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Abstract
Dynamics of chains of three and four coupled non-identical Josephson
junctions is considered. Synchronization eﬀects are discussed including resonance Arnold web formation on the base of tori of diﬀerent
dimensions.
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The Josephson eﬀect is widely used for generation and reception of very high frequency signals. Description of dynamics of several Josephson junctions included in the joint chain under certain conditions
leads to the coupled phase oscillators - coupled Adler equations [1, 2]. Usually, the authors discuss
junctions that are identical on critical currents. The case of two non-identical junctions is considered
in [3]. The authors discuss the emerging two-dimensional tori, the phenomenon of junctions locking
and structure of devil’s staircase. In [4] the large arrays of junctions connected in groups with the
same critical current are examined. Coupled oscillators with nonlinearity of sinus similar to Josephson
junctions were discussed also in the context of design of generators of chaos in [5].
In this letter we study the array of three and four non-identical junctions. From the point of view
of synchronization theory in such arrays the typical phenomenon is the possibility of invariant tori of
diﬀerent dimensions. This problem becomes the subject of our analysis.
Equations for the chain of coupled Josephson junction with parallel RCL-load may be written in
the next form [1–4]:
h̄
2er φ̇n + In sin φn = I − Q̇,
N
(1)
h̄
LQ̈ + RQ̇ + Q/C = 2e
∑ φ̇n .
n=1

Here φn are the junction phases and Q is the load capacitor charge, N is the number of junctions, h̄
is Planck’s constant, e is electron charge, In sin φn is superconducting current, In is a critical current
through the corresponding junction with the resistance r, I is the external current, R, L,C are the
elements of circuit including junctions, Q̇ is the current through parallel RCL-load.
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The ﬁrst equation (1) describes the n-th contact, and the second one is the Kirchhoﬀ equation for
an electrical circuit, which includes junctions. It is convenient to renormalize variables to obtain the
following dimensionless equation [4]:

φ̇n = I − In sin φn − ε Q̇,
N

Q̈ + γ Q̇ + ω02 Q = I − N1 ∑ In sin φn .

(2)

n=1

Further we assume that contacts are not identical on critical currents, so in accordance with [4] we
obtain
φ̇n = I − In sin φn − ε Q̇,
N
(3)
Q̈ + γ Q̇ + ω02 Q = I − N1 ∑ (1 + ξn ) sin φn .
n=1

Here ξn is the parameter characterizing non-identity regarding critical currents. By its physical meaning
ξn > −1 and the case ξn = 0 corresponds to identical junctions.
For three junctions (N = 3) with non-identical critical currents from (3) we have:

φ̇1 = I − sin φ1 − ε Q̇,
φ̇2 = I − (1 + ξ1 ) sin φ2 − ε Q̇,
φ̇3 = I − (1 + ξ2 ) sin φ3 − ε Q̇,
Q̈ + γ Q̇ + ω02 Q = I − 13 [sin φ1 + (1 + ξ1 ) sin φ2 + (1 + ξ2 ) sin φ3 ].

(4)

Further we will use the same parameters as in [4]: ε =0.5, γ =1, ω02 = 1.2.
From (4) it is easy to obtain an equilibrium state, assuming the time derivatives equal to zero:
0 = I − sin φ1
0 = I − (1 + ξ1 ) sin φ2 ,
0 = I − (1 + ξ2 ) sin φ3 .

(5)

Thus, the conditions of equilibrium existence are
I < 1, ξ1 > I − 1, ξ2 > I − 1.

(6)

Let us now numerically investigate the non-identity parameters plane(ξ1 , ξ2 ) with the help of method
of Lyapunov exponents charts [6–8]. At each point of the parameters plane we calculate a spectrum
of Lyapunov exponentsa . Then each point on the plane is painted in diﬀerent colors to visualize the
periodic regimes P, quasi-periodic regimes T2 and T3 corresponding to 2-tori and 3-tori, and chaos C
according to the rules described in [7, 8]. At the top of Fig.1 we show the color palette corresponding
to the type of regime determined by values of Lyapunov exponents.
At ﬁrst let us to consider the case I < 1. The corresponding chart for I = 0.8 is shown in Fig.1a.
In this case the structure of parameter plane in the area of two-frequency tori T2 contains the tongues
of the diﬀerent resonance periodic regimes and is qualitatively similar to the case of two junctions [3].
Gray color and abbreviation “eq” corresponds to a stable equilibrium (a kind of oscillations death
eﬀect [11]), which satisﬁes the conditions (5).
For parameter value I = 1.1 the picture signiﬁcantly changes (Fig.1b). Especially transformations
are notable in the left bottom part of the picture. This area is now represented mainly by threedimensional tori. In the centre of mentioned area we can see the island of the periodic regime, which is
a

Lyapunov exponents were estimated by the Benettin method [9]. Numerical solutions of the equations (3) and (4) were
obtained with the help of the Dormand - Prince integrator [10], which uses the Runge - Kutta method of order 8 with an
adaptive stepsize control. The local accuracy of integration while calculating the exponents was chosen to be 10−10 .
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Fig. 1 Plane of nonidentity parameters for three junctions at ε =0.5, γ =1, ω02 = 1.2, a) I = 0.8, b) I=1.1.

shown in enlarged view in Fig.2a. Also there are the speciﬁc bands of two-frequency regimes, radiating
like a fan from the regions of periodic mode. Another interesting fragment is shown in Fig.2b. It can be
characterized as resonance Arnold web, which is one of the important illustrations of multi-frequency
dynamics [6–8]. The chart demonstrates a lot of thin strips (the web) of two-frequency regimes, which,
being crossed, generate many small islands of periodic regimes.

Fig. 2 Enlarged fragments of Fig.1b.

In Fig.3 we reproduce the parameter plane of Fig.1b and present three-dimensional phase portraits
in selected points.
Let us construct a kind of extended phase portraits using not only the phase variables, but also
the variable Q. Examples for periodic regime, 2-torus, 3-torus and chaos are given in Fig.4 (points 6,
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Fig. 3 Phase portraits in selected points of parameter plane.
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12, 14 and 15 in the parameter plane of Fig.3). Some distinctive features of 2-tori, 3-tori and chaos
are visible. It is obvious that in such ﬁgure it is diﬃcult to distinguish visually the 3-torus and chaos.
For example, in the bottom part of Fig.4 we show the resonant 3-torus located very close to the point
demonstrating chaos.

Fig. 4 Phase portraits in extended phase space.

For four junctions from (3) we get the next system of equations:

φ̇1 = I − sin φ1 − ε Q̇,
φ̇2 = I − (1 + ξ1 ) sin φ2 − ε Q̇,
φ̇3 = I − (1 + ξ2 ) sin φ3 − ε Q̇,
φ4 = I − (1 + ξ3 ) sin φ4 − ε Q̇,
Q̈ + γ Q̇ + ω02 Q = I − 41 [sin φ1 + (1 + ξ1 ) sin φ2 + (1 + ξ2 ) sin φ3 + (1 + ξ3 ) sin φ4 ].

(7)

Let us apply for calculations previously used values of parameters: ε =0.5, γ =1, ω02 = 1.2. For
critical current we ﬁx I=1.1. In accordance with Fig.1b the value ξ1 = −0.25 from three-frequency quasiperiodical area is chosen. The calculated Lyapunov exponent chart on the plane (ξ2 , ξ3 ) is demonstrated
in Fig.5.

110

Fig. 5 Lyapunov exponent chart for four non-identical junctions (7).

In this case the resonance Arnold web is visualized on basis of 4-tori. At the intersection of the
three-frequency regimes bands the islands of 2-tori are located. The number of bands is more than in
Fig.1b. Accordingly, now chaos is observed much more frequently in the vicinity of overlapping bands.
Thus, even three and four non-identical Josephson junctions can exhibit quite complex behavior,
including resonance Arnold web on the base of the tori of diﬀerent dimensions.
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