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The dynamics of three three-dimensional Repressilators globally coupled by a quorum sensing mechanism was numerically studied. This number (three) of coupled Repressilators is a sufficient to obtain such a set of self-consistent
oscillation frequencies of signal molecules in the mean field that results in the appearance of self-organized quasiperiodicity and its complex evolution over wide areas of model parameters. Analyzing numerically the invariant curves
as a function of coupling strength, we observed torus doubling, three torus arising via quasiperiodic Hopf bifurcation,
the emergence of resonant cycles, and secondary Neimark-Sacker bifurcation. A gradual increase in the oscillation
amplitude leads to chaotizations of the tori and to the birth of weak, but multidimensional chaos.
Understanding the dynamic behavior of many real systems requires developing appropriate multidimensional
models. Oscillator coupling is a quite popular way for
constructing such models. Collective regimes can be very
rich for a large set of coupling schemes even for identical oscillators. Population of bacterial cells with imbedded synthetic oscillators is a useful test bed for selecting
the coupling schemes that lead to desirable sets of collective regimes. Coupling between genetic elements can be
designed in a number of ways, of which bacterial quorum
sensing (QS) seems to be a more natural one. Here, we investigate three globally coupled ring oscillators imitating
the basic dynamic properties of the well-known synthetic
genetic Repressilator. Our three-dimension version of Repressilator is a ring of three nonlinear elements (genes),
whose protein products repress the transcription activity
of each next gene in the ring unidirectionally, giving birth
to soft oscillations. One element of each Repressilator produces signal molecules (autoinducer (AI)), which diffuse
from cells, mixed fast in the environment and stimulate
the activity of another element in the all three rings. In this
way, one element of the ring is simultaneously a target of
both repression and AI-dependent activation, which may
generate remarkable multistability in the entire system.
We focus on the evolution of quasiperiodicity generated
via Neimark-Sacker bifurcation of a rotating wave if the
coupling strength, which is controlled by autoinducer dilution in the environment, reaches a threshold. The enhancement of interactions leads to torus doubling, the formation
of three tori via quasiperiodic Hopf bifurcation, the emergence of resonant cycles and secondary Neimark-Sacker
bifurcation. Similar torus evolution has been presented
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in the literature for periodically stimulated limit cycles or
coupled nonidentical oscillators but it is new for identical
elements. A gradual increase in the oscillation amplitude
leads to chaotization of the tori and to the birth of weak,
but multidimensional chaos. Although some regimes have
small areas of stability, their existence and transitions between them appear to be fundamentally important, and it
is expected that they will manifest themselves more in the
course of future work.

I.

INTRODUCTION

Quasiperiodic oscillations are a kind of oscillations characterized by two or more incommensurable frequencies. This
class of oscillations is found in many areas of science and
technology1,2 . Quasiperiodicity in oscillating systems can be
implemented in many ways. As a rule, quasi-periodic oscillations are associated with non-identity in the ensemble of
oscillators with attractive connections. For a slight detuning
in frequency or other parameters, in-phase synchronization is
observed. With an increase in detuning the limit cycles disappear and quasi-periodic modes emerge via a saddle-node
bifurcation3 . In the parameter plane, one can observe typical
Arnold tongues surrounded by quasi-periodic regimes. In systems with a large number of incommensurable frequencies,
variation of the parameters responsible for nonidentity leads
to the formation of the Arnold resonance web4 .
Autonomous four-5 and three-6,7 dimensional radiophysical quasiperiodic oscillators were constructed by addition of slow relaxation variables to the classical two dimensional oscillators. Multi-frequency quasiperiodic oscillations
have been attracting interest from researchers since the time
that turbulence was described in the Landau-Hopf scenario
by involving additional frequencies in the dynamics of the
system8 . Multi-frequency tori were shown to persist and
evolve in sufficiently large regions of the parameter space9,10 .
The main robust tool to uniquely diagnose tori is to find the
spectrum of Lyapunov exponents11 . For systems with a large-
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dimension phase space, calculating the full spectrum of Lyapunov exponents is a challenging task. The development of
computing power has led to a new surge of interest in systems
with multi-frequency quasiperiodic dynamics12–19 .
Bifurcations of tori were classified as the saddle-node,
Hopf, and torus doubling types12,13 . Various bifurcation
mechanisms of the transition from two-frequency to threefrequency quasiperiodic dynamics were investigated14–16 .
The synchronous regimes in the periodically forced resonant
limit cycle on a torus17 , in coupled multimode oscillators with
time-delayed feedback18 , and coupled autonomous quasiperiodic generators19 were examined. Analysis of torus-doubling
bifurcations for three and four dimension maps started many
years ago by Kaneko20,21 was recently performed for the simplest 4D model of a real radio-physical generator5 .
At present, special attention is paid to the routes toward
various types of chaos from torus. An interesting scenario
leading to hyperchaos through two-frequency torus destruction caused by a sequence of secondary Neimark-Sacker bifurcations is found in two coupled anti-phase excited Toda
oscillators22 , in the dynamical system with a minimal dimension of phase space, 4D radio-physical oscillator23 , and in the
model of two coupled contrast agents that are gas bubbles encapsulated into a viscoelastic shell24 . Another scenario describes the development of chaos with an additional zero Lyapunov exponent in the spectrum as a result of a cascade of invariant curve doubling bifurcations in two coupled quasiperiodic generators19 .
In papers25–27 , the concept of self-organized quasiperiodicity was introduced. The distinctive property of self-organized
quasi-periodicity is that it occurs in ensembles of all-to-all
coupled identical oscillators due to nonlinear dependence of
coupling on the order parameters.
In the last decade the coupling schemes inspired by quorum
sensing (QS) signaling mechanism, whereby bacteria communicate in a growing population, are increasingly used in
the studies of collective behavior in different systems, e.g.,
chemical oscillators28 , glycolytic oscillations in yeast29 , coupled lasers30 , chaotic oscillators31 . In these publications only
the population density is the key parameter that controls the
dynamics of signal molecules but no particular attention was
given to the choice of their targets in the interacting oscillators.
For QS-coupled synthetic genetic oscillators embedded in
bacteria the production of signal molecules (autoinducers)
may be realized as an additional process which is correlated
with the expression of one gene in the genetic circuit that may
differ from the target gene32,33 . This flexibility of the coupling design opens new possibilities both for the generation
of coherent behavior in heterogeneous populations32,33 and
for the remarkable variability of collective regimes in homogeneous ones. Self-organized Quasiperiodic dynamics were
found34,35 in the system of two QS-coupled identical ring oscillators (Repressilators)36 . For this system the two-frequency
torus formation is the starting event for the development of
flexible dynamics over the extended areas of the parameter
space. An increase in the number of interacting oscillators
complicates the dynamics of the system and can lead to the

emergence of new types of behavior. Here we investigate the
evolution of quasiperiodicity in the three identical mean-field
QS-coupled Repressilators. Just this kind of coupling implemented in three-dimensional oscillators provides a new scenario for torus evolution.
We demonstrate torus doubling bifurcations for all values
of the maximum transcription rate tested and over extended
intervals of coupling strengths, as well as three-frequency
torus emergence via quasiperiodic Hopf bifurcation (however,
the parameter intervals of its stability are quite limited because of its transition to weak chaos). We found also a small
spot of parameters (the maximum transcription rate versus the
coupling strength) where the resonant cycle undergoes secondary Neimark-Sacker bifurcation and transforms to 11-turn
two-frequency torus and returns to chaos. The emergence of
chaotic regimes with different spectra of Lyapunov exponents
are also found.
The work is structured as follows. In Sect. II, we describe
the model, the main model parameters, methods for studying
the regions in the parameter space where various quasiperiodic regimes may exist, and then examine the mechanism
whereby a two-frequency torus arises. In Sect. III, a detailed
numerical study of the dynamics of the system is given, with
the focus on the evolution of quasiperiodic oscillations (bifurcation of the torus, its destruction).
II.

SYSTEM OVERVIEW

As the basis we use a reduced version of the model described earlier (see37 for details) and adapted for three threedimensional Repressilators coupled via autoinducer production and diffusion. Figure 1 shows three Repressilators located

FIG. 1. Principle scheme of three quorum-sensing coupled Repressilators. Ai , Bi , Ci are proteins in each Repressilators; ai , bi , ci are
mRNAs produced by three genes; AIi are autoinducers and Si are
their concentrations.

in different cells (or other appropriate containers impermeable
to repressors) and coupled by QS exchange via the external
medium. The three genes in the ring produce mRNAs (a, b,
c) which are translated to proteins (A, B, C), and they impose
Hill function inhibition on each next gene in the ring (each
ring member is inhibited by the preceding one and, in its turn,
inhibits the next one). The QS feedback is maintained by the
AI produced (rate kS1 ) proportionally to the protein B con-
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centration while the autoinducer (AI) communicates with the
environment and activates the production of mRNA for protein C (rate κ in combination with Michaelis function), which,
in turn, reduces protein A concentration, thereby stimulating
protein B production. In this way protein B plays a dual role
of direct inhibition of protein C synthesis and AI-dependent
activation of protein C synthesis, resulting in the complex dynamics of the Repressilator, even for a single Repressilator38 .
Eventually, the equations for dimensionless repressors (A, B,
C) and autoinducer (S) concentrations are:
α
Ȧi = β1 (−Ai + 1+C
n ),
i
α
Ḃi = β2 (−Bi + 1+An ),
i

κSi
α
Ċi = β3 (−Ci + 1+B
n + 1+S ),
i
i
Ṡi = −kS0 Si + kS1 Bi − η(Si − Sext ),

(1)

where i = 1, 2, 3 are subscripts for the three Repressilators,
β j ( j = 1, 2, 3) are the ratios of the protein decay rate to the
mRNA decay rate, α stands for the maximum transcription
rate in the absence of the inhibitor, and n is the Hill cooperativity coefficient for inhibition. For the quorum sensing
pathway kS0 is the ratio of the S decay rate to the mRNA decay rate, and, as previously mentioned, kS1 is the S production rate, (κ is a measure of S-dependent activation of protein C production. The diffusion coefficient η depends on the
membrane permeability to the S molecule. The autoinducer
concentration in the external medium Sext is determined (in a
quasi-steady state approximation) by Si produced by all the
Repressilators (S1 , S2 , S3 ) and a dilution factor Q:

Sext = Q

S1 + S2 + S3
.
3

(2)

The model parameters are fixed identical for each Repressilator and close to what was proposed in37 : β1 = 0.5, β2 = β3 =
0.1, n = 3, kS0 = 1, kS1 = 0.01, η = 2, κ = 15. As a control
parameter, we use the coupling strength Q and the maximum
transcription rate in the absence of inhibitor α.
At Q = 0, each Repressilator demonstrates non-stiff selfoscillations. In a system of three Repressilators with a low
coupling strength, the time series of the limit cycle are presented in Fig. 2 for α = 230, Q = 0.5. Figure 2a shows the
time realizations of each variable A, B, C of one Repressilator: the amplitudes of the repressors are different due to the
presence of QS feedback. Figure 2b shows the time series of
the A-repressors in each of the three coupled oscillators: as a
result of the identity of the oscillators, they have the same amplitudes, but each of the time realization is shifted by one third
of the period relative to the next. Such a solution in the literature is frequently called a rotating wave (RW) see e.g.39,40 .
Although βi < 1, their values are not small enough to permit mathematically correct reduction of the linear differential equations for Si . However, we can calculate Si in a
quasi-steady state approximation (dSi /dt = 0) in order to

FIG. 2. (a) Time series of all variables (A, B, C) for one of the three
coupled Repressilators and (b) time series of the variables A1 , A2 , A3
for small coupling strength Q = 0.5. Other parameters are: β1 = 0.5,
β2 = β3 = 0.1, n = 3, kS0 = 1, kS1 = 0.01, η = 2, κ = 15, α = 230,
Q = 0.5.

get qualitative formulae for Si as functions of variables Bi :
S1 = 1/3 ∗ (kS1 (B1 + B2 + B3 )/(kS0 + η − η ∗ Q)−
−kS1 (2B1 − B2 − B3 )/(kS0 + η),
S2 = 1/3 ∗ (kS1 (B1 + B2 + B3 )/(kS0 + η − η ∗ Q)−
−kS1 (2B2 − B1 − B3 )/(kS0 + η),
S3 = 1/3 ∗ (kS1 (B1 + B2 + B3 )/(kS0 + η − η ∗ Q)−
−kS1 (2B3 − B1 − B2 )/(kS0 + η).

(3)

These expressions show several combinations of Bi that
stimulate the production of variables Ci . In the presence of
inescapable phase differences between Bi oscillations such
oscillating stimulation terms in the equations for Ci may
contain many frequencies giving rise to quasiperiodicity
and other collective regimes (see Results in Sect.III) for
three coupled identical oscillators. As the coupling strength
Q increases, the Neimark-Sacker bifurcation converts the rotating wave to a two-frequency torus. In this work, we keep
parameter α in the range of 150-300 to focus on the torus evolution without the influence of other regimes that may appear,
as we know from the previous studies, with oscillator’s amplitude growth. Figure 3 shows the two-parameter chart of
the dynamic modes and the chart of Lyapunov exponents, on
which the domains of existence of various dynamic modes
are marked with different colors. The Lyapunov exponent
chart was constructed as follows: for each point of the parameter plane, the full spectrum of Lyapunov exponents was
calculated using the Benettin algorithm and Gram-Schmidt
orthogonalization41 . Depending on the values of Lyapunov
exponents the dynamic mode was diagnosed. When constructing a chart of dynamic modes for each point of the parameter
plane, we analyzed the number of fixed points in the Poincaré
section with the hypersurface C1 = 5. The chart of dynamic
modes makes it possible to distinguish between periodic and
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FIG. 3. Structure of the parameter plane (Q, α) for three coupled Repressilators (1), β1 = 0.5, β2 = β3 = 0.1, n = 3, kS0 = 1, kS1 = 0.01, η = 2,
κ = 15: (a) chart of dynamical modes, different colors marked different periods of self-oscillations in accordance with numbers in rectangles;
(b) chart of Lyapunov exponents. NS is the line of Neimark-Sacker bifurcation; DT21 , DT22 are lines of torus doubling bifurcations.

non-periodic oscillations, as well as to present the values of
period for periodic oscillations (the palette next to the chart).
The chart of Lyapunov exponents reveals the parameter intervals with many periodic modes and allows various quasiperiodic and chaotic ones to be classified in accordance with the
following notation (the palette is also presented in Fig. 3b):
• periodic (P), Λ1 = 0, 0 > Λ2 > Λ3 > Λ4 > Λ5 > Λ6 ;
• quasiperiodic two-frequency (T2 ), Λ1 = Λ2 = 0, 0 >
Λ3 > Λ4 > Λ5 > Λ6 ;
• quasiperiodic three-frequency (T3 ), Λ1 = Λ2 = Λ3 = 0,
0 > Λ4 > Λ5 > Λ6 ;
• chaotic (C), Λ1 > 0, Λ2 = 0, 0 > Λ3 > Λ4 > Λ5 > Λ6 ;
• chaotic with an additional zero Lyapunov exponent
(C00), Λ1 > 0, Λ2 = Λ3 = 0, 0 > Λ4 > Λ5 > Λ6 ,
(Quasiperiodic Henon attractor42 );
• hyperchaotic (HC), Λ1 > Λ2 > 0, Λ3 = 0, 0 > Λ4 >
Λ5 > Λ6 .
The dynamics of the Lyapunov exponents as a function of
the parameter may classify some bifurcations of quasiperiodic
oscillations12 . The two-frequency torus doubling bifurcation
can be described by the following dependence of the three
largest Lyapunov exponents on the parameter: before the bifurcation the two largest Lyapunov exponents are equal to zero
and the third one is negative; at the moment of bifurcation, the
third largest exponent also becomes zero; after the bifurcation
the third largest Lyapunov exponent again becomes negative,
while the other two remain unchanged (zero). In accordance
with the classification proposed above, we observe the appearance of thin lines indicating the location of a torus doubling
bifurcations inside the region of the two-frequency torus in the
parameter plane (DT21 , DT22 in Fig. 3b).

The parameter plane is bounded by line Q = 1, which
corresponds to the relevant maximal values of the coupling
strength. On the charts, the Neimark-Sacker (NS) bifurcation
line is clearly visible (Fig. 3a), it has a parabola-like shape
which demonstrates the reverse Neimark-Sacker bifurcation
and returning the Repressilators to periodic self-oscillations
at sufficiently large values of parameter Q. With increasing
α the destruction of quasiperiodic oscillations gives rise to
chaotic dynamics. An interesting detail is that, according to
the spectrum of Lyapunov exponents, three types of chaotic
dynamics can be distinguished. However, the dominant type
of chaotic behavior is chaos with an additional zero Lyapunov
exponent. On the chart of the dynamic regimes inside the
two-frequency torus domain, narrow tongues with periodic
regimes are visible. Their distinctive feature is that they have
a very large period and occupy small areas in the parameter
plane compared with the resonant cycles found in two coupled Repressilators37 . For a given accuracy it is possible to
identify the tongues with periods of 11, 28, 59, 67, 25 limit
cycles and to observe period doubling bifurcations for cycles
with periods of 28 and 25. Several limit cycles are important
below for the study of torus evolution but as a whole the role
of such cycles in dynamics of three Repressilators is beyond
the current work.

The bifurcation lines of two-frequency torus doubling
(DT21 , DT22 ), the formation of a three-frequency torus, and
also the destruction of torus with the formation of a chaotic
attractor are observed. In the next Section, the transformation
of quasiperiodic oscillations will be considered in detail.
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Lyapunov exponents (if this spectrum allows clear identification).
At α = 230 the anti-phase RW loses stability as Q increases and a two-frequency torus is born via Neimark-Sacker
bifurcation. Further torus evolution includes its doubling
(DT21 ), which is clearly visible in the phase portraits: a
one-turn invariant curve (Fig. 4c) becomes a two-turn one
(Fig. 4d). Then, on the basis of the doubled torus, as a result of
quasiperiodic Hopf bifurcation (HT ), a three-frequency torus
arises, its phase portrait is shown in Fig. 4e. With a further
increase in Q, a partial locking of one of the frequencies can
be observed: a multi-turn two-frequency torus appears on the
surface of the three-frequency torus as can be seen in Fig. 4f.
At large Q values the inverse quasiperiodic Hopf bifurcation
takes place: the three-frequency torus transforms into a twoturn two-frequency torus. Thereafter, the reverse bifurcation
of torus doubling occurs, i.e. the two-turn invariant curve
transforms into one-turn invariant curve (not shown in Fig. 4).
Thus, for α = 230 and varied coupling strength, two types
of bifurcations of invariant curves are observed; however, no
chaotic dynamics develops.

B.

FIG. 4. (a) bifurcation diagram, (b) plots of the four largest Lyapunov
exponents and (c) -(e) two-dimensional projections in the Poincaré
section by hypersurface C1 = 5.0. β1 = 0.5, β2 = β3 = 0.1, n = 3,
kS0 = 1, kS1 = 0.01, η = 2, κ = 15, α = 230; c) Q = 0.6; d) Q = 0.75;
e) Q = 0.85; f) Q = 0.87. NS is Neimark-Sacker bifurcation, DT21 is
torus doubling bifurcations, HT is quasi-periodic Hopf bifurcations.

III. RESULTS. EVOLUTION OF QUASI-PERIODIC
DYNAMICS
A.

α = 230

First, we choose a value of parameter α that corresponds to
a domain in the chart of Lyapunov exponents (Fig. 3) where
three-frequency quasiperiodic oscillations are observed, say,
α = 230. Figure 4 shows the bifurcation tree (Fig. 4a) and
the graphs of the four largest Lyapunov exponents (Fig. 4b)
for α = 230 versus the coupling parameter Q. Figures 4c
- 4f present all the identified, qualitatively different twodimensional projections of the characteristic phase portraits in
the Poincaré section with the hypersurface C1 = 5. The letters
on the bifurcation tree indicate the main bifurcations determined based on the invariant curves type, and the spectrum of

α = 250

At somewhat larger α weak chaotic oscillations develop
during torus evolution. Figure 5 shows the bifurcation tree,
the four largest Lyapunov exponents and the set of twodimensional projections of phase portraits in the Poincaré section for α = 250.
At the start, the scenario coincides with that for α = 230:
the smooth invariant curve in Fig. 5c sets in from the NeimarkSacker bifurcation of RW. As Q increases, the invariant curve
shape becomes more complex. Shown in Fig. 5d is the invariant curve on which an additional loop appears without bifurcation. Thereafter, a two-turn invariant curve arises as a result
of the torus doubling bifurcation (DT21 ) (Fig. 5e), followed by
a next torus doubling bifurcation (DT22 ) (Fig. 5f). This fourturn invariant curve does not demonstrate further complication but instead the system does step back by the inverse torus
doubling bifurcation (Fig. 5g).
Starting from the doubled torus, a three-frequency torus
appears as a result of quasiperiodic Hopf bifurcation (HT )
(Fig. 5h). Figures 5i and 5j depict the two-frequency regimes
arising on the surface of the three-frequency torus. Obviously,
the invariant curve becomes more complex. After that, the
three-frequency torus tends to collapse (Figs. 5k, 5m). The
phase points are distributed over the three-frequency torus
surface; however, they condense in the vicinity of the invariant curves corresponding to the two-frequency torus. In this
case, double-frequency tori corresponding to partial frequency
locking can still appear on the three-frequency torus surface
(Fig. 5l). The final destruction of the three-frequency torus
leads to the formation of a chaotic attractor, which is seen
as a diffuse cloud of phase points without definite structure
(Fig. 5n).
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FIG. 5. (a) bifurcation diagram, (b) plots of the four largest Lyapunov exponents and (c) - (n) two-dimensional projections in the Poincaré
section by hypersurface C1 = 5.0. β1 = 0.5, β2 = β3 = 0.1, n = 3, kS0 = 1, kS1 = 0.01, η = 2, κ = 15, α = 250; c) Q = 0.54; d) Q = 0.6; e)
Q = 0.72; f) Q = 0.73; g) Q = 0.76; h) Q = 0.78; i) Q = 0.7802; j) Q = 0.782; k) Q = 0.7821; l) Q = 0.7823; m) Q = 0.7826; n) Q = 0.7827.
NS is Neimark-Sacker bifurcation, DT21 , DT22 are torus doubling bifurcations, HT is quasi-periodic Hopf bifurcation.

C.

α = 300

A further increase in α causes the oscillation amplitude
to grow and broadens the coupling strength intervals where
tori get doubled. Figures 6a and 6b demonstrate a bifurcation tree, a graph of the four largest Lyapunov exponents for
α = 300. Three lines of torus doubling bifurcations are indicated on the bifurcation tree and graphs of Lyapunov exponents (DT21 , DT22 , DT23 ) (Fig. 6a, 6b). Figures 6c -6j show
the phase portraits for α = 300, starting from the Q values
at which torus doubling has already occurred twice (Fig. 6c).
Thereafter torus destruction is observed: regions of local instability appear on its invariant curves, which begin to merge
and intersect (Fig. 6d). A further increase in Q causes the invariant curves to transform into bands, inside which the phase
points are distributed fairly uniformly. The bands corresponding to different invariant curves expand and merge, forming
a chaotic attractor shown in Fig. 6f. This transformation of
the attractor in the Poincaré sections is typical of the special chaotic attractors with an additional zero exponent in the
spectrum of Lyapunov exponents19,42 . The formation of such
chaotic attractors occurs if a chaotic attractor absorbs saddle
tori resulting from a cascade of torus doubling bifurcations or
their homoclinic bifurcation.
The next dynamic event is the appearance of a long-period
limit cycle with 11:11:11 winding number (LC11 in Fig. 6g).
On the basis of this cycle, the secondary Neimark-Sacker bifurcation (NS11 )22–24 occurs, and in the vicinity of each fixed
point in the Poincaré section there appears an invariant curve
(Fig. 6h). In this way, 11 invariant curves arise in the Poincaré
section, which corresponds to an 11-turn two-frequency torus
stable over quite a short Q-interval. As Q increases the 11-turn
double-frequency torus doubles, as can be seen in Fig. 6i. In
total, it is possible to track two doubling bifurcations before a

TABLE I. Signature of the spectrum of the Lyapunov exponents for
chaotic attractors, β1 = 0.5, β2 = β3 = 0.1, n = 3, kS0 = 1, kS1 =
0.01, η = 2, κ = 15, α = 300.
Q
Λ1
Λ2
Λ3
Λ4
Λ5
0.7 0.0015 0.0 -0.0007 -0.0031 -0.0392
0.8 0.0032 0.0008 0.0 -0.0026 -0.0345

chaotic attractor with an additional zero Lyapunov exponent
arises (Fig. 6j), as it is observed for the two-turn invariant
curve (Fig. 6f). Then the chaotic attractors, which consist of
11 "islands" corresponding to the basic invariant curves, join
together and transform back into a two-turn invariant curve
and a new coupling-dependent evolution of complex dynamics begins from the newborn chaos starting at Q = 0.69.
At even higher Q values a new start for complex dynamics development is observed. Figure 7 illustrates various representative chaotic attractors by their phase portraits in the
Poincaré section. Long-period resonant cycles (see e.g. LC21
in Fig. 7a) emerge on the torus surface and then break down,
resulting in the rugged invariant curve (Fig. 7b). The attractor
structure becomes more blurred (see Figs. 7c, 7d), with the attractors four largest Lyapunov exponents going very close to
zero in the interval between lines C1 and C2 in Figs. 6a, 6b.
Mature chaos evolution is shown in Figs. 7e, 7f (lines C2 -C3
in Figs. 6a, 6b) as a process of portrait structure breakdown
to a nearly uniform cloud of phase points. Interestingly, this
attractor has two small but positive and one zero Lyapunov exponents (see Table I), which may indicate possible emergence
of hyperchaos. This possibility will be addressed in future
studies.
For α = 300, similar to what was observed for α =
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FIG. 6. (a) bifurcation diagram, (b) plots of the four largest Lyapunov exponents and (c) - (j) two-dimensional projections in the Poincaré
section by hypersurface C1 = 5.0. β1 = 0.5, β2 = β3 = 0.1, n = 3, kS0 = 1, kS1 = 0.01, η = 2, κ = 15, α = 300; c) Q = 0.596; d) Q = 0.5965;
e) Q = 0.597; f) Q = 0.6; g) Q = 0.6185; h) Q = 0.62; i) Q = 0.6225; j) Q = 0.623. NS is Neimark-Sacker bifurcation, DT21 , DT22 , DT23 are
torus doubling bifurcations, LC11 is occurrence of the limit cycle with winding number 11:11:11; NS11 is Neimark-Sacker bifurcation on the
base cycle 11:11:11.

IV.

FIG. 7. Two-dimensional projections in the Poincaré section by hypersurface C1 = 5.0. β1 = 0.5, β2 = β3 = 0.1, n = 3, kS0 = 1,
kS1 = 0.01, η = 2, κ = 15, α = 300; a) Q = 0.666; b) Q = 0.67;
c) Q = 0.6803; d) Q = 0.69; e) Q = 0.7; f) Q = 0.8.

230, 250, in the high-Q region the dynamics complexity is
gradually reduced and the system evolution terminates via the
following events: chaos, doubled torus, two-frequency torus
and rotating wave.

CONCLUSION

Evolution of quasiperiodicity in ensembles of interconnected identical oscillators has not received much attention
so far because there are just a few coupling schemes leading
to torus formation. To the best of our knowledge the selforganized quasiperiodicity, as a typical regime in such systems, was found in25,34 only. Indirect coupling of oscillators
via production and fast diffusion of special signal molecules
is a widespread phenomenon in the oscillator populations of
different nature. In particular, the well-known interbacterial
interactions suggest a mechanism (quorum sensing) that can
be used to develop many coupling schemes for oscillators of
different nature.
Many models of coupled synthetic genetic oscillators are
not motivated purely for direct application to real experiments. Instead, they are developed as tools for revealing
the potential range of dynamics for these coupled oscillators. For instance, models32,33 demonstrated the principle
possibility of full in-phase synchronization in detuned genetic oscillators, while coupling of identical relaxation oscillators in43 opened the appearance of the inhomogeneous
steady state.
We studied numerically the dynamics generated by one of
such schemes in three coupled identical three-dimensional
ring oscillators constructed by analogy to the synthetic genetic
Repressilator36 . According to system (1), the quorum sensing
mechanism forms the mean field concentration of autoinducers, which can have the parameter-dependent set of frequencies incommensurate with those of the oscillators. In other
words, under the chosen type of QS-coupling three oscillators with identical periods for Q = 0 may run along a twofrequency torus instead of the rotating wave-type limit cycle.
We traced the evolution of the two-frequency torus over the
whole interval of possible coupling strengths (Q < 1) and for
several values of α (parameter controlling the oscillation am-
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plitude). The first phenomenon detected is torus doubling observed for all α tested and over extended intervals of coupling
strengths. The next effect is the three-frequency torus formation via quasiperiodic Hopf bifurcation; however, the parameter intervals of its stability are quite limited because of its
transition to weak chaos. We found also a small spot of parameters (α − Q) where the resonant cycle (11:11:11) is formed
on the torus but then converts to 11-turn torus via NeimarkSacker bifurcation and returns to chaos. Although this area is
small for given values of α, the principle possibility of such
transitions seems important. At last, but not least, the emergence of chaotic regimes with different spectra of Lyapunov
exponents, including that with additional zero, as well as the
spectrum with two positive exponents, are also found.
The QS coupling in the form fixed in system (1) is not specific to bacterial communication and may be realized in radiophysical networks, in coupled chemical oscillators etc. Further studies of the dynamics evolution in such systems over
extended areas of parameters are likely to be rewarding in
terms of discovering the route to hyperchaos.
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