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Abstract—The main goal of the article is to suggest a two-dimensional map that could play the
role of a generalized model similar to the standard Chirikov – Taylor mapping, but appropriate
for energy-conserving nonholonomic dynamics. In this connection, we consider a Chaplygin
sleigh on a plane, supposing that the nonholonomic constraint switches periodically in such
a way that it is located alternately at each of three legs supporting the sleigh. We assume
that at the initiation of the constraint the respective element (“knife edge”) is directed along
the local velocity vector and becomes instantly ﬁxed relative to the sleigh till the next switch.
Diﬀerential equations of the mathematical model are formulated and an analytical derivation
of mapping for the state evolution on the switching period is provided. The dynamics take
place with conservation of the mechanical energy, which plays the role of one of the parameters
responsible for the type of the dynamic behavior. At the same time, the Liouville theorem does
not hold, and the phase volume can undergo compression or expansion in certain state space
domains. Numerical simulations reveal phenomena characteristic of nonholonomic systems with
complex dynamics (like the rattleback or the Chaplygin top). In particular, on the energy surface
attractors associated with regular sustained motions can occur, settling in domains of prevalent
phase volume compression together with repellers in domains of the phase volume expansion. In
addition, chaotic and quasi-periodic regimes take place similar to those observed in conservative
nonlinear dynamics.
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INTRODUCTION
The study of complex dynamics of nonlinear systems, including dynamical chaos, is one of
the fundamental interdisciplinary problems. To date, extensive material has been accumulated,
including many theoretical results, methodologies and algorithms, a variety of examples of model
systems with complex dynamics, experimental data, etc. [1–3].
A productive approach within this scientiﬁc direction is to develop generalized models covering
a particular range of phenomena and applicable at least for a qualitative description of systems
of a diﬀerent nature. As a sample, we refer to the standard Chirikov – Taylor mapping relating to
conservative Hamiltonian systems [4–6]. A simple concrete example is a mechanical rotator, a rod
executing rotational plane motion about the axis at its end, under the action of short periodic kicks
caused by the external force depending on the instantaneous angular coordinate of the rod. The
equation describing the change in state over one period is a two-dimensional iterative map
pn+1 = pn + K sin θn (mod2π),
*

θn+1 = θn + pn + K sin θn (mod2π),
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where the parameter K characterizes the intensity of the kicks, θn is the angle of rotation, and pn
is the dimensionless angular momentum of the rotator just before the nth kick. A meaningful idea
of the dynamics can be extracted from consideration of families of orbits with diﬀerent initial
conditions on the plane (θ, p) (Fig. 1). At small K, regular quasi-periodic motions dominate,
represented by invariant curves, and chaos occurs in narrow areas (stochastic layers) separated
by the regions of regular dynamics. With the growth of K, the domains of chaotic motions
enlarge, forming a “chaotic sea” surrounding the surviving islands of regular dynamics. We note
that the Liouville theorem is satisﬁed, which means that an element of phase volume in a twodimensional space (θ, p) is preserved under the iterations of the map. Indeed, evaluation of the
Jacobi determinant yields D = ∂(pn+1 , θn+1 )/∂(pn , θn ) ≡ 1. An analogous model in the form of a
two-dimensional mapping, usually called the Zaslavsky map, is also introduced for systems with
dissipation [3, 4]. Dynamics in this case are accompanied by a contraction of the phase volume.
Sustained motions correspond to attractors — attracting invariant curves and ﬁxed points as long
as the nonlinearity is small, or chaotic attractors, which occur for strong nonlinearity.

Fig. 1. Families of orbits with diﬀerent initial conditions on the plane of variables (θ, p) of the standard
Chirikov – Taylor map (0.1) for three values of the nonlinearity parameter K.

In mechanics, in addition to the systems described using the Hamiltonian formalism (conservative) and systems with friction (dissipative), a special class of systems with nonholonomic
constraints is singled out [7, 8]. They embrace many problems of great practical importance, for
example, in analysis of mobile devices, including those in robotics. A hierarchy of types of behavior
of nonholonomic systems is established [9–11] which includes a variety of situations from simple
(integrable) to complex (nonintegrable), which are associated with a number of invariants and
symmetries inherent to the problem under study. A typical example of complex dynamics is the
motion of a rigid body with a convex smooth surface on a rough plane (the problem of a rattleback,
or “Celtic stone” [12]). The fundamental property of the rattleback and other nonholonomic systems
occupying an analogous place in the hierarchy is that they do not have an invariant measure in
the sense of the Liouville theorem [13]. Although the system is conservative (conserving mechanical
energy) and has a symmetry with respect to time reversal, the elements of the phase volume do
not remain constant during dynamic evolution, locally undergoing compression in some parts of
the phase space and stretching in others. Due to this fact, types of behavior similar to attractors
in dissipative systems can arise [14–19]. Also observed was the so-called mixed dynamics, a special
type of chaotic behavior associated with a complex set of orbits in phase space containing both
attractors and repellers [20].
From a general point of view, nonholonomic systems form a special class occupying an
intermediate position between conservative and dissipative systems and deserving special attention
in dynamical systems theory [21]. In particular, it seems desirable to introduce model constructions
similar to the Chirikov – Taylor map, but expressing the nature of the nonholonomic dynamics.
Coexistence of conservative and dissipative dynamical behaviors can be studied within the
framework of a separately deﬁned class of reversible dynamical systems [22–27]. The nonholonomic
systems naturally give rise to diﬀerential equations or iterative maps of this category. The converse
is, generally speaking, not true: it seems tricky to invent a nonholonomic mechanical problem
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that would be equivalent to systems considered, say, in [24–27]. Nevertheless, the content of the
reversible dynamics obviously sheds light and is of relevance for interpreting and understanding
some dynamical phenomena in nonholonomic mechanics (coexistence of attractors and repellers,
quasi-conservative dynamics, mixed dynamics, speciﬁc bifurcations).
One of the paradigmatic examples of nonholonomic mechanics is the Chaplygin sleigh [28–33].
It is a rigid body that can move on a ﬂat surface, having as one of the supports an attached “knife
edge” capable of sliding only in the longitudinal direction. The dynamics of the classical model
in the presence of some initial translational and angular velocity leads to a sustained motion of
the sleigh at a constant speed in the direction of the knife edge. Recently there has been revived
interest in models that generalize the Chaplygin sleigh, particularly, in connection with robotics
and control [8, 33] and with dynamics of active microswimmers at low Reynolds numbers [31].
For the sleigh moving under the action of periodic pulses of the torque, the possibility of complex
dynamics in the presence of weak dissipation was noted in [32].
In this paper we study a modiﬁcation of the Chaplygin sleigh, suggested originally in the
short communication [34], which exhibits complex dynamics under conditions of conservation of
mechanical energy and leads to a model mapping that can claim to be a nonholonomic analog of
the standard map. Namely, we consider the Chaplygin sleigh in a situation where the nonholonomic
constraint is applied in turn periodically in one of three supports on the sleigh for a certain time
interval. It is assumed that the orientation of the knife edge becomes aligned with its velocity vector
and at the moment of the constraint application it becomes instantly ﬁxed relative to the sleigh
for some constant time until the next switch occurs. Diﬀerential equations of the mathematical
model are formulated, and an analytic derivation is provided for the map describing the state
transformation during the switching period. Mechanical energy is conserved, and it may be regarded
as one of relevant parameters determining the dynamic behavior. However, the Liouville theorem
does not hold, and the map appears as area-compressing in certain regions of the state space
or producing expansion in others, so the system manifests phenomena characteristic of systems
occupying the place of those with complex dynamics in the hierarchy of nonholonomic mechanics.
In particular, on the energy surface, it is possible to observe attractors responsible for sustained
regular motions in regions of dominating volume compression, and repellers in regions of dominating
volume expansion. (The latter attract trajectories when considering the motion in reverse time.)
Chaotic and quasi-periodic modes similar to those observed in conservative systems also take place.
1. BASIC EQUATIONS
Consider the motion of the Chaplygin sleigh on a horizontal plane (Fig. 2), assuming that the
nonholonomic mechanical constraint is imposed alternately for successive time intervals of duration
T at the points of the sleigh A1 , A2 , A3 located at the vertices of an equilateral triangle at distance
r from the center of mass C. The condition is that, while the constraint is switched on, the speed
of the corresponding point is oriented in a direction ﬁxed relative to the sleigh, which is deﬁned as
the direction of the local velocity of this point at the moment of the constraint initiation. One can
imagine this in such a way that the supports that ensure contact of the sleigh with the plane are
made as the knife edges installed at points A1 , A2 , A3 on the hinges attached to the sleigh and ﬁxed
alternately for a time interval T . While there is no ﬁxation, the presence of the knife edges does not
aﬀect the sleigh motion, but their orientation always remains aligned with the local velocity vector.
With the ﬁxation, the rotation of the corresponding knife edge stops and the constraint appears to
be imposed on the system in this place.
An alternative way to implement dynamics of this type can be based on the use of a threewheeled trolley whose three wheels are mounted on the pivot bearings, the orientation of each of
the wheels being ﬁxed forcibly relative to the trolley for a period T .
The description of the dynamics consists in examining three periodically repeating stages
corresponding to ﬁxing the knife edges, each for a time interval T , successively at A1 , A2 , A3 .
At each of these stages it is appropriate to use equations of the Chaplygin sleigh in the form due
to Borisov and Mamaev [30], which requires determining the variables and parameters that appear
in those equations.
Consider a stage when the constraint is imposed at A1 , which corresponds to the picture in
Fig. 2; the remaining stages are analyzed similarly.
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Fig. 2. The Chaplygin sleigh moving on a plane. A laboratory reference system (X, Y ) and a sleigh-referenced
frame (ξ, η) with the origin at the center of mass C are deﬁned. A situation is presented corresponding to
location of the nonholonomic constraint (knife edge) at A1 (red segment). Q is a specially chosen point on the
sleigh whose speed in the direction of the knife edge is taken as one of the variables in the dynamic equations.
A2 and A3 are the points where the nonholonomic constraint is imposed on other stages of the sleigh motion.

Suppose that at the beginning of the stage the state of the system is given by a set of quantities
(XC , YC , UC , VC , ω, α),

(1.1)

where (XC , YC ) are the coordinates of the center of mass in the laboratory frame, (UC , VC ) are
projections of the velocity of the center of mass on the axes X and Y , ω is an instantaneous angular
velocity of the sleigh, α is the angle formed by the radius vector of the point of application of the
constraint A with the X axis. Then the coordinates of point A are expressed as follows:
XA = XC + r cos α, YA = YC + r sin α,

(1.2)

where r is the distance from the center of mass, and the velocity components are
UA = UC − ωr sin α, VA = VC + ωr cos α.

(1.3)

At the initial moment, the direction of the knife edge is ﬁxed relative to the sleigh with the angle
ϕ = arg(UA + iVA ),
and the absolute value of the velocity is given by

uA = UA2 + VA2 .

(1.4)

(1.5)

We deﬁne an orthogonal coordinate frame (ξ, η) with the origin at the center of mass C so that
the ξ axis is parallel to the knife edge, i. e., is directed with the angle ϕ to the X axis (Fig. 2). The
coordinates of point A are obviously
ξA = a = r cos θ,

ηA = b = r sin θ,

(1.6)

where
θ = α − ϕ.

(1.7)

The projection of the velocity on the ξ axis is given by the above expression for uA , and the
projection onto the η axis is zero: vA = 01) .
Following [30], to simplify the equations of motion it is convenient to introduce point Q as
a projection of the point of application of the constraint to the axis ξ. The coordinates and
components of the velocity of point Q in the laboratory frame are determined by the expressions
XQ = XC + a cos ϕ, YQ = YC + a sin ϕ,
1)

(1.8)

Parameters (a, b, θ) remain constant throughout the considered stage, but, generally speaking, will be diﬀerent
at other stages.
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UQ = UC − aω sin ϕ = UA + ωr sin α − aω sin ϕ,

(1.9)

VQ = VC + aω cos ϕ = VA − ωr cos α + aω cos ϕ.
Accordingly, in projection on the axes ξ and η of the sleigh-connected frame, we have

u = UQ cos ϕ + VQ sin ϕ = uA + ωr sin α cos ϕ − ωr cos α sin ϕ = uA + ωr sin(α − ϕ) = uA + bω,
v = −UQ sin ϕ + VQ cos ϕ = vA − ωr sin α sin ϕ + ωr cos α cos ϕ + aω = vA = 0.
(1.10)
The resulting set of values (u, ω, ϕ, XQ , YQ ) determines the initial conditions for the equations
of [30], namely,
u̇ = aω 2 ,
(μ + a2 )ω̇ = −aωu,
(1.11)

ϕ̇ = ω,
ẊQ = u cos ϕ,
ẎQ = u sin ϕ,

where μ = J/m is the normalized moment of inertia of the sleigh relative to the center of mass. As
seen from the ﬁrst two equations, the motion takes place with conservation of the quantity
W = 12 [mu2 + (μ + a2 )ω 2 ],

(1.12)

which is the total mechanical energy of the translational and rotational motion of the sleigh.
Equations (1.11) integrated over the time interval T provide a set of variables u, ω, ϕ, XQ , YQ ,
which allow determining the ﬁnal state of the system in the same form as the initial state. Namely,
(XC , YC , UC , VC , ω, α)new
= (XQ − a cos ϕ, YQ − a sin ϕ, u cos ϕ + aω sin ϕ, u sin ϕ − aω cos ϕ, ω, ϕ + θ),

(1.13)

which completes the description of this stage of the sleigh movement.
Passing to the next stage, we use the same relations, redeﬁning the value of α by adding the
angle between the radius vectors of the old and the new positions of the nonholonomic constraint:
αnew = α + 2π/3.

(1.14)

At all stages of evolution, the conservation of mechanical energy


W = 12 m UC2 + VC2 + 12 Jω 2

(1.15)

takes place. [As is easy to show, at time intervals between the switchings this expression is equivalent
to (1.12).]
With the parameters of the system m, r, J, T and the energy W one can compose two
dimensionless combinations

J
2W T
,
(1.16)
, P2 =
P1 =
2
mr
m r
which serve as similarity criteria for the sleigh dynamics in our formulation of the problem.
Subsequently, the sleigh mass m and the distance r are always taken equal to
√ unity, which does
not reduce the generality of the analysis; then we have to set P1 = μ, P2 = 2W T .
Figure 3 illustrates some characteristic modes of dynamics of our modiﬁcation of the Chaplygin
sleigh. In the laboratory frame the instantaneous positions of the triangle formed by the supports
of the sleigh A1 , A2 , A3 , are depicted at the moments of switching, and the traces of the knife
edges are shown as curvilinear segments with arrows. The sequence of images (a) refers to the case
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of motion that is chaotic (although it is diﬃcult to judge from this relatively short part of the
process). Sequence (b) represents a trivial mode when the rotational component is absent and the
translational motion occurs in one particular direction, parallel to which the knife edges are oriented
at each stage of the constraint application. Image (c) corresponds to the mode when the angular
velocity and the absolute value of the translational velocity vary periodically with period T , but
in successive stages this is accompanied by rotation of the velocity vector through a ﬁxed angle;
so, the evolution of the sleigh position is, in general, quasi-periodic. As will be seen from further
analysis, dynamics in situation (a) are quasi-conservative (like that in the “chaotic sea” of the
Chirikov – Taylor map). Diagrams (b) and (c), on the other hand, correspond to attracting sets
located in phase space on a surface of constant energy, and represent a kind of attractors speciﬁc
to nonholonomic dynamics.

Fig. 3. The motion of the Chaplygin sleigh with the switchable constraint for μ = 5, T = 5, W = 2 (a); the
motion associated with the trivial solution with zero angular velocity at W = 0.06, μ = 5, T = 5 (b); and the
motion corresponding to the attractor of the reduced equations at T = 5, μ = 3, 2W = 1.5129 (c).

2. REDUCED SYSTEM AND TWO-DIMENSIONAL MAPPING
To start, let us ﬁrst concentrate not on spatial displacement of the sleigh in the course of
its motion, but on classiﬁcation of types of dynamic behavior (periodic, quasi-periodic, chaotic)
according to its translational and angular velocities. The description in this sense can be reduced
to the ﬁrst three Eqs. (1.11) as they form a separate set independent of the last two equations.
Using
the initial state ( UC , VC , ω, α)t=0 , we get ϕ = ϕ0 = arg [UC − ω sin α + i(VC + ω cos α)], u =

(UC − ω sin α)2 + (VC + ω cos α)2 + ωr sin θ, where θ = α − ϕ, and also determine the parameter
a = cos θ. With these initial data, we solve the equations
u̇ = aω 2 , (μ + a2 )ω̇ = −aωu, ϕ̇ = ω

(2.1)

on the time interval T , keeping in mind that a and θ remain constant, and obtain a new state
(UC , VC , ω, α)new = ( u cos ϕ + aω sin ϕ, u sin ϕ − aω cos ϕ, ω, ϕ + θ + 2π/3)t=T .
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Integration of equations (2.1) can be performed analytically. Since the energy W given by
relation (1.12) remains constant, we seek a solution in the form
√
√
(2.3)
u = 2W cos Φ, ω = 2W (μ + a2 )−1/2 sin Φ.
Then for the variable Φ we obtain an equation with separating variables
√
Φ̇ = −a 2W (μ + a2 )−1 sin Φ,
and, integrating,

(2.4)

 √

Φ0
2W a
Φ(t)
= tan
exp −
t ,
tan
2
2
μ + a2

(2.5)

where Φ0 = arg u + i ω(μ + a2 )1/2 t=0 . Further, we note that
√
ϕ̇ = ω = 2W (μ + a2 )−1/2 sin Φ = −a−1 (μ + a2 )1/2 Φ̇,

(2.6)

so, ϕ(t) − ϕ0 = −a−1 (μ + a2 )1/2 (Φ(t) − Φ0 ). Finally we have:
√
u(T ) = 2W cos Φ(T ),
√
ω(T ) = 2W (μ + a2 )−1/2 sin Φ(T ),

(2.7)

ϕ(T ) = ϕ0 + a−1 (μ + a2 )1/2 (Φ(T ) − Φ0 ),
and, substituting these quantities in formula (2.2), we obtain the required result, the state at the
time of the next switching.
Taking into account the invariance under rotations in the plane and the conservation of energy
W , which is naturally regarded as a parameter, the problem can be reduced to a two-dimensional
mapping.
For dynamical variables at the instants of switching
 t = nT , we take the angular velocity
normalized to its maximum possible value wn = ω(nT ) μ/2W , and the angle between the direction
of the velocity of the center of mass relative to the radius vector of the point where the constraint
is currently initiated, γn = arg UC (nT ) + iVC (nT ) − α(nT ).
Using the results of the analytical solution, the map describing the state change over a period
of time T can be represented in the following compact form:


2iaG
2G
2π

, wn+1 =
,
(2.8)
−
γn+1 = arg U 1 − G2 − 
2
2
3
μ+a
(1 + G ) 1 + μ−1 a2
where
U=



1 − wn2 exp(i γn ) + iμ−1/2 wn ,

a = |U |−1 ReU,

wn
G=



√

μ + a2 exp − aTμ+a2W
2



μ1/2 + μ1/2 |U | − wn |U |−1 ImU

.

Note that the map (2.8) is invariant under the time reversal transformation n → −n accompanied
by the involution


(2.9)
H(w, γ) = w, 73 π − γ .
3. MAIN TYPES OF THE DYNAMIC BEHAVIOR
To illustrate the characteristic dynamical modes exhibited by the system depending on initial
conditions, we choose the parameters T = 5, μ = 3, 2W = 1.5129, which correspond to P1 = 3,
P2 = 6.152) .
2)

Recall that an agreement was adopted m = 1, r = 1.
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Figure 4 shows a diagram in the plane of the variables (γ, ω) obtained numerically by iterating
the map (2.8) with diﬀerent initial conditions. As is seen, the picture of orbits in the plane (γ,w )
is symmetric with respect to the vertical line γ = 76 π, invariant under the involution (2.9).
It is interesting to compare Fig. 4 with the diagrams for the Chirikov – Taylor map in Fig. 1.
Common features can be seen in the presence of invariant curves going from the left to the
right edge, or those having the shape of closed formations, and in the presence of the “chaotic sea”
situated in the lower part of the ﬁgure.
Diﬀerences manifest themselves in the occurrence of objects of diﬀerent types that are
characteristic more of dissipative dynamics.
First, at the top of the diagram there is a ﬁxed point A (γ = 3.07152006, ω=0.51302349), which
is an attractor. The basin of attraction, i.e., a set of points of the phase plane, at the start of which
the trajectories come to the attractor, is shown in pink in a color on-line version of the ﬁgure.
The fact that the basin is completely located in the upper half-plane indicates that there are no
reversals (in contrast to the rattleback or the Chaplygin top [12, 16, 17, 19]): the sign of the angular
velocity cannot change during the transient towards the stationary state. Along with the attractor,
there is a repeller, a ﬁxed point R (γ = 4.25886280, ω = 0.51302349), to which iterations lead in
computations providing the time reversal dynamics for a certain set of initial conditions.
Second, there is a trivial attractive set of points ATS on the horizontal axis w = 0, denoted
by horizontal segments shown in green. (These segments under iterations of the map are visited
in turn.) With respect to shifts in the horizontal direction a neutral stability takes place, i. e., we
have to talk not about a ﬁxed point attractor, but a set of ﬁxed points that ﬁll a segment. The
remaining part of the axis w = 0 is occupied by repelling ﬁxed points. The attraction basin of the
ATS set is depicted on the diagram as a curved strip of light green color in its central part.
Using the traditional methods for evaluating the Lyapunov exponents [1, 3, 35], it is possible
to calculate them numerically for various orbits. For a ﬁxed point A, both Lyapunov exponents
are negative (Λ1 = −0.05280, Λ2 = −0.76993). Accordingly, for the repeller R they are positive
(Λ1 = 0.76993, Λ2 = 0.05280). For points belonging to the set ATS one of the Lyapunov exponents
is zero, and the second is negative. For invariant curves, both Lyapunov exponents are zero to
within the computational errors. For the “chaotic sea” located in the bottom part of the diagram,
the calculation of the Lyapunov exponents leads to a well-deﬁned result, regardless of the initial
conditions within the “sea”. Namely, one exponent is positive that indicates chaotic nature of the
motion, and the second is of the same absolute value but negative: Λ1 = 0.163, Λ2 = −0.163.
Dynamical modes that correspond to the invariant curves and the “chaotic sea” should obviously
be interpreted as quasi-conservative.
Figure 5 on the left shows regions of the area stretching (white) and compression (black) for the
map (2.8) as calculated numerically from the Jacobi determinant D = ∂(γn+1 , wn+1 )/∂(γn , wn ).
Black indicates the area-compressing regions, and white denotes the area-expansion ones. On the
right, the diagram is plotted reproducing the background, against which the orbits generated by
iterations of the mapping are shown in gray. As is seen, the attractive point falls into the region
where the map is compressive, and the point of the repeller is in the region where it is expanding.
Quasi-conservative motions, namely, the invariant curves and chaotic sea, occupy the regions of
compression and expansion to an equal degree. A trivial attracting set of points on the axis w = 0
consists of three segments visited in turn, two of which fall into the region of compression, which
ensures the attractive nature of this set.
4. ATTRACTOR OF THE REDUCED EQUATIONS: FIXED POINT OF THE
TWO-DIMENSIONAL MAP AND CYCLIC SLEIGH MOTION
It can be shown that evaluating the position of a ﬁxed point reduces to solving an algebraic
equation for the parameter a
 √
2


√
3a2
3a
2W aT
1+
−
= exp −
.
(4.1)
μ + a2
μ + a2
μ + a2
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Fig. 4. The phase portrait of the map (2.8) on the plane (γ, w) at T = 5, μ = 3, 2W = 1.5129. The black lines
on the white background represent quasi-periodic motions corresponding to quasi-conservative dynamics; the
same curves are obtained when solving the problem in reverse time. The vast dark blue area at the bottom of
the diagram is the “chaotic sea”. The light green area is a basin of attraction of the family of trivial motions
on the axis w = 0. The pink region is the attraction basin of the ﬁxed point A. The ﬁxed point R is repulsive.

Fig. 5. Left panel: a diagram on the plane (γ, ω), where
shown for the map (2.8), as obtained from the calculated
at the corresponding points: white |D| > 1, black |D| < 1
generated by iterations of the map are shown in gray.
2W = 1.5129.

the regions of area expansion and compression are
Jacobi determinant D = ∂(γn+1 , wn+1 )/∂(γn , wn )
. Right panel: on the same backgrounds the orbits
The values of the parameters are T = 5, μ = 3,

Under the assumption a = 1 or a → 0 we obtain two relations that determine the upper and the
lower boundaries of energy for the existence of ﬁxed-points, namely,
2

 √

√
√
√ √
3
3
2W T
−√
and 2 3 μ = 2W T,
1+
= exp −
(4.2)
μ+1
μ+1
μ+1
or, expressing these relations in terms of the similarity criteria,
2

√

3
3
−√
1+
and P2 = 2 3P1 .
P2 = −(P1 + 1) ln
P1 + 1
P1 + 1

(4.3)

Attracting and repelling ﬁxed points occur in a region in the parameter plane shown in Fig. 6a
as a gray strip. The upper edge of this strip corresponds to a bifurcation of merge of the attractive
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and repelling ﬁxed points. Instead of them, quasi-conservative dynamics appear associated with an
elliptic point of period 2. This is accompanied by formation of two areas on the phase plane visited
in turn and ﬁlled with closed invariant curves around the centers; as we depart from the bifurcation,
the centers diverge from the place of their birth along the line invariant under the involution.
The lower boundary corresponds to a special situation, if at the moment of switching the velocity
vector is orthogonal to the radius vector of the point where the constraint is initiated, and the
parameter a turns out to be zero.

(a)

(b)

Fig. 6. Domain of the existence of attractive and repulsive ﬁxed points of the map (2.8) in the parameter
plane (a) and trajectories in projection onto the phase plane of the diﬀerential equations describing the motions
in the intervals between the switches (b), where the red color shows the corresponding attractor (represented
by the limit cycle) at T = 5, μ = 3, 2W = 1.5129.

The ﬁxed point of the map corresponds to a cyclic evolution in continuous time for the angular
velocity and for the projection of the velocity in the sleigh reference frame. It is such a situation that
the values (u0 , w0 ) of the variables evolve to (−u0 , w0 ) at the stage of continuous motion described
by diﬀerential equations (Fig. 6b). At the end of the stage, the angle between the velocity vector
and the radius vector of the point of application of the constraint relative to the center of mass
coincides with the initial value. Actually, the movement of the sleigh on the plane is quasi-periodic
due to the fact that the angle of rotation during the switching period, generally speaking, is not in
a multiple ratio with 2π (Fig. 7).
5. FAMILY OF TRIVIAL MOTIONS
Let us suppose for a while that there is no rotation, i. e., w = 0, and the translational velocity is
directed at angle γ to the axis connecting the center of mass and the point of the knife edge location.
Such a motion will continue indeﬁnitely long, accompanied only by changes in the location of the
knife edges without varying their orientation and the speed direction in the laboratory reference
frame. This corresponds to the family of ﬁxed points (w, γ) = (0, const) of the two-dimensional
map for the total switching period 3T . One Lyapunov exponent is always zero, and the nontrivial
second exponent is given by


√
r cos(γ + 2π/3)
r cos(γ + 4π/3)
r cos γ
+
+
.
(5.1)
Λ̃ = − 2W T
μ + r 2 cos2 γ μ + r 2 cos2 (γ + 2π/3) μ + r 2 cos2 (γ + 4π/3)
(Here we give a relation for the Lyapunov exponent, deﬁned not for the period T , as in other sections
of the article, but for the full period 3T ; to indicate this, we will use a tilde in our notation.)
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Fig. 7. The motion of the sleigh corresponding to the attractor of the reduced equations at T = 5, μ = 3, r = 1,
W = 1.5129/2. The ﬁxed point of the two-dimensional map w = 0.51302349, γ = 3.07152006. The Lyapunov
exponents for the map relating to the time interval T : Λ1 = −0.05280, Λ2 = −0.76993.

The Lyapunov exponent (5.1) is negative in the following intervals:
γ ∈ (π/6, π/2), (5π/6, 7π/6), (3π/2, 11π/6).

(5.2)

The basin of attraction of the family of trivial motions on the phase plane (γ, w) occupies a waveshaped strip containing the axis w = 0. In Fig. 4 it is shown in light green. The sleigh movement
corresponding to the trivial solution with zero angular velocity is illustrated by diagram (b) in
Fig. 3.

6. GENERAL PICTURE OF DYNAMICS DEPENDING ON THE PARAMETERS
In order to give a general idea of the dependence of dynamic behavior on parameters, Fig. 8
reproduces the parameter plane with a gray-colored region of existence of the ﬁxed point attractor.
The diagrams illustrating the arrangement of the phase plane of the two-dimensional map at
representative points are shown on the periphery.
In the upper left part of the parameter plane region (small P1 and large P2) the dynamics
are relatively simple and asymptotically lead either to trivial states without rotation or to regular
motions along closed invariant curves on the phase plane. In the lower part (small P2), the dynamics
are represented by wave-like invariant curves, whose zones of existence are separated by narrow
chaotic layers of width obviously tending to zero with decreasing energy. In the central part there is
a wavy white strip corresponding to the basin of attraction of trivial states. With increasing energy,
the width of stochastic layers grows, and they become pronounced chaotic seas. When passing into
the strip of existence of the attractor and the repeller, the upper chaotic sea cringes, giving place
to the attraction basin of the attractive ﬁxed point. If we rise in the parameter plane above this
strip, then instead of the attractor basin there appears an island of regular motions represented
by two families of closed invariant curves located, respectively, in the upper and lower parts of the
island.
Figure 9 illustrates motion of the sleigh in real space associated with the distinct formations on
the phase plane. The diagram in the central part of the ﬁgure reproduces the phase plane picture
of the two-dimensional map at T = 5, μ = 3, 2W = 1.5129, and around the periphery of the ﬁgure,
the trajectories of the center of mass in the laboratory reference frame are shown, corresponding
to representative types of motion. (The initial data for the angular velocity w and the angular
variable γ corresponding to those pictures are indicated by pointers.) We note a chaotic, diﬀusionlike motion of the sleigh on a trajectory containing numerous curls, shown in the ﬁgure to the right
below, which corresponds to the “chaotic sea” in the phase plane.
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Fig. 8. The central diagram shows a part of the plane of similarity criteria for the system under consideration,
and diagrams on the periphery illustrate the arrangement of the phase plane of the two-dimensional map at
representative points. The area denoted by gray corresponds to the region of existence of the ﬁxed point
attractor (in the pictures of the phase plane it is indicated by a small red arrow).

CONCLUSION
The motion of a modiﬁcation of the Chaplygin sleigh is considered, assuming periodic changes
in the position of the nonholonomic constraint, which is located successively at one of the three
supports attached to the sleigh at the vertices of an equilateral triangle. A two-dimensional map is
obtained which takes the place of the standard Chirikov – Taylor mapping for the energy-conserving
nonholonomic system. The possibility of regular and chaotic motions is demonstrated depending on
the parameters and the initial conditions. In particular, stable motions associated with attractors
in the phase space of the reduced system of equations describing the dynamics of translational and
angular velocities occur. Regular and chaotic motions similar to conservative dynamics also take
place, represented by families of invariant curves and a “chaotic sea” in the phase plane.
Although the proposed system manifests many essential characteristic features of the nonholonomic dynamics, the phenomenology looks poorer than that for the Celtic stone [15–17, 20],
apparently due to lower dimension of the relevant Poincaré map. Particularly, no attractors more
complex than the attractive points are found (at least in the present study), and no phenomena
analogous to the rotation reversal are observed.
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Fig. 9. Around the phase plane diagram shown in the middle, samples of the trajectories of the center of
mass of the sleigh in the plane are depicted, corresponding to representative points of the phase plane. The
values of the parameters are T = 5, μ = 3, 2W = 1.5129.

It is hoped that the material considered will open up some prospects for design of mobile devices
with nontrivial dynamical properties, e. g., in the context of robotics. Particularly, due to occurrence
of chaotic modes it may be expected that eﬀective control of the sleigh motions will be possible
using chaos control techniques [36–38].

ACKNOWLEDGMENTS
This work was supported by the Russian Science Foundation, grant No 15-12-20035. The
author thanks A. V. Borisov, who oﬀered to look for analogs of the standard Chirikov – Taylor
map appropriate to nonholonomic mechanics, in particular, in the Chaplygin sleigh dynamics, and
I. A. Bizyaev, A. A. Kilin and I. S. Mamaev for useful discussions.
REGULAR AND CHAOTIC DYNAMICS

Vol. 23

No. 2

2018

DYNAMICS OF CHAPLYGIN SLEIGH

191

REFERENCES
1. Schuster, H. G. and Just, W., Deterministic Chaos: An Introduction, Weinheim: Wiley-VCH, 2005.
2. Guckenheimer, J. and Holmes, P., Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector
Fields, Appl. Math. Sci., vol. 42, New York: Springer, 2013.
3. Kuznetsov, S. P., Dynamical Chaos, 2nd ed., Moscow: Fizmatlit, 2006 (Russian).
4. Sagdeev, R. Z., Usikov, D. A., and Zaslavsky, G. M., Nonlinear Physics: From the Pendulum to Turbulence
and Chaos, Chur: Harwood Acad. Publ., 1990.
5. Lichtenberg, A. J. and Lieberman, M. A., Regular and Chaotic Dynamics, 2nd ed. Appl. Math. Sci.,
vol. 38, New York: Springer, 1992.
6. Reichl, L. E., The Transition to Chaos in Conservative Classical Systems: Quantum Manifestations, New
York: Springer, 2004.
7. Neimark, Ju. I. and Fufaev, N. A., Dynamics of Nonholonomic Systems, Transl. Math. Monogr., vol. 33,
Providence, R.I.: AMS, 2004.
8. Bloch, A. M., Nonholonomic Mechanics and Control, 2nd ed., Interdiscip. Appl. Math., vol. 24, New
York: Springer, 2015.
9. Borisov, A. V. and Mamaev, I. S., The Rolling Motion of a Rigid Body on a Plane and a Sphere: Hierarchy
of Dynamics, Regul. Chaotic Dyn., 2002, vol. 7, no. 2, pp. 177–200.
10. Borisov, A. V., Mamaev, I. S., and Bizyaev, I. A., The Hierarchy of Dynamics of a Rigid Body Rolling
without Slipping and Spinning on a Plane and a Sphere, Regul. Chaotic Dyn., 2013, vol. 18, no. 3,
pp. 277–328.
11. Borisov, A. V. and Mamaev, I. S., Symmetries and Reduction in Nonholonomic Mechanics, Regul. Chaotic
Dyn., 2015, vol. 20, no. 5, pp. 553–604.
12. Caughey, T. K., A Mathematical Model of the “Rattleback”, Internat. J. Non-Linear Mech., 1980,
vol. 15, nos. 4–5, pp. 293–302.
13. Kozlov, V. V., On the Theory of Integration of the Equations of Nonholonomic Mechanics, Regul. Chaotic
Dyn., 2002, vol. 7, no. 2, pp. 191–176.
14. Karapetyan, A. V., Hopf Bifurcation in a Problem of Rigid Body Moving on a Rough Plane, Izv. Akad.
Nauk SSSR. Mekh. Tverd. Tela, 1985, no. 2, pp. 19–24 (Russian).
15. Borisov, A. V. and Mamaev, I. S., Strange Attractors in Rattleback Dynamics, Physics–Uspekhi, 2003,
vol. 46, no. 4, pp. 393–403; see also: Uspekhi Fiz. Nauk, 2003, vol. 173, no. 4, pp. 407–418.
16. Borisov, A. V., Kazakov, A. O., and Kuznetsov, S. P., Nonlinear Dynamics of the Rattleback: A Nonholonomic Model, Physics–Uspekhi, 2014, vol. 57, no. 5, pp. 453–460; see also: Uspekhi Fiz. Nauk, 2014,
vol. 184, no. 5, pp. 493–500.
17. Borisov, A. V., Jalnine, A. Yu., Kuznetsov, S. P., Sataev, I. R., and Sedova, J. V., Dynamical Phenomena
Occurring due to Phase Volume Compression in Nonholonomic Model of the Rattleback, Regul. Chaotic
Dyn., 2012, vol. 17, no. 6, pp. 512–532.
18. Borisov, A. V., Kazakov, A. O., and Pivovarova, E. N., Regular and Chaotic Dynamics in the Rubber
Model of a Chaplygin Top, Regul. Chaotic Dyn., 2016, vol. 21, nos. 7–8, pp. 885–901.
19. Borisov, A. V., Kazakov, A. O., and Sataev, I. R., Spiral Chaos in the Nonholonomic Model of a Chaplygin
Top, Regul. Chaotic Dyn., 2016, vol. 21, nos. 7–8, pp. 939–954.
20. Gonchenko, A. S., Gonchenko, S. V., and Kazakov, A. O., Richness of Chaotic Dynamics in Nonholonomic
Models of a Celtic Stone, Regul. Chaotic Dyn., 2013, vol. 18, no. 5, pp. 521–538.
21. Kuznetsov, S. P., On the Validity of the Nonholonomic Model of the Rattleback, Physics–Uspekhi, 2015,
vol. 58, no. 12, pp. 1223–1224; see also: Uspekhi Fiz. Nauk, 2015, vol. 185, no. 12, pp. 1342–1344.
22. Roberts, J. A. G. and Quispel, G. R. W., Chaos and Time-Reversal Symmetry: Order and Chaos
in Reversible Dynamical Systems, Phys. Rep., 1992, vol. 216, nos. 2–3, pp. 63–177.
23. Lamb, J. S. W. and Roberts, J. A. G., Time-Reversal Symmetry in Dynamical Systems: A Survey,
Phys. D, 1998, vol. 112, nos. 1–2, pp. 1–39.
24. Politi, A., Oppo, G. L., and Badii, R., Coexistence of Conservative and Dissipative Behavior in Reversible
Dynamical Systems, Phys. Rev. A, 1986, vol. 33, no. 6, pp. 4055–4060.
25. Lamb, J. S. W., Melbourne, I., and Wulﬀ, C., Bifurcation from Periodic Solutions with Spatiotemporal
Symmetry, including Resonances and Mode Interactions, J. Diﬀerential Equations, 2003, vol. 191, no. 2,
pp. 377–407.
26. Pikovsky, A. and Topaj, D., Reversibility vs. Synchronization in Oscillator Latties, Phys. D, 2002,
vol. 170, pp. 118–130.
27. Sprott, J. C. and Hoover, W. G., Harmonic Oscillators with Nonlinear Damping, Internat. J. Bifur.
Chaos Appl. Sci. Engrg., 2017, vol. 27, no. 11, 1730037, 19 pp.
28. Chaplygin, S. A., On the Theory of Motion of Nonholonomic Systems. The Reducing-Multiplier Theorem,
Regul. Chaotic Dyn., 2008, vol. 13, no. 4, pp. 369–376; see also: Mat. Sb., 1912, vol. 28, no. 2, pp. 303–314.
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