMECTHINCH BpaBo. OHAKO NEPUOAHUHOCTD A3LIKOB CHH-
XPOHM3AI[MH Ha KapTe IMHAMMYECKHX PEXHMOB H B JaHHOM clydae coxpaHsercs. IIpu
ouenb bomvbuiux 3HaveHuax ynpasiawujezo napamempa R = 345 u 222 ¢ asmonomnoii
cucmeme Jlopenya peanusyromca ycmoiiuugsle npedenbhsie yuksl nepuoda 1 u 2, coom-
gsemcmeenno. KapTiHa CHHXPOHM3AllMH B HEABTOHOMHOMN CHCTEME B 3TOM Clly4ae HMEeT
Gomee TunMuHBIA BUA (pHC. 1, 0, €): Ha KapTax XOpPOINO BUIHGBI S3BIKM CHHXPOHH3ALHH
PasNiMYHEIX IEPHOIOB, KacaloliMecs CBOMMH OCTpHAMH ocH € = 0 (puc. 1, o, 3). Or-
METHM, YTO KapTHHa obmacTell CMHXPOHH3allMHM Ha IUIOCKOCTH ITapaMeTpPOB MPOIOIKAET
COXDaHSATH CBOIO TIEPHOAUYECKYIO CTPYKTYDY.

CpaBHUM KapTHHBI CHHXPOHM3alUH, HMEIOLIEH MEeCTO B HEABTOHOMHOM CHCTEME
Jlopenna (1) npu Be6onpmHX H o4eHb GonbIIKX 3HaUYeHMAX napamerpa R. Tak, npu Bcex
3Ha4YEHMAX yIpaBisTiomero mapamerpa (kpome R = (.7) Ha xapTaXx ITHHaAMHYECKHX pe-
KHUMOB OTHCTIIMBO BMIEH OCHOBHOH #3bIK CHHXpOoHM3auuu. CTpyKTypa A3BIKOB CHHXpPO-
HHM3allMH 74 pa3sHBIX 3HaueHHH mapaMerpa R cxopHa: mMeeTcs uepeJoBaHue obmacteit
CHHXPOHH3ALUH C nepno,zmM BHEIIIHEH CHJIBI M C YABOCHHBIM MEPHOAOM BHEIIHEH CHIBL.
Ha 6ase sTux obnacteit npoucxomaT Gudypkauu yasoeHus nepuoga. Takoe CXOACTBO
BHJA KapT IMHaMHYECKHX PEKHMOB MOXHO OOBACHHTH GONBLION BEIMYMHON aMILIMTY-
JIb1 BHEIITHETO BO3ACHCTBHSA, KOTOPAs «IIOAABIsAET» COOCTBEHHYIO JHHAMUKY CHCTEMBI TaK,
yTo BHI obmacTeil CHHXPOHHM3AIlMK IIOYTH OT Hee He 3aBMCHT. KpoMe Toro, momHas CuH-
XpOHH3AIMA Xa0THIECKOH THHAMHKH UMECT MOPOT 10 aMILTUTYE BHEIUHETO BO3ACHCTBHA
(cM. puc. 1, 6). B pabore [18] Gbuta Bricka3zaHa THIIOTE3a, YTO BEIMYHHA AMILIMTYIHOTO
NOpora CHHXPOHHU3ALMH CBA3aHA C METPHIECKOH SHTPOIHEH M MOXKET CITY)KHTh HEKOTOPOi
Mepoii xaoca — ueM Gonee «pasBUT XaoC», TEM BBHILLE MOPOT.

Jna 6onee reTanbHOH WILTIOCTPALMM AHHAMUKH HEABTOHOMHOMN CHCTEMBI ObLIH 1O-
CTPOEHBI aTTPAaKTOPHI BHYTPH PasIHyHBIX obnacteit cuHxpoun3auuy (puc. 2) u 6udypka-
LIMOHHbIE JiepeBbs LI Pa3HbIX 3HAUYCHHUH aMIUIHTYIbl BHEIHe#H cwibl £ (puc. 3).

2. AnajJHTHYecKOe Hcc/IeqoBanue odyiacreil CJOOKHOM AMHAMHKH
cHcTeMbl JIopeHna moa rapMOHMYECKHM Bo3AelicTBHEM

Terneps npoBeeM aHATMTAYECKOE HCCIIEAOBaHHE HEAaBTOHOMHO# cuctemel JlopeHua
(1). na oGnapyxenus obIacTH CIOXKHOH AUMHAMHKH CHCTEMEI, B ()a30BOM MPOCTPAHCTBE
KOTOpOH MOET BO3HHKATh TOMOKIMHHYECKAS TIETS, MOXXHO HCIONB30BaTh MeTox Mens-
HuKoBa [17]. Meron MenbHHKOBa OCHOBaH Ha aHAJMTHYECKOM BBHIYHCIEHHH MO TEOPHH
BO3MYIICHUH paccTOAHMA A MEXIy cenaparpucaMH HccleJyeMoi cucTeMul. 3Haxorepe-
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MEHHOCTb A 03HAYaeT, 4TO [JBIKEHHE B JaHHOH 0ONacTH ABASETCH XaOTHIECKHM.
PaccMOTPHM CHCTeMy, HEBO3MYILCHHAA JHHAMHMKA KOTOPOH OMHMCBIBAETCA raMuilb-

TonuanoM H(p,z). BHemHee mepHopMdecKoe BO3ACHCTBHE, JHCCHNALMIO M T.J. Oynem

paccMaTpMBaTh Kak Majgoe BO3MYLIECHHE :

T = Hp + E]f(.’E,p, t), p = -HE + Elg(mrpa t)a (2)

rae €1 — Maiblit nmapamerp, f ® g nepuoauyeckue Qysxkuun spemenn. Torna paccrosuue
0 MensHHKOBY MEXIY YCTOHYMBOH M HEyCTOMYMBOH BO3MYIICHHBIMH CeNapaTpucamy
Oyaer onpefeniaTbCs HHTErpanoM

= [ (XU P.Y) + By, Phg(X, PO )

rae X (t), P(t) - pemenye HeBO3MYIIEHHEIX yPaBHEHUH, OTBEHAIONIEE IBIKEHHUIO 110 IET-
e cenmaparpucsl u3 cemia B ceino. CHBMIOM Hayana OTCYETa BPEMEHM HA IPOH3BONbL-
HyI0 KOHCTAHTY 6 MOXHO TOIYYHTb OJHONApaMETPHIECKOe CEMEHCTBO TaKMX PCICHHH.
Tpu noxcranoske 3THX pemennii suna X (t 4+ 0), P(t + 0) B dopmyny (3) moxyqaem
$yuxumio A(8).

Kpurepuit MenpuukoBa GopMyIMpyeTcs Tak: ecny QyHKIHsA A(0) 3HaxonmepeMeH-
Has, TO 3TO CBHAETENbCTBYET O HAJTMYMH TPAHCBEPCANBHOrO MEPECEYECHHS YCTOHYHBOTO
M HEYCTOHYMBOTO MHOro0GpasHil HEMOJBHXKHOH TOUKM B BOSMYLICHHOH CHCTEME H CIy-
XUT NMPU3HAKOM NPHCYTCTBHA TOMOKIHMHMYECKOH CTPYKTYPBI, @ TAKKe CBA3AHHOH ¢ HEH
CIOXHON AHHAMHKH (6€CKOHEYHOE CYETHOE MHOXKECTBO NEPHOTMUECKAX OPOHT, KOHTHHY-
yM HeTepHOAMYECKHX TpaekTopuit) [19]. ‘

Meton MenbHHKOBA IPUMEHHM B OCHOBHOM JUIA CHCTeM, 6m131<nx K I'aMHJIBTOHO-
BBIM, TIDH HAJIMYHH JMCCHIIALMM X MEPHOJUYECKOH BHEIIHEH CHIBL. Yro61 NPUMEHUTD
MeTo[l MenbHHKOBA K HEABTOHOMHOH cucTeMe JlopeHUa, BOCHIONB3YEMCS TEM, HTO CH-
creMy JIOpeHIa MOXHO TIPEICTaBUTh KaK HEJNHUHEHHBIA JHCCHIATHBHLIA OCUHIIIATOpP C
HHEPIMOHHBIM Bo30yxaeHneM. B pabote [22] Gbu10 MOKa3aHo, YTO B 3TOM CIly4ae METOA
MenbHuKoBa MOXeT ORITH d(dexTHBHO npuMeHeH K cucteme Jlopenua. Takum oGpasoM,
HCTONB3ys 3aMeHy nepeMeHHbIX [17]

U+ z2
" )

nonyyuM cucteMy JlopeHia B BHJE HeaBTOHOMHOTO HENMHEHHOTO AMCCHIIATHBHOIO OC-
uuiuaropa. Toraa ans u UMeeM

= —bu + (20 + b)z?. (5)

Teneps 106aBUM BHEIIHEE BO3AEHCTBHE
@ = —bu + (20 + b)z? + 20¢ cos(wt) (6)

H 3anuiueM HECaBTOHOMHYHO CHCTEMY JIopeHua B BHAC

3
i+(o+1)¢—o(r—1)x+%+3§f=o. %)
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[Tepenumenm ypasHeHHe (6) B BUAE CHCTEMBI ABYX AH(dEpeHIHANBHBIX YpaBHEHHH Oolee
HH3KOIo MOpsAaKa

T = D, 3

. T U 8
p=o(r—1z - -(c+1)p~ 7, ®
TOFJa TaMUIBTOHHAH CHCTEMBI (7) IpUMET BHI

X? ofr-1Xx? Xx4
Hap) =5 - =D X0 ©

Haiigem pemeHHe HEBO3MYIIEHHOH CHCTEMBI, OTBEYAIOLIee ABHKEHUIO 0 CEMapaTpuce.
JUi 3TOrO BHIIMILEM MHTETpPall SHEPIHH

X? o(r-1)Xx% X4
ST+ 5=C (10)

Koncranry C seibepem pasHo¥ 0, 410651 paBeHCTBO (9) YAOBIETBOPAIOCH B TOUKE Ce/liIa
X =0, X = 0. U3 (9) saxonum

_ 2y/o(r — 1) P 2(o(r — 1)) sh(y/o{r — 1)(t + 8)) an
ch(y/o(r — 1)(t + 0))’ ch(y/o(r — 1)(t + 0))2 '

Teneps 3anuiieM BhIpaskeHHE UIS MEJTBHUKOBCKOTO PACCTOAHHA C YUETOM ypaBHeHHid (8)

oo

4(6) (o+1)/P2 t——/PXUdt (12)

-0

IMocne HEKOTOPHIX MaTEMATHYECKUX BEIYMCICHHH, MOXKHO MONYYUTH KpuTepuil MenbHu-
i (N
KOBa ‘

£ >

—(w? + b%) sh( )
5ot =T .
dongw?vw? + b2 ( o+ 1)_£o P2dt — b(20 ~ b){(o(r —1))32 —

b

2——(;-(—\/_T_-j_ﬁ)z—2cy(1n—1)— (13)

-2 [20 coS (

91,5t (o (=) - )]})

Ha puc. 4 u3oOpakeHn! obnacTu cIOXKHOH NUHaMHKM Ans cucremsl Jlopenua (1)
JUIA pa3lnyHbIX 3HaYEeHUH apaMeTpa R, coBMeNIeHHbIE C KapTaMM JUHAMHYECKHX PEXHU-
MOB. CTpororo cOOTBETCTBHA MEXAY aHAIUTHUECKMMH M YHUCICHHBIMU PE3yNIbTaTaAMH HE
HabmogaeTcs. I1o 0ObACHAETCS, NIPEKIE BCETO, TEM, UTO BO3MyIeHue g(z, p,t) He ObuIO
MaJibIM, KaK 310 TpebyeTrcs IpH BbIBoIe Kpurepus MenbHukosa. OnHako, TeM He MEHee,
YHCICHHEIE ¥ aHATNTHYECKHE PE3yIbTaThl HAXOHATCA B JOCTATOMHO XOPOIIEM COOTBET-
CTBHH, 0COOSHHO AN OTHOCHTENBHO MajbiX 3Ha4YeHHH napamerpa K.
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3. Cunxposu3zauus cucremsi Jlopenna, naxozmmencn
IO HMILY/IbCHBIM BO3JeHCTBHEM

B 3akiroueHMe PaccMOTpHM cucTemy JlopeHIa, HaXOAAIIyIocs MO BO3NEHCTBHEM
NePHOAMYECKOH MOCNENOBATENBHOCTA KOPOTKHX HMIITYIbCOB, KOTOPhIE: MOXHO NMpEACTa-
BUTH B BHIE NEPHOAMYECKOM MOCIEAOBATENLHOCTH O-QyHKIMI. B 3TOM CJyuae HeaBTo-
HOMHas cuctema JlopeHa OnMCHIBaeTCA CIEAYIOMHMH YPaBHCHUAMHU:

z =o(y — x),

Y= Rx —y— z2, ‘ (13)
o0

Z=-bz+zy+ed, O(—nT).

n=—oo

3meck € 1 T - aMIIMTyda W MEPUOX BHEUIHero Bo3AcHcTBHA. COOTBETCTBEHHO 4acToTa
Takoro Bo3jelcTeHa Oymer w = 27/T. OTMETHM, YTO HMITYIbCHOE BO3LCHCTBHE, TAKXKe
KaK ¥ FapMOHHYECKOE, J00ABMIAETCA B yPABHEHHE JUIA JMHAMHYECKOH NIEPEMEHHOH 2. 310
B JJBHEHIIEM NO3BONUT MPOBECTH CONOCTABICHHE KapT JHHAMHYECKHX PEXHMOB JUIL
Mozieneli ¢ rapMOHMYECKHUM ¥ HMITY/IBCHBIM Bo3jeiicTBHeM. Kak 1 B npensiayiueM ciydae
HCCIeNlyeM KapTHHY CHHXPOHH3AIlMH, BOSHHKAIOIIYIO B PaCCMATPUBAEMOH CHCTEME.

Ha pruc. 5 npeacTaBieHbl KapThl AUHAMUIECKHX PEKHMOB H HX yBEIHYEHHbIE par-
MEHTHI Ha IJIOCKOCTH (W — €) s cucteMsl (14).

B cnyuae, xoz0a 8 asmonomnoti cucmeme Jlopenya umeemcs 00un pe2yaspHuli am-
mpaxmop (manvie 3uavenus R), cnoocnwix pescumos ne nabmiodaemcs. Ilocne 6ughyp-
Kayuu 6UIKY, KOMOPYI0 npemepneeaem HenodsUdCHAR MOoYKa 6 Hawane Koopounam npu
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Puc. 5. KapTsl AMHaMHYECKHX DEXHUMOB (a, 6, 6, 0, €) U HX yBenuyeHHBIe (parMeHTHt (2, oc, 3) I/ CHCTEMBI
JlopeHLa OA BHEIIHAM BO3AEHCTBHEM B BHE MEPHOAMYECKOl nocnenoBareasHocTd O-¢pynknuii jug 6 = 10,
b = 8/3 u pasnuuHKIX 3HaYeHAMI mapamerpa R: a - 5; 6 - 15; 6, 2 - 28; 0, oic — 222; e, 2 - 345, Hudpamu Ha
KapTax 0603Ha4ueHbl TEPHOABI PEXUMOB
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nepexode napamempa R uepes 1, 6 asmonomHoli cucmeme 603nuKaom 06e yCmoiuugsle
HenodsudcHvle mouxku. B HeaBTOHOMHOM cucTeMe JlopeHna npH HeOONBIIMX 3HAYEHUAX
YIpaBJIAOMEro napaMerpa R = 5 Takke HET CIOXHBIX PEXUMOB (puc. 5, a). Bonsuryio
4acTh MIOCKOCTH N1apaMETPOB 3aHMMAET 06JIaCTh PexXUMa Mepuoaa 1, oTseyaromas Tomy,
YTO TPaeKTOpHA B (Ha30BOM IPOCTPAHCTBE HEABTOHOMHOH CHCTEMBI BO BPEMS aBTOHOM-
HOM JBOTIONNY NPHXOOMT B OOHY M3 HETOABIXHBIX TOYEK, a MMIIY/IbC BHIOpacEIBaeT ee
U3 HEMOABIKHOM ToYyku. Y NMIIb B 00NMAacCTH MAJNbIX 3HAYCHHH YacTOTHI w HaOMIOZAIOT-
¢ HeGONBIINE CTPYKTYPhl PEKHMOB YABOEHHOTO epHoaa M xaoca. IIpuiem stu obnactu
YEpEAYIOTCH BAOMb OCH aMIUIMTYAbI BHEIIHEr0O BO3ACHCTBHUA, B TO BPEMs KaK IIpH TapMo-
HHYECKOM BO3JEHCTBHH PEXHMMBI YEPEAYIOTCS BAONBL YaCTOTHOM ocH (cM. pHC. 1).

Ipu ysenuuenuu 3navenus ynpagisiowezo napamempa R = 15 ¢ asmonomnou cu-
Cmeme Npoucxo0Am KauecmeenHvie UIMEHeHUs YCmpoucmea (hazos0zo0 npocmpancmea,
a B HEABTOHOMHOM CHCTEME — 00NacTH PeKHMOB YABOCHHOIO IIEPHOJA M Xa0ca YBENM-
YHBAIOTCA B pa3Mepe M CABHIAOTCA B 001acTs GONbIIMX HacToT w (pHc. 5, 6). Ilpu stoM
06J1aCTH Xa0THYECKOH JHHAMHUKH CTAHOBATCA Gojee BBIPaXKCHHBIMH, 8 BHYTPY HUX Habmo-
aaeTca cTpykTypa tuna crossroad area. OcoGeHHO 3TO XapaKTEPHO AJIs CTPYKTYp, BO3HH-
KAIOIIUX MPH HeOONBINMX 3HAYCHHAX aMIUIMTYAB! BHEIHETO BO3AEHCTBUA. ECIH U nanbie
YBETHYHBATE Hapametp R (nepexods k 3nauenuam, npu KOmopslx 6 a6MoHOMHOU cucmeme
Jlopenya cywecmeyem xaomuyeckuii ammpaxmop), TO Ha KapTe JUHAMHYECKHX PEXXUMOB
MOXHO Pa3jIM4UTh ABe Gonblure 00nacTH, XapaKTepU3yOIMECs CYLIECTBEHHO Pa3HOit 1u-
HAMHKOH (pHC. 5, 6, 2). Ileppas obnacTe pacronaraeTcs B paBoil BEPXHEH YacTH KapTsl,
rlie HeaBTOHOMHAs CHCTEMa JeMOHCTPHpYET JHIIL pexxum nepuoza 1. Bropas oGmacts - B
NeBoit YaCTH KapThl, Te HaOII0NaioTes pasHOOGpPasHbIE 06/IACTH CHHXPOHH3AIMH PasIHy-
HBIX TIEPHOJIOB M AOCTATOYHO OONbLIas 06IACTh KBa3UIEPHOAHYECKHX pexuMoB. [Ipuyem,
Tak Xe KaK H paHbLIe, OHW XapaKTEpH3YIOTCS APKO BHIPAXEHHOH MEPHOAMYHOCTHIO. 3a-
METHM TaK)Xe, 4TO IPH BO3ACHCTBHM HAa XaOTHUECKHH aTTPAKTOpP MOCIEAOBATENBHOCTBHIO
MMIIYJIbCOB, KaK W IIPH FaPMOHHYECKOM BO3IEHCTBHM, IOABIAETCA NOPOT CHHXPOHHM3ALUH
N0 aMIUTATYAe Bo3AeHCcTBHA (CM. pHC. 5, 6) .

XapaKkTepHOe JUlf KapThl JMHAMHYECKHX PEXXHMOB HEABTOHOMHOI cucteMs! JIopen-
ua (13) pasbuenne Ha ABe YacTH, COXpaHdeTcsa U npH OOIBIIMX 3HAYCHHAX napameTpa R,
HanpuMep, pu R = 222 u 345 (puc. 5, 9, e), k020a 8 AMOROMHOT CCmeMe UMeIom Me-
cmo ycmotiuuevle npedenbhvle yuxavl nepuoda 2 u 1, coomseemcmeenno. B 3toM ciryvae
NpY HeGONLIIHX 3HAYSHHAX aMIUIMTY/bI BHEIIHETO BO3AEHCTBUA &€ HaOMIONAIOTCS KBA3HIIE-
PHOIMYECKHE PEXUMEI (IIpH GOIBIIKX 3HAUYCHHAX aMIUIMTY/B! — JIMIIb PEXUM nepuona 1)
1 pa3HooOpasHele A3BIKH CHHXPOHHM3AIMH, KOTOPhIE BHINNAAT TaK XKe, KaK M [IPYU rapMo-
HHYECKOM BO3JeHCTBHH (puC. 5, o, 3).

B oTamuue oT caydas rapMOHHYECKOTO BO3JEHCTBHA IPY HMITYIECHOM BO3JEHCTBUH
Ha KapTax AWHAMHYECKHX PEKMMOB HMeeTCs oOmmMpHas o01acTh CHHXPOHHM3ALMUH C IE-
pronoM 1 (C mepHOOOM BHEIIHEH CHNbI), KOTOpas BO3HHKAeT MpH OONBIIMX YacTOTax M
GONBINKMX AMIUIMTYAaX BHEIUHETO BO3eHCTBHA (CM. puc. 5). D10 MOxeT 6pTh 06yCrnos-
JIEHO TEM, YTO TPAEKTOpHsA IONAJAeT HA ABYMEPHOE yCTOHYHBOE MHOroobpasue TOYKH
0(0,0,0), mo KOTOpOMyY OHa OY€Hb MENJIEHHO CITycKaercs k Hei. Hampumep, 310 MOXeT
[IPOMCXOMUTH TaK: NpPH 3amycke TPAeKTOPHHM B HAYalbHBEI MOMEHT BPEMEHHM M3 TOYKH,
pacnonoxeHHoi BOMM3H Hyns (HadalbHBIE YCIOBHS BCETZa BRIGHPATUCH CIEAYIOMHM 06-
pasom: g = 0.01, yo = 0.01, 29 = 0), umnynsc BHIOpPacHIBAET €€ BBEPX BAOIL OCH Z TaK,
YTO OHA HE CXOIOMT ¢ ycToitunBoro Muoroo6pasus touku O. [Tocne peficrBua uMITyIBCa,
TPaeKTOpHsA HAYHHAET MEIEHHO CIIYCKaThCA [0 MHOTOOOpa3HIo BHU3, 11O HANPABICHUIO K
3TOM TOuKe. B cllyyae 4acThIX UMIYTBCOB OHA HE YCIIEBAET 3HAYMTENBHO OTKIOHHTHCS OT
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Puc. 6. Kapra muHaMA4ecKuX PeskuMOB M GHYypKaUMOHHbIE ACpeBbA A CHCTeMB! JIopeHUa MO MMITYIIbC-
HbIM BosaeiicTeuem npu R = 28, b = 8/3, 0 = 10. [lepeBbs nocTpoeHs! BROIb JIMHHI € = const: a — 10;
6—40;¢~52; 2~ 80

yCTOHYHBOrO MHOrO06pa3us A0 CIEAYIOUIETO UMITYIbCa, KOTOPHI BEIODAcHIBaeT €€ BHOBb
BBEPX, U T. 1.

s Gonee peTanpHON WUTIOCTpAUUM JHHAMHUKH HEaBTOHOMHOMH cucteMs! JlopeHna
(14) 6putn mocTpoeHsl OuypKalMOHHEIE ACPEBbA BIOML JIMHUI € = const mng pasauy-
HBIX 3HAYeHHM# aMIUTUTYAsl € (puc. 6). Xopomio BHAHO, YTO HE33aBHCHMO OT BEJIMYMHBI
aMIUTHTYABl MMITYJILCHOTO BO3ACHCTBHS € Ha BCeX OHM(YpKaUHOHHBIX AepeBbAX Halmio-
JAI0TCA 00MaCTH KBA3HUIEPHOTHUESCKUX PEXKUMOB, Yepeayromuecs ¢ o0nacTaMu pexuMOB
Pa3IHYHBIX IEPHOAOB, BHYTPH KOTOPBIX HMEET MECTO IEPEXOJL K Xaocy 4Yepe3 MoCIenoBa-
TEJIBHOCTE YIBOCHUA IIEPHOIA.

BriBoan!

B nacrosmieii paboTe NpoBeNeHO HCCIIEOBAaHHE CHHXPOHH3AlMM B HEAaBTOHOMHOM
cucteme Jloperua. B kauecTBe BHeIuHero Bo3aeicTBHA ObUIM BBIOPaHBI TapMOHMYECKHH
CHFHAI M TEpHOJMYECKas MOCIeRoBaTeNbHOCTh O-pyHkimi. J[na o6oux THIOB BHENI-
Hero BO3AEHCTBHA IOCTPOCHB! KapThl AMHAMHYECKHX PEXHMOB HA ITOCKOCTH Iapamer-
poB (4acToTa BO3AEHCTBUS — aMIUIHTY/la BHEINIHEro Bo3neHcTBuA). KapThl mocTpoeHs! ams
HECKOJIbKHX 3HaYeHHH YIPaBNAIOIIEro napamerpa cHcTeMsl JIopeHIia, oTBeYarolux pas-
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JMYHBIM THIaM YCTpOHCTBa ()a30BOro NPOCTPAHCTBA COOTBETCTBYIOLIEH aBTOHOMHOM CH-
cremMbl. IToka3aHo, YTO KapTHHA CHHXPOHM3allMH B HeaBTOHOMHO# cucteme JlopeHua xa-
paxTepH3yeTcs psaaoM 3akoHoMepHocTell. C nomommsio Metosia MensHIKOBa POU3BEcHA
aHANTMTHYECKasd OLEHKA YCJIOBHS BOHUKHOBEHMS CIOXKHON JMHAMHKH, »

Paboma nodoeposcana epanmamu PODH Ne 06-02-16773 u CRDF BRHE REC-006

Ne Y2-P-06-13.
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THE COMPARATIVE ANALYSIS OF SYNCHRONIZATION
BY A HARMONIOUS AND PULSE FORCE
BY THE EXAMPLE OF LORENTZ SYSTEM
Yu.S. Aidarova, A.P. Kuznetsov, L.V. Turukina

The synchronization by external periodic force of Lorenz system is under both
numeric and analytical investigation in this paper. Properly studied the changes in synchro-
nization caused by alteration of parameter value, which is responsible for arising of chaotic
attractor in autonomous system.

Atidaposa HOnua Cepuxosna — pogunacs B 1983 rogy B CaparoBe, OxoHYHIa
Capatosckuii rocynapcTBeHHsli yHuBepcuteT uMeH H.I. Yepusiuesckoro (2006).
B nanHOe Bpemd sBIsSETCS acmupaHToOM KadeAphl AMHAMHUECKHX CHCTEM Ha (hakynb-
TeTe HETHHEHHBIX NPOUECCOB. SIBILETCA COABTOPOM HECKOINBKHX HAYHHBIX CTaTeH.
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nvana MHCTHTYTa paguoTeXHHKH M 3nekTpoHHKH PAH, accucrent 6asoroii xaden-
pbl nmuHamMuuecknx cuctem CI'Y B CO HPD PAH. O6nacTs Hay4HBIX HHTEPECOB —
JMHAMHYECKHH Xaoc, KPHTHYECKHE ABJICHHA HA IOPOTE Xaoca, CIOXKHaA AHHAMHKa
HENHHEHHBIX OCLIMJUIATOPOB U aBTOKONEOATENBHBIX CHCTEM C BHELIHHM AepHoanye-
CKHM BO3JCHCTBHEM B KOHTEKCTE CONMOCTABICHHA Pa3IHYHBIX MNOIXOAOB K HX OIH-
CaHMIO, CHHXPOHHU3AIMA KOPOTKMMM HMIIY/IbCAMH M YNPaBileHHE HEYCTOHYHBBIMH
peXKMMaMH TIOCPEACTBOM KOPOTKHX HMOYNbCOB. ABTOp 26 HayuHbIX nyGnukaumif,
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