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Abstract—This paper is concerned with the rolling motion of a dynamically asymmetric
unbalanced ball (Chaplygin top) in a gravitational ﬁeld on a plane under the assumption that
there is no slipping and spinning at the point of contact. We give a description of strange
attractors existing in the system and discuss in detail the scenario of how one of them arises via
a sequence of period-doubling bifurcations. In addition, we analyze the dynamics of the system
in absolute space and show that in the presence of strange attractors in the system the behavior
of the point of contact considerably depends on the characteristics of the attractor and can be
both chaotic and nearly quasi-periodic.
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INTRODUCTION
1. The study of the rolling motion of a dynamically asymmetric balanced ball on a plane was
started by S. A. Chaplygin in [23] and continued in [12, 16, 36]. Due to the integrability of this
problem the dynamical characteristics of the system exhibit regular behavior and can be analyzed
using well-developed qualitative and topological methods. One of the possible generalizations of
this system is the problem of a Chaplygin ball rolling on a sphere; this problem is much more
complicated, and is investigated in [6, 18].
The surface for which the classical no-slip constraint is realized at the point of contact is called,
according to the terminology of J. Koiller and K. Ehlers [26], the “marble” (marble rolling) model.
For ease of analysis of rolling motion, a diﬀerent surface model is used in various areas, in particular,
in robotics, which, according to the same terminology, is called the “rubber” (rubber rolling) model
and which imposes, along with the no-slip constraint, a no-spin constraint, i. e., the projection of
the angular velocity onto the normal to the surface is zero. A detailed treatment of this model
can be found in [20]. The rubber and marble models have both similarities and diﬀerences. The
hierarchy of behaviors of dynamical systems in the marble model is examined in detail in [19, 22].
We note that the rubber model, although it is simpler than the marble model, has been very poorly
studied. Both the marble and the rubber model of rolling assume the presence of nonintegrable
constraints and can be examined by modern methods of nonholonomic mechanics. For the historical
development and the basic facts of this science we refer the reader to the recent review [21].
The problem of the motion of a dynamically asymmetric ball with a displaced center of mass in
a gravitational ﬁeld using the rubber model has not been systematically studied before (moreover,
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even a balanced ball was not considered, although this problem is integrable by quadratures). Some
explanations of the rubber model for the rolling motion of a Chaplygin ball have been given recently
in [31], however, this problem requires further study. In this paper, we shall call the model of a
Chaplygin ball with a displaced center of mass the Chaplygin top. We note that for the marble
model of the Chaplygin top the authors of [8, 40] point out the existence of ﬁgure-eight and spiral
strange attractors, as well as a strange attractor arising due to destruction of the quasi-periodic
regime. The rubber model of such a system is only beginning to be explored [34, 35]. For example,
in [34] an attractor of unusual form was found, which is in fact a quasi-attractor [1], moreover,
local and global bifurcations giving rise to this attractor were investigated. In [35], the inﬂuence of
constant gyrostatic momentum on the chaotic dynamics of the system was explored.
2. In this paper, we take a more systematic approach to the investigation of the dynamics of the
Chaplygin top by analyzing the chart of dynamical regimes of the system, which allows one not only
to ﬁnd strange attractors, but also to keep track of the scenarios of their birth. The analysis carried
out by us has allowed us to ﬁnd a strange Feigenbaum attractor; the transition to this attractor
occurs via a sequence of period-doubling bifurcations. We note that the system of interest exhibits
weak dissipation and large multistability (when a variety of diﬀerent attractors coexist in the phase
space of the system). As a consequence, the construction of regime charts and the calculation of
universal constants lead to laborious calculations. We note that speciﬁc dissipation (arising due to
nonholonomic constraints) is, as a rule, due to the presence of various involutions and can lead to
strange attractors. However, it is quite probable that not all attractors that may arise from general
theory are realized in nonholonomic systems. Since their presence has a considerable inﬂuence on
the dynamics (for example, on the trajectory of the point of contact), the problem of ﬁnding and
exploring them is important and requires a separate study.
3. One of the important avenues of research is the study of the behavior of the contact point,
since the trajectory of the ball is important for analysis of the system dynamics and can be used
for comparison with experimental data. For the balanced Chaplygin ball in the rubber model, due
to additional restrictions (imposed on the position of the center of mass), all trajectories of motion
have a directed drift with transverse oscillations (see Fig. 1a). In the case of a displaced center of
mass, but with zero gravitational ﬁeld, the system possesses an additional integral [17], but in this
case there is no smooth invariant measure [3, 4]. The topological integral foliation is isomorphic to
the Euler – Poinsot case in rigid body dynamics, but the distribution of rotation numbers forms a
Cantor ladder, which is an obstruction to integrability by quadratures. The behavior of the contact
point in this case is regular and bounded (see Fig. 1b).

Fig. 1. Typical trajectories of a balanced dynamically asymmetric ball moving on a plane in a gravitational
ﬁeld (a) and those of an unbalanced dynamically asymmetric ball with zero gravitational ﬁeld (b).

In the problem under consideration, although several attractors, including complex ones, exist in
the phase space of the reduced system, the behavior of the contact point can be close to quasiperiodic motion near which chaotic oscillations with an extremely small amplitude occur. In this
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paper, we show that the behavior of the contact point for the Chaplygin top depends not only on the
nature of the attractor (chaoticity or regularity), but also on its characteristics, such as dimension
indices of the attractor, Lyapunov exponents etc. For the chaotic behavior of the contact point
we calculate various parameters which characterize the diﬀusion (random pattern of trajectories)
and directed motion. The almost regular behavior of the contact point even in the case of classical
attractors shows that the appearance of strange attractors in approximate Lorenz type models does
not necessarily lead to observation of real chaotic behavior of the system.
We note that the problem considered in this paper has a model character. Its investigation is
important both for dynamical systems theory (for understanding the birth and the role of attractors
in dynamical systems) and for robotics and control theory, since the problem of controlling
spherical bodies (spherical robots) has given rise to a large amount of research recently (see, for
example, [2, 10, 11, 24, 25] and references therein). We also note that the irregularity of the behavior
of the contact point can be used to create a directed drift. Therefore, the problem of drift and
diﬀusion of the contact point in the modern concept can be used to control chaos [38], although it
should be noted that so far this idea has hardly taken hold in mechanical systems (except perhaps
for celestial mechanics [37]). More advanced studies have been carried out only for the control of
regular systems [10, 11].
1. EQUATIONS OF MOTION AND FIRST INTEGRALS
Consider the motion of a dynamically asymmetric unbalanced ball (Chaplygin top) on a
horizontal plane (Fig. 2). To describe the dynamics of the system, we choose a ﬁxed coordinate
system Oαβγ and a moving coordinate system Cξηζ attached to the body with axes directed along
the principal axes of inertia. The connection between the ﬁxed and moving coordinate systems is
given by the transfer matrix Q = (α, β, γ). Let o denote the geometric center of the ball, C its
center of mass, and a = (a1 , a2 , a3 ) the vector of displacement of the ball’s center of mass relative
to the geometric center. Here and below, unless otherwise speciﬁed, all vectors (highlighted in bold
face) are referred to the moving coordinate system Cξηζ.
g
O
a

b

o

C

a

Rg

r

Fig. 2

We shall specify the position of the system by the coordinates of the center of mass of the ball
r and its orientation in space by the matrix Q. Thus, the conﬁguration space of the system is the
product N = {r, Q} = R3 × SO(3).
We shall assume that no-slip and no-spin constraints have been imposed on the system at the
point of contact of the ball with the surface. These constraints are described by the equations
v + ω × r = 0,

(ω, γ) = 0,

where r is the radius vector connecting the center of mass with the contact point, v, ω is the
velocity of the center of mass and the angular velocity of the ball, and γ is the normal vector to
the surface at the contact point.
The equations of motion which govern the evolution of the variables ω and γ have the form [17]

γ̇ = γ × ω,
Iω̇ = 
Iω × ω − mr × (ω × ṙ) + mg(γ × a) + λ0 γ,



I−1 γ, 
Iω × ω − mr × (ω × ṙ) + mg(γ × a)
,
λ0 = −
(γ, 
I−1 γ)
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where 
I = I + m(r, r) · E − mr · r T is the tensor of inertia of the ball relative to the point of
contact, I = diag(I1 , I2 , I3 ) is the tensor of inertia of the ball, written in terms of the coordinate
system attached to the ball, m is the mass of the ball, and g is the free-fall acceleration.
Supplementing Eqs. (1.1) with kinematic relations describing the trajectory of the contact point
of the ball and its orientation
ẋ = R(β, ω),
α̇ = α × ω,

ẏ = −R(α, ω),

(1.2)

β̇ = β × ω,

we obtain a closed system of equations which completely describes the motion of the ball on the
plane.
The radius vector of the center of mass r can be expressed in terms of the normal vector to the
surface at the point of contact in the form
r = −Rγ − a.
In view of this relation, we note that Eqs. (1.1) depend only on the variables ω and γ and hence
form a closed reduced system of equations.
The system of Eqs. (1.1) possesses two ﬁrst integrals:
1
Iω) − mg(r, γ),
the energy integral
E = (ω, 
2
the geometric integral
(γ, γ) = 1,
moreover, in this system the no-spin constraint can also be regarded as a particular integral:
(ω, γ) = 0.
The most convenient variables for numerical investigation of the dynamics of the system of
interest are the Andoyer – Deprit variables [14, 15], which are related to ω and γ by

ω1 = G2 − L2 sin l,

ω2 = G2 − L2 cos l,
ω3 = L,
L
γ1 = cos g sin l + sin g cos l,
G
L
γ2 = cos g cos l − sin g sin l,
G
 2
L
cos g.
γ3 = − 1 −
G
The introduction of these variables decreases the dimension of the system to four, since the existence
of a geometric integral and an integral realizing the no-spin constraint was taken into consideration
from the outset. Thus, on the level set of the energy integral, the dynamics of the system is
described in the Andoyer – Deprit variables using a three-dimensional ﬂow whose section in the
variable g = const gives a two-dimensional Poincaré map on the plane (l, L/G).
2. DESCRIPTION OF ATTRACTORS EXISTING IN THE SYSTEM
As shown in the paper [34] of one of the authors, for the following parameters
E = 50, R = 3, m = 1, g = 9.77145
I1 = 1, I2 = 2, I3 = 3,
a1 = 1, a2 = 1.5, a3 = 0.5
the system has a strange chaotic attractor (quasi-attractor [1]), which is shown in Fig. 3a (we shall
call it attractor I). In the course of further numerical investigation of the Poincaré map, under a
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small change in the displacement of the center of mass a3 , an attractor was found whose portrait
is shown in Fig. 3b (attractor II). This attractor exists for the following system parameters:
E = 50, R = 3, m = 1, g = 9.77145
I1 = 1, I2 = 2, I3 = 3,
a1 = 1, a2 = 1.5, a3 = 0.9.

Fig. 3. Portraits of attractors in the Poincaré section for a Chaplygin top, which have been obtained for
the parameter E = 50, R = 3, m = 1, g = 9.77145, I1 = 1, I2 = 2, I3 = 3, a1 = 1, a2 = 1.5, and (a) a3 = 0.5,
(b) a3 = 0.9. Blue denotes an attractor, red corresponds to a repeller constructed in backward time.

Bifurcations giving rise to attractor I are described in detail in [34]. We note that this attractor
arises not according to one of the well-known scenarios, but via a complex sequence of global
and local bifurcations. In what follows we consider in detail the scenario of birth of attractor II
and explore the dynamics of the system in absolute space with parameters corresponding to the
existence of this attractor.
3. SCENARIO OF BIRTH OF A NEW ATTRACTOR
In this section, we shall describe the scenario of birth of a chaotic attractor shown in Fig. 3b.
We shall keep track of changes in the dynamical behavior of the system by varying the parameters
a3 and g with constant values of the other parameters and by analyzing the charts of dynamical
regimes and Lyapunov exponents [7].
The chart of regimes is the diagram on a parameter plane (in our case (a3 , g)) each point of which
is colored in a certain way. It is constructed using the following algorithm (which is analogous, for
example, to that presented in [7]). A pair of parameters is assigned to each node of the chart. For
given parameters one calculates some number of iterations of the Poincaré map (in our case case
2 · 104 ), then the resulting point is checked for periodicity and this procedure is repeated for the
subsequent parameter values. The ﬁnal state of the system obtained in the previous step is used
as initial conditions (inheritance of initial conditions). If the period of the point is deﬁned in the
interval from 1 to 160, the corresponding node of the chart is colored in a certain way according to
the scale located near the chart. If the point has a higher period or its trajectory is not periodic,
the corresponding node is colored grey. The chart of Lyapunov exponents is a diagram that is quite
similar to the chart of dynamical regimes. The diﬀerence is that for each pair of parameters of the
chart of Lyapunov exponents we calculate the largest Lyapunov exponent (LLE). If the value of
LLE is positive, we indicate the corresponding node on the chart by a shade of red, and if LLE is
negative, we indicate the node by a shade of blue.
A preliminary analysis has revealed a point of period 19, which is born as a result of a saddlenode bifurcation. This point exists in a relatively wide range of parameters a3 and g and, as we will
show below, a Feigenbaum attractor is born from it via a sequence of period-doubling bifurcations.
Therefore, in this paper we will consider a neighborhood of the parameters at which this point was
detected.
Figure 4 shows a chart of dynamical regimes of the Poincaré map and a chart of Lyapunov
exponents for the Chaplygin top. This chart has been constructed on the parameter plane (a3 , g).
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Fig. 4. (a) Chart of regimes on the parameter plane (a3 , g). The numbers on the chart denote periods of stable
points. Red denotes points corresponding to stable motions of period 152. (b) Chart of Lyapunov exponents.

The above-mentioned point of period 19 exists in a fairly wide region of the chart, which is colored
dark blue.
In [34] it was shown that the dynamics of the Chaplygin top exhibits developed multistability,
that is, at the same parameters there coexist many periodic regimes in the system; these regimes
appear and disappear as a result of saddle-node bifurcations under small changes in the parameters.
As a consequence, the chart shown in Fig. 4 consists of several pieces each of which has been
constructed so that the initial conditions are inherited from the point of period 19.
If one moves on the chart by changing the parameters from below upwards and from left to
right from the region corresponding to the ﬁxed point of period 19, one can observe a sequence of
period-doubling bifurcations of the ﬁxed points 19–38–76–152 and a transition to chaos according
to the Feigenbaum scenario [27]. Next, we present the portraits of attractors for each of the regimes
at the constant value a3 = 0.9 and under changes of the parameter g (i.e., we shall move from below
upwards on the chart along the vertical arrow).
Figure 5 shows the phase portraits on the Poincaré map which correspond to points of period
19 and 38 for g = 9.746 and g = 9.7661, respectively. As the parameter g increases, there occurs a
sequence of period-doubling bifurcations of period 19–38–76–152–304–608, giving rise to a strange
Feigenbaum attractor [27], whose portrait is shown in Figs. 6 (g = 9.768522) and 7 (g = 9.768526).
As the parameter g increases further to 9.76853, the attractor grows in size and evolves into a
chaotic attractor taking up a large area on the map, as shown in Fig. 8.

Fig. 5. Poincaré section for regimes with period 19 (a) and 38 (b). The images have been built for the
parameters g = 9.746 (a) and g = 9.7661 (b).
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Fig. 6. Poincaré section and its enlarged fragments for g = 9.768522. A sequence of period-doubling
bifurcations based on the stable point of period 19 gives rise to a strange Feigenbaum attractor.

Fig. 7. Poincaré section and its enlarged fragments for g = 9.768526. A sequence of period-doubling
bifurcations based on the stable point of period 19 gives rise to a strange Feigenbaum attractor.

The transition to chaos via a sequence of period-doubling bifurcations can also be illustrated by
the bifurcation tree shown in Fig. 9.
Estimating the distances between successive period-doubling bifurcations and calculating their
relations
gn − gn−1
,
δF =
gn+1 − gn
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Fig. 8. Poincaré section for g = 9.76853.

Fig. 9. Tree of period-doubling bifurcations on the plane (g, L/G).

where gi is the value of the parameter g at which the ith period-doubling bifurcation occurs, we
obtain the following approximations of the Feigenbaum constant:

δF

(19, 38)/(38, 76)

(38, 76)/(76, 152)

3.86

4.45

For dissipative systems, as the transition to chaos occurs according to the Feigenbaum scenario,
the above values must tend to the universal constant δF = 4.6692 . . ., and this is exactly what
we observe already after several period-doubling bifurcations. Further period-doubling bifurcations
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occur on very small scales, and so it is not possible to estimate the subsequent approximations of
the constant with suﬃcient accuracy.
4. AVERAGE DIVERGENCE OF THE SYSTEM
A characteristic feature of systems with nonholonomic dissipation is that regions where the
phase volume contracts and extends coexist in phase space. In other words, a divergence in such
systems is alternating in sign. To illustrate this eﬀect in the system under consideration, we will
construct charts of time-average divergence  t div v(x)dt, where v(x) is the vector ﬁeld on the
phase space, x = (ω, γ). We will calculate the average divergence for the parameters corresponding
to the strange chaotic attractor (attractor II) and, for comparison, for parameters under which the
system has only simple attractors, and we will depict it on the plane of initial conditions. Calculation
of average divergence for analyzing the chaotic behavior of a system was used in [39, 41].
Figure 10 shows charts of the time-average divergence on the plane of initial conditions (l, L/G).
It is evident from the ﬁgure that the initial distribution of divergence (Fig. 10, t = 0) is quite
regular, with pronounced regions of positive (shades of yellow and red) and negative (shades of
blue) values. Similar diagrams (for t = 0) were used in [39] to analyze the dynamics in reversible
nonconservative maps.

Fig. 10. Chart of time-average divergence on the plane of initial conditions for t = 0 (top row), t = 200
(middle row), and corresponding sections of the Poincaré map (bottom row) for regular (g = 8, left) and
strange (g = 9.76853, right) attractors. The color scheme is shown on the right of the ﬁgures. The symbols St
and Un on the Pioncaré sections correspond to stable and unstable ﬁxed points, respectively.
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Figure 10 shows a transient process of mixing the regions of contraction and extension of phase
volume for t = 200. As is seen from this ﬁgure, regions with positive and negative divergence are
strongly mixed in the course of time (Fig. 10, t = 200).
Thus, we can conclude that attractor II is, on the one hand, quasi-Hamiltonian (quasiconservative) since, like a stochastic layer in Hamiltonian mechanics, it takes up a large area
in the phase space. On the other hand, inside this attractor there are many stable periodic
orbits. In contrast to Hamiltonian mechanics, where the stochastic layer has inﬁnitely many elliptic
resonances, the question of ﬁniteness of foci in an attractor has, as far as we know, not yet been
completely solved [28]. Thus, the analysis of time-average divergence charts allows us to identify
regions of phase space where chaotic attractors can be found.
These ﬁgures show once again the speciﬁcity of arising attractors, which is related to nonholonomic dissipation [9]. The nature and scenarios of birth of these attractors require additional
research.
Remark. Calculation of the average divergence for large times was carried out in [41] to determine
parameters under which a contraction of the phase volume occurs. In our system, the phase volume
contracts at all parameter values shown in the chart of dynamical regimes (see Fig. 11, shades of
blue correspond to negative values of divergence).

Fig. 11. Chart of average divergence for t = 2 · 104 on the plane of parameters (a3 , g). Shades of blue
correspond to negative values of divergence.

5. ANALYSIS OF THE BEHAVIOR OF THE CONTACT POINT
From the viewpoint of mechanics and modeling of mechanical systems it would be interesting
to observe the behavior of the contact point, since the trajectory of the system can be observed
and analyzed immediately in experiments. We present the trajectories of the contact point for the
attractors obtained above. Note that when constructing the trajectory of the contact point we did
not take into account possible losses of contact of the top with the surface, which can occur due
to the displacement of the center of mass (as a consequence, with variable reaction of the plane).
This issue requires a separate study since paradoxical situations can arise, as described in [29, 30].
The evolution of the contact point of the system is described by the kinematic relations (1.2)
ẋ = R(β, ω),

ẏ = −R(α, ω).

Figures 12–14 show the trajectories of the contact point which correspond to the Poincaré
maps presented above. As is evident from these ﬁgures, the smaller the area the attractor occupies
on the phase plane, the more regular the behavior of the contact point. This conclusion can be
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Fig. 12. Trajectories of the point of contact which correspond to periodic regimes 19 (a) and 38 (b) shown
in Fig. 5 for 103 iterations of the Poincaré map.

Fig. 13. Trajectory of the point of contact which corresponds to the Feigenbaum attractor shown in Fig. 6
for g = 9.768522 for 103 (left) and 4 · 103 (right) iterations of the Poincaré map. Due to small diﬀerences
between the values of the parameter g in Figs. 6 and 7, the trajectories for these two attractors are visually
indistinguishable, so we do not present here the trajectory of the contact point that corresponds to Fig. 7.

Fig. 14. Trajectories of the point of contact for the attractor shown in Fig. 8 for various (close) initial
conditions and for 103 (a), (d), 4 · 103 (b), (e) and 2 · 105 (c), (f) iterations of the Poincaré map, respectively,
at g = 9.76853.
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illustrated numerically by calculating the dimension of the attractor, its stochastic characteristic,
by the Kaplan – Yorke formula [33]:
m

Λi

D =m+

|Λm+1 |,

i=1

where m is the number of Lyapunov exponents, the sum of which is nonnegative.
The system under consideration has two nonzero Lyapunov exponents. The Lyapunov exponents
for the attractor shown in Fig. 8 (the corresponding trajectory is depicted in Fig. 14) have the form
Λ1 = 0.019069 ± 0.000479,
Λ2 = −0.021845 ± 0.000489,
Λ1 + Λ2 = −0.002798 ± 0.000032.
Thus, the dimension of the attractor according to Kaplan – Yorke is
D =1+

Λ1
≈ 1.87.
|Λ2 |

For the Feigenbaum attractor shown in Fig. 7 (the trajectory is depicted in Fig. 13) the Lyapunov
exponents and the dimension of the attractor are, respectively,
Λ1 = 0, 000925 ± 0.000028,
Λ2 = −0.003315 ± 0.000036
Λ1 + Λ2 = −0.002418 ± 0.000014,
D ≈ 1.28.
Thus, the dimension of the Feigenbaum attractor is close to 1. As a consequence, the pattern of
the trajectory of the contact point is nearly quasi-periodic.
We also present the Lyapunov exponents and the dimension of attractor I which were calculated
in [34]:
Λ1 = 0.083368 ± 0.000422,
Λ2 = −0.084553 ± 0.000423
Λ1 + Λ2 = −0.001184 ± 0.000011,
D ≈ 1.99.
As can be seen, its dimension is close to 2, and this (quasi-)attractor occupies a considerable area in
the Poincaré section. A typical trajectory of the contact point for this attractor is shown in Fig. 15.
Thus, for the Feigenbaum attractor (Fig. 7) with dimension D = 1.28 the point of contact quasiperiodically sweeps out the area of a ring. For attractor II (Fig. 8) with dimension D = 1.87 the
trajectory of the contact point exhibits chaotic behavior; however, the Chaplygin top moving on the
plane executes many rotations similar to those which are observed on the Feigenbaum attractor.
For attractor I (Fig. 3b), for which D = 1.99, the motion of the top on the plane is maximally
chaotic. This allows the following conclusion: the larger the dimension of the attractor, and hence
the larger the area it occupies in the Poincaré section, the more chaotic the behavior of the point
of contact.
Following [13, 32], we calculate the quantitative characteristic of the diﬀusion of the trajectory of
the contact point. By diﬀusion we mean a random (chaotic) pattern of the trajectory of the contact
point. Since the trajectories corresponding to stable ﬁxed points are periodic and sweep out the
area of a ring on the plane (x, y), we choose the following function to characterize the diﬀusion:

D = (x − xn )2 + (y − yn )2 ,
1
x =
n

n

xi ,
i=1

1
y =
n

n

yi ,
i=1
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Fig. 15. Trajectory of the contact point which corresponds to the attractor I shown in Fig. 3a.

where (xn , yn ) is the end point of the trajectory. That is, we shall search for the distance between
the averaged value of the trajectory and the end point.
As in the previous section, to demonstrate the behavior of the trajectory of the system during
the transition from order to chaos with a constant value of the displacement of the center of mass,
a3 = 0.9, we changed the parameter g from 9.725 to 9.825 (i. e., we moved on the chart again from
below upwards).
Figure 16 shows a graph of the dependence of √
the square root of the distance between the
averaged value and the end point of the trajectory, D, on the parameter g. The resulting graph
can be divided visually into 5 parts, to each of which there corresponds a certain regime of motion
(behavior of the point of contact). In region I (in the range of the parameter g from 9.725 to
√
9.76853) the behavior of the point of contact is regular, and the values of D lie in the range not
exceeding the “width of the ring” whose area is swept out by the trajectory on the plane. Further,
in region II (g changes from 9.7685 to 9.7728) the trajectories on the phase plane evolve to attractor
II, and the behavior of the point of contact becomes chaotic. Indeed, it can be seen from Fig. 16
that under small changes in the parameter the values of the square root of the distance between
the averaged value and the end point of the trajectory are absolutely diﬀerent. In region III from
9.7728 to 9.7862 the trajectories on the phase plane evolve again to the periodic point, therefore√
the
behavior of the point of contact becomes regular, and, just as in the initial region, the values of D
lie in the range not exceeding the “width of the ring” whose area is swept out by the trajectory on
the plane. Of particular interest is region IV (in the range of changing g from 9.7862 to 9.7971). It
turns out that in this region the trajectory of the point of contact is regular too, but the (external
and internal) radius of the ring swept out by the point of contact increases as the parameter g
increases to 9.79416, and then the radius decreases. Finally, in region V all trajectories on the
map are attracted to the ﬁxed
√ point of period 1, and hence the point of contact exhibits regular
behavior, and the values of D do almost not change.
As the main result of analysis of the behavior of the contact point we point out the following fact.
On each regular attractor, the point of contact of the Chaplygin top exhibits quasi-periodic (that
is, regular) behavior. Initially it was assumed that on the strange attractors the point of contact
has chaotic behavior. However, the experimental results have shown that chaos on the attractor
does not always lead to chaotic behavior of the contact point. In order for the trace of the contact
point to exhibit chaotic behavior, it is also necessary that the strange attractor takes up a volume
in the phase space that is comparable with the dimension of the phase space itself, otherwise the
point of contact will display quasi-periodic behavior.
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Fig. 16. Square root of the distance between the averaged value and the end point of the trajectory of the
Chaplygin top and the characteristic trajectories of the contact point which correspond to each segment.

6. GENEALOGY OF SEPARATRICES BETWEEN ATTRACTORS
Further, we consider scenarios of transition between two attractors described in Section 2.
The transition from the attractor shown in Fig. 3b to the attractor shown in Fig. 3a occurs
by rearranging the separatrices of saddle points which bound the domains of attraction of the
attractors. Let us observe how the separatrices of hyperbolic points rearrange themselves as the
parameter a3 changes.
The charts of dynamical regimes and numerical analysis of the Poincaré map show that in
the area of the attractor at the parameter value a3 = 0.9 there coexist many diﬀerent points of
diﬀerent periods, which arise via saddle-node bifurcations. Moreover, a dense set of separatrices of
saddle points is formed. As is seen from Fig. 17, the domain of attraction of attractor II (a3 = 0.9) is
bounded by stable (blue) separatrices of saddle points P, Q, R (shown as green points in the ﬁgure).
As the parameter a3 decreases, the domain of attraction of attractor II shrinks, while the set of
separatrices of saddle points inside the attractor increases. This results in a destruction of attractor
II, and the trajectories begin to sweep out most of the phase plane. As the parameter a3 decreases
further to the value 0.5, the separatrices of the saddle points P, Q, R, S rearrange themselves in
such a way that almost all trajectories evolve to the domain of attraction of attractor I. In [34] it
is shown that, when a3 = 0.5, this domain becomes invariant, that is, when the trajectories enter
this domain, they do not leave it. A detailed description of the scenario of birth of attractor I is
given in [34, 35].
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Fig. 17. Rearrangement of the separatrices of saddle points P, Q, R, S under the change of the projection of
the vector of displacement of the center of mass a3 from 0.9 to 0.5. Shades of blue denote stable separatrices
of hyperbolic points, shades of red correspond to unstable ones. The hatched areas correspond to regions of
prohibited motion.

CONCLUSION
This paper presents a systematic analysis of regular and chaotic behavior of the rubber model of
the Chaplygin top. In this system, a Feigenbaum attractor is found and explored and the scenario
of its birth is described. A preliminary analysis of the behavior of the contact point depending on
the characteristics of the corresponding attractor is carried out.
It turns out that the dynamics of the contact point in the system is regular due to multistability
and due to the fact that the phase space contains, as a rule, only simple attractors. For this
reason, the search for strange chaotic attractors, on which the behavior of the system also becomes
chaotic, is of particular interest for physical applications. As mentioned previously, this can be
used especially in chaos control and stabilization theory, which is being developed nowadays. It
would also be interesting to experimentally discover eﬀects which are observed in the system under
study (for example, the changes of regular and chaotic regimes under small changes in the system
parameters). Similar behavior of the contact point for the marble model is discussed in [9], where
the Poincaré map of the system is three-dimensional and the dynamics is much more diverse.
Another possible avenue of further research aimed at developing the results of this paper is to
study a related problem, that of a Chaplygin top rolling on a sphere using the rubber model. In spite
of the existence of an invariant measure, this system is chaotic even when there is no displacement
of the center of mass [26]. One interesting integrable case of this problem was found and studied
in [17] (its marble analog was found much earlier [5, 6, 18]). This case takes place when there is a
certain ratio between the radius of a ﬁxed sphere and that of a moving sphere.
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