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The generalized four-dimensional Rössler system is studied. Main bifurcation scenarios leading to a hyperchaos are
described phenomenologically and their implementation in the model is demonstrated. In particular, we show that the
formation of hyperchaotic invariant sets is related mainly to cascades (finite or infinite) of nondegenerate bifurcations
of two types: period-doubling bifurcations of saddle cycles with the one-dimensional unstable invariant manifold and
Neimark-Sacker bifurcations of stable cycles. The onset of the discrete hyperchaotic Shilnikov attractors containing a
saddle-focus cycle with two-dimensional unstable invariant manifold is confirmed numerically in a Poincaré map of the
model. A new phenomenon, “jump of hyperchaoticity” when the attractor under consideration becomes hyperchaotic
due to the boundary crisis of some other attractor is discovered.
This paper is devoted to the study of mechanisms of the
onset of hyperchaotic attractors in the generalized fourdimensional Rössler model (1). Such system with fixed values of the parameters was proposed by Rössler in 1979 as
the first example of system demonstrating hyperchaos, i.e
such strange attractors which have at least two directions
of “hyperbolic instability”1 . Despite a fairly large number
of papers devoted to the study of the 4D Rössler system
itself and its generalizations, bifurcation scenarios resulting to the formation of hyperchaotic attractors in such systems remain are still not quite clear. The main aim of our
paper is to give a detailed description of such scenarios
and demonstrate their implementations in the model under consideration.
We show that the main bifurcation scenarios leading to
hyperchaotic attractors can be naturally divided into two
parts. The first part includes only few bifurcations, local
and global ones, leading to the creation of a homoclinic
attractor in the Poincaré map of the model. This attractor contains a unique fixed point (a saddle-focus in our
case) with the two-dimensional unstable invariant manifold which entirely belongs to the attractor. In principle,
this attractor itself may turn out to be hyperchaotic. However, in many cases, it is still only chaotic (only one Lyapunov exponent is positive). Then we follow the second
part of the scenario that is more complicated. It includes
(infinite) cascades of local and global bifurcations after
which the most amount of periodic saddle orbits forming
the skeleton of attractor gets the two-dimensional unstable
invariant manifold, and, as a result, two positive Lyapunov
exponents appear for typical orbits on the attractor.
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We have also found a new phenomenon, which we call
“jump of hyperchaoticity”, related to the fact that the attractor under consideration becomes hyperchaotic due to
an external bifurcation. This bifurcation is a crisis with a
neighboring smaller attractor, which by this time has already become hyperchaotic. After the crisis, the smaller
(not under study) attractor destroys, and its orbits tend to
the larger attractor (under consideration), transferring a
hyperchaoticity to it.

I.

INTRODUCTION

We study the mechanisms of the onset of hyperchaotic attractors in the generalized four-dimensional Rössler system
depending on four control parameters a, b, c, and d:
ẋ = −y − z
ẏ = x + ay + w
ż = b + xz
ẇ = −cz + dw,

(1)

This system is an extension of the well-known fourdimensional system (when a = 0.25; b = 3; c = 0.5; d = 0.05)
which was proposed by Rössler1 in 1979 as the first example
of system demonstrating a strange attractor with two directions of “hyperbolic instability”. Rössler has introduced the
unifying term “hyperchaos” to denote such attractors2 .
However, as it is often happens with landmark works, the
Rössler’s paper did not immediately attract the attention of
specialists in the theory of dynamical chaos. Only at the
beginning of the 90s, serious studies of hyperchaos began,
and at once in different directions. Various dynamical models demonstrating hyperchaotic behavior were proposed3–7 ,
hyperchaotic systems were implemented in experiments8–12 ,
methods for hyperchaos control were developed13–17 , etc.
Despite a fairly large number of works devoted to the study
of hyperchaotic attractors, the main bifurcation mechanisms
of their occurrence are still not quite clear. Especially it is
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related to systems of minimal dimensions where hyperchaos is
possible in principle, i.e. three-dimensional diffeomorphisms
and four-dimensional flows. The main goal of our paper is to
study such mechanisms and show specific examples of their
implementation in the 4D Rössler system (1).
We consider various one-parameter families of the fourdimensional Rössler system (1) with the control parameter b
(parameters a and d are always fixed as it was done in the
classical paper by Rössler1 : a = 0.25, d = 0.05, while c is
taken near the classical value c = 0.5) and study dynamics and
bifurcations in these families by means of the corresponding
three-dimensional Poincaré maps Tb .
Note that three-dimensional maps can possess hyperbolic
periodic orbits of four types depending on the dimensions m
and n of their stable and unstable invariant manifolds. We
will prescribe the type (m, n) to such periodic orbit. Then, the
types (3,0) and (0,3) correspond to a stable and completely
unstable periodic orbits. Saddle periodic orbits can be of two
types, (2,1) and (1,2) and, moreover, they are also separated
into saddles and saddle-foci. The saddle fixed (periodic) point
is just a saddle, if its multipliers, i.e. eigenvalues of the linearization matrix for the map (for the degree k of map where
k is the period), are all real, and a saddle-focus, if its two multipliers are complex conjugate.
The first problem that is considered in the paper relates to
the construction and analysis of main bifurcation scenarios
leading from a simple attractor, that is a stable fixed (or periodic) point for Tb (a stable limit cycle for the flow), to a hyperchaotic attractor containing this fixed point that becomes a
saddle of type (1,2). Such attractors containing a unique saddle fixed point and entirely its unstable invariant manifold are
called usually homoclinic attractors18,19 .
In the paper we trace a sequence of base bifurcations in
map Tb leading (with decreasing b) to the appearance of a
discrete Shilnikov attractor, i.e. a homoclnic attractor containing a saddle-focus fixed point of type (1,2)18–20 . Besides,
we study also scenarios of the emergence of multi-component
Shilnikov attractors in Tb that can appear due to analogous
bifurcation sequences starting from periodic points. We also
detect the cases when these attractors are simply chaotic (only
one Lyapunov exponent is positive) or hyperchaotic (two positive Lyapunov exponents).
Actually, the study of Shilnikov hyperchaotic attractors is a
kind of streamline for our paper. However, the mechanisms of
the origin of hyperchaos in the model are also of the greatest
interest for us. We show that the accompanying bifurcations
occurring inside the main scenarios are responsible for this.
Such bifurcations can be divided into two types, internal and
external (hidden). Internal bifurcations (which there can be
infinitely many) are associated with large-scale changes in the
types of periodic orbits of the attractor. The main such bifurcations are the period-doubling and the Neimark-Sacker ones:
in the first case, a saddle of type (2,1) becomes a saddle of type
(1,2), and in the second case, a stable point (of type (3,0)) becomes a saddle-focus of type (1,2). When such bifurcations
take a massive character, e.g. occur in cascades, this leads to
the appearance in the attractor of large amount of orbits with
two directions of instability and, consequently, to hyperchaos.

In this case, hyperchaos arises smoothly, as the mass of such
orbits accumulates.
The external bifurcations have a completely different character. As a rule, this is only one bifurcation for a given chaotic
attractor. When we reside on the attractor, such a bifurcation
is not visible, but it immediately leads to the instantaneous
onset of hyperchaos. We call this phenomenon a “jump of hyperchaoticity”. We give an explanation for this phenomenon,
which is associated with the multistability of the model, in
particular, with the coexistence of two neighboring attractors
A1 and A2 , i.e. such ones that lie in different absorbing domains having a common boundary. Suppose that the attractor
A1 is large and the attractor A2 is relatively small. Besides, the
attractor A1 is chaotic, while the attractor A2 becomes already
hyperchaotic. At some moment which we do not know, being
on the attractor A1 , a crisis occurs with the attractor A2 . For
example, its unstable manifolds begin to cross the boundary
of the absorbing domain of the attractor A1 . Then, instantly,
almost all orbits of A2 tend to A1 . Thus, the attractor A1 , unexpectedly and instantly, gets a large amount of orbits with
two directions of instability, which may be enough to make it
hyperchaotic.
Moreover, when we reside in the attractor A2 and look only
at the spectrum of Lyapunov exponents, the moment of the crisis manifests itself. In the fact, the largest Lyapunov exponent
changes sharply (it becomes equal to the largest Lyapunov exponent of the attractor A1 ), while the second exponent remains
positive (this means that the second Lyapunov exponent for A1
becomes positive in a jump, but with a smaller amplitude). As
far as we know, this phenomenon seems to be new, at least in
the theory of hyperchaos.
The work is structured as follows. In Section II, we describe
main tools for the investigation of structure of parameter plane
for 4D Rössler system using Lyapunov diagrams. In Section III, we describe main stages of the evolution of attractors
in this model: transition from periodic regimes to chaos via
torus destruction, structure of the phase space at hyperchaos
formation, discuss main mechanisms and bifurcations leading
to the hyperchaos occurrence, relation between hyperchaotic
attractors and discrete Shilnikov attractors. We also discuss
and observe here the above phenomenon of “jump of hyperchaoticity”. In Section IV we visualize the skeleton of hyperchaotic attractor evolving cycles with the two-dimensional
unstable invariant manifold, which contribute to chaotic attractor and investigate main bifurcations leading to the emergence of saddle cycles with the two-dimensional unstable invariant manifold. The corresponding one- and two-parameter
bifurcations diagrams are presented. In Section V we discuss
perspective dynamics of the four-dimensional Rössler system
and related future problems.

II. CHARTS OF DYNAMICAL REGIMES AND
LYAPUNOV EXPONENTS

Let us fix parameters a and d as follows
a = 0.25, d = 0.05,

(2)
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FIG. 1. The colored charts of (a) dynamical regimes and (b) Lyapunov exponents. Here, a = 0.25 and d = 0.05. The numbers in the colored
squares below the charts mean a period of orbit; the capital letters are labels for the following regimes: P – periodic, T – quasiperiodic, C –
chaotic, HC – hyperchaotic, and D – a phase orbit goes to infinity. Dotted lines designate lines for fixed values of parameter c (c = 0.4 and
c = 0.5).

and consider b and c as governing parameters. We start from
analysis of dynamical regimes (attractors) observed in (c, b)parameter plane. For this goal we use methods of charts of
dynamical regimes and charts of Lyapunov exponents which
allow to distinguish the domains of existence of different attractors. The chart of dynamical regimes for system (1) is
presented Figure 1a. For constructing this chart we scan the
(c, b)-parameter plane with small steps by both parameters
and for each point of the obtained array we analyze the number of points in the Poincaré map using the hyperplane y = 0
as the cross-section. The chart of dynamical regimes makes
it possible to distinguish periodic and non-periodic regimes,
as well as to identify the period for periodic orbits (see the
palette below the chart in Fig. 1a). In our numerical experiments, the maximal estimated period is 120. If the number of
points in Poincaré section is more then 120, we conclude that
the observed regime is non-periodic and this point is colored
in grey. If a phase orbit goes to infinity we mark the corresponding points in blue color (symbol D in the palette).
Figure 1b shows the chart of Lyapunov exponents. It is
constructed as follows: for each point of the parameter plane,
the full spectrum of Lyapunov exponents is calculated using
the algorithm presented in21 equipped with the Gram-Schmidt
procedure of orthogonalization. Using charts of Lyapunov
exponents one can detect in the parameter plane periodicity
windows corresponding to various periodic regimes. Also it
helps to classify quasiperiodic and chaotic regimes in accordance with the notation presented in the palette (bottom panel

in Fig. 1b):
• periodic (P), red color, Λ1 = 0, 0 > Λ2 > Λ3 > Λ4 ;
• quasiperiodic two-frequency (T), yellow color Λ1 =
Λ2 = 0, 0 > Λ3 > Λ4 ;
• chaotic (C), grey color, Λ1 > 0, Λ2 = 0, 0 > Λ3 > Λ4 ;
• hyperchaotic (HC), white color, Λ1 > Λ2 > 0, Λ3 = 0,
0 > Λ4 .
Regions corresponding to unbounded regimes are painted in
blue again (D).
In this paper we also compute similar one-parameter diagrams: the trees of dynamical regimes and graphs of Lyapunov exponents. It is worth noting, that such graphs also
help to identify some bifurcation curves inside regions with
periodic and quasiperiodic regimes22 . For instance, the graphs
of Lyapunov exponents allow to distinguish a saddle-node bifurcation of cycles emerging on the boundary of a synchronization tongue from a Neimark-Sacker bifurcation. For both
bifurcations, we observe the same changes in dynamics: before bifurcations, periodic regimes are observed (the largest
Lyapunov exponent is zero, and other exponents are negative); after bifurcations, quasiperiodic regimes occur which
are characterized by two zero Lyapunov exponents and two
negative. But for the Neimark-Sacker bifurcation, it is typical that at the bifurcation moment the first two non-zero Lyapunov exponents are equal (which means that the cycle has a
focal type).
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FIG. 2. Illustrations for the evolution of attractors in the Poincaré map Tb with decreasing b (here a = 0.25, c = 0.4, d = 0.05) and starting with
the fixed point O at b = 50: a. bifurcation tree growing from the stable fixed point O of the Poincaré map Tb ; b. graph of Lyapunov exponents
for the corresponding attractors; c. b = 35 (closed invariant curve L); d. b = 30 (torus-chaos attractor); e. b = 22 (hyperchaotic attractor); f.
b = 3 (hyperchaotic discrete Shilnikov attractor ).

Now let us discuss the structure of the (c, b)-parameter
plane. For large values of parameter b (b > 40), periodic,
quasiperiodic and chaotic regimes are observed. For b > 40
two regions of quasiperiodicity T1 and T2 can be distinguished, see Fig. 1b. In both these regions the destruction
of the corresponding torus is accompanied by the emergence
of chaotic attractors C1 and C2 with only one positive Lyapunov exponent. We note that these attractors are not robust.
One can see stability islands (periodicity windows) with stable resonant orbits inside gray colored regions. In their turn
these resonant orbits give rise to multicomponent chaotic attractors, which, with further decreasing in b collide to the
one component hyperchaotic attractor23–25 . Note that at sufficiently small values of b (b ∈ [3, 5]), hyperchaos is a dominated regime in the system. This hyperchaos is destroyed for
b < 2 after which almost all orbits go to infinity.
III. EVOLUTION OF ATTRACTORS: FROM A STABLE
CYCLE TO HYPERCHAOS

In order to understand mechanisms of the emergence of
hyperchaotic attractors, we will perform bifurcation analysis
mainly in one-parameter families of model (1) which all start
from those values of parameter from the red-colored region P
from Fig. 1b, where a simple attractor (stable limit cycle) exists, and prolongate it to the white-colored region HC of the
hyperchaos existence.
In this section, we provide such analysis by means of the
Poincaré map Tb of flow (1), where we consider the plane
y = 0 as the cross-section, fix the parameters a and d satisfying condition (3) and c = 0.4, and vary b as the control parameters. As it will be shown in Section IV, system (1) can

have several stable limit cycles. We consider three of them:
cycles C41 (3, 0), C21 (3, 0) and C22 (3, 0) (see Figs. 12 and 13). In
the Poincaré map Tb fixed points O1 , Õ1 and period-2 orbit Õ2
correspond, respectively, to these cycles.

A.

Discrete Shilnikov attractors in the Rössler system

We, first, trace the evolution of the attractor O1 in map
Tb decreasing the parameter b from b = 50. We note that
the stable fixed point O1 is born under a saddle-node bifurcation together with a saddle fixed point S1 having the twodimensional stable manifold that, just after the bifurcation,
forms the boundary of an open domain D containing the simple attractor O1 itself and all attractors continued from it.
The resulting bifurcation tree is presented in Fig. 2a. The
corresponding graph of Lyapunov exponents is shown in
Fig. 2b. At b ≈ 42 the stable point O1 undergoes the supercritical Neimark-Sacker bifurcation after which it becomes a
saddle-focus of type (1,2) and a stable invariant curve L1 (invariant torus for flow) appears in its neighborhood, see Fig. 2c.
Soon, the curve L1 breaks down after which a chaotic attractor
with one positive Lyapunov exponent appears in the absorbing
domain D(O1 ), see Fig. 2d.
At b ≈ 29 a stable 3-periodic orbit (within a resonance 1 : 3)
is born inside D(O1 ), see Fig. 3a. At b ≈ 24.92, this orbit
undergoes the supercritical Neimark-Sacker bifurcation after
which it becomes a saddle-focus of type (1,2) and a stable
three-component invariant curve is born in its neighborhood,
see Fig. 3b. Then, this curves breaks down giving, at first,
a three-component torus-chaos attractor which, soon, transforms to the three-component discrete Shilnikov attractor, see
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FIG. 3. Bifurcation with 1:3 resonance leading to the onset inside the
absorbing domain D(O1 ) of chaotic attractor containing the saddlefocus period-3 orbit (parameters the same as in Fig. 2). a. b = 26
(stable period-3 orbit), b. b = 24.7 (stable three-component invariant
curve), c. b = 23.5 (three-component Shilnikov attractor), d. b = 23
(one-component attractor after the collision of the three-component
attractor).

Fig. 3c. At b ≈ 23.2 the three-component chaotic attractor
collides into the one-component attractor, see Fig. 3 which,
then, becomes hyperchaotic at b < 20, see Fig. 2e.
Finally, this hyperchaotic attractor absorbs the saddle-focus
fixed point O1 and a discrete Shilnikov attractor appears, see
Fig. 2f. The study of accompanying bifurcations leading to
the onset of hyperchaotic attractors is the important part of
this paper.

FIG. 4. a. Three bifurcation trees growing from the fixed points O1
(blue), O˜1 (green) and period-2 point O2 (red) for the same parameters as in Fig. 2. We see the existence of different types of multistability (regular and chaotic), and for b < 21 all attractors merge into
one hyperchaotic attractor.

B.

Multistability and the jump of hyperchaoticity

It is important to emphasize that dynamics in system (1)
are essentially multistable which makes the study of dynamics
more complicated and interesting. In particular, together with

FIG. 5. Illustrations for the evolution of attractors on the base of the
stable fixed point O˜1 in map Tb with decreasing b (here the parameters are fixed as in Fig. 2) at 30 < b < 50: a. the bifurcation tree; b.
the graph of Lyapunov exponents; c. b = 34 (invariant curve L1 ); d.
b = 32 (torus-chaos attractor).

the stable point O1 whose bifurcations lead to the onset of
chaotic and even hyperchaotic attractors (Fig. 2) we also find a
stable fixed point Õ1 and a stable period-2 orbit O2 which also
evolves, at decreasing b, to strange attractors, see Figures 4
where three colored bifurcation trees (blue – for O1 , green –
for Õ1 , and red – for O2 ) are presented on the same figure.
We note, that when decreasing b the point Õ1 undergoes
the supercritical Neimark-Sacker bifurcation giving a stable
invariant curve L˜1 (see Fig. 5b) which, with further decrease
in b, evolves to torus-chaos attractor presented in Fig. 5c. At
b ≈ 31.9 this torus-chaos attractor collides with the stable twodimensional invariant manifold of the saddle fixed point S1
emerging together with O1 under a saddle-node bifurcation.
After this crisis orbits from the neighborhood of this attractor
tend to the attractor developed from the point O1 .
Concerning the stable period-2 orbit O2 , its continuation
shows the development of chaotic dynamics by the similar
way as for the point O1 (Figs. 2c–f) and period-3 resonant
orbit (Fig. 3), see Figures 6c–f showing some main its steps:
the birth of a period-2 closed invariant curve under a supercritical Neimark-Sacker bifurcation, Fig. 6c; the emergence of
the chaotic attractor from this curve, Fig. 6d; and the creation
of period-2 hyperchaotic Shilnikov attractor at b ≈ 22.5, see
Fig. 6e. Thus, at small interval b ∈ [21.54, 22.5], we observe
coexisting chaotic and hyperchaotic attractors (note that such
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FIG. 6. Illustrations for an evolution of attractors in the Poincaré map Tb with decreasing b (here parameters are fixed as in Fig. 2) and starting
with the period-2 point O2 at b = 25:a. bifurcations tree; b. the graph of Lyapunov exponents; c. b = 24 (two-component invariant curve L2 ),
d. b = 22.45 (torus-chaos attractor); e. b = 22 (two-component Shilnikov attractor); f. b = 20 (the same as in Fig. 2f).

type of bistability for Rössler system was observed and studied in26 , however it is a quite typical phenomenon for other
hyperchaotic models, see e.g.27 ).
However, we note that at b = bHC ≈ 21.54 the 2-component
Shilnikov attractor undergoes crisis and, instantly, almost all
its points tends to the attractor A(O). Thus, after this crisis,
only the attractor A(O) is observed.
We consider this moment as an important, since the attractor A(O) becomes immediately hyperchaotic! This phenomenon looks as a peculiar “jump of hyperchaoticity” that
can be explain by the fact that, just after break-down of
some hyperchaotic attractor (A(O2 )), another chaotic attractor (A(O)) involves (absorbs) a large massive of orbits with
two directions of instability.
We draw this conclusion based on the analysis of a structure of the bifurcation trees and the plots of Lyapunov exponents. In Fig. 4, in the same graph, there are shown three
bifurcation trees on which the stages of development of attractors A(O1 ) (blue), A(Õ1 ) (green) and A(O2 ) (red) can be
traced. Here, the moments of crises of attractors A(Õ1 ) and
A(O2 ) are clearly visible, when attractor A(O1 ) “sucks in” orbits near them. In the case of the crisis with the hyperchaotic
attractor A(O2 ), the attractor A(O1 ) gets a certain amount of
orbits with two directions of instability and, as a result, becomes hyperchaotic itself. (This amount can be quite large,
since, for example, all transitive orbits of A(O2 ) should potentially involve in A(O1 )).
As it is shown in Section IV, a level of multistability of
the Rössler model can be quite large. This means that there
can exist and coexist strange attractors developing on the base
of stable periodic obits with different high periods. As rule,
the dynamics on highly periodic orbits grow faster, the faster
the more period. Then an attractor on a high period point can
quickly become hyperchaotic and, after a destruction, it can

transfer its hyperchaoticity to other attractor based on a point
of a smaller period etc. This chain can be infinite, in principle,
and we have found in the paper only is the final link.
In fact, we found a kind of external mechanism of the
hyperchaos appearance that is connected with a crisis of a
completely different hyperchaotic attractor that is hidden, but
without which it is impossible to understand the reason of a
new effect of dynamics, if we consider only the initial attractor.

C.

Route to the classical Rössler attractor

Thus, we have shown that, at c = 0.4, the development
of hyperchaotic dynamics with decreasing b follows the
Shilnikov scenario. Further, we would like to examine another pathway leading to the classical Rössler hyperchaotic
attractor at c = 0.5 and b = 3. Thus, we take c = 0.5 and perform the same one-parameter analysis starting from the fixed
point Õ1 and decreasing parameter b. Figures 7a-b show the
corresponding bifurcation diagram and tree.
At b ≈ 54 the stable fixed point Õ1 is born due to a saddlenode bifurcation (LP1 ) together with the saddle point S˜1 . The
two-dimensional stable manifold of S˜1 forms the boundary of
the absorbing domain D(Õ1 ). Let us first describe bifurcations associated with the point S˜1 and then with the point Õ1 .
The saddle fixed point S˜1 undergoes a cascade of perioddoubling bifurcation leading to the appearance of a nontrivial hyperbolic subset with two-dimensional unstable manifolds. The first, second, and third period-doubling bifurcations are denoted in Fig. 7a through PD1 , PD1 _PD1 ,
and PD1 _PD1 _PD1 , respectively. After each such perioddoubling bifurcation the corresponding periodic point gets
two-dimensional unstable manifold. They will form a skele-
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FIG. 7. Illustrations towards a hyperchaos formation in map Tb with
a = 0.25, d = 0.05, c = 0.5 on the base of the stable period-2 orbit
O˜2 . a. The beginning of the process of reproduction of limit cycles
of type (1,2) (see its continuation in more detail in Sec. IV). b. The
bifurcation tree with attractors A(O˜1 ) and A(O˜2 ) developing on the
base of the fixed point O˜1 and the period-2 point O˜2 . At b = bcr ≈
17.5 the attractor A(O˜1 ) undergoes the crisis and the new attractor
A(O˜2 ) manifests itself, which is, at beginning, the stable period-2
orbit O˜2 . c.–f. Certain stages of the reconstructions of the attractor
A(O˜2 ). In Figs. c. b = 11; d. b = 10 and e. b = 8 the attractor
is two-component. In Fig. f. for b = 4 the attractor becomes onecomponent, and it is hyperchaotic when b < 11.461. In Figs c.–
f. some colored points are also marked: fixed points (O˜1 and S˜1 ),
period-2 points (S˜2 , Q˜2 and O˜2 ) and period-4 points (S4 ); note, that
all these points have type (1,2).

ton of the finally created hyperchaotic attractor.
Concerning the stable fixed point Õ1 , its bifurcations lead
to the creation of the hyperchaotic discrete Shilnikov attractor via the same scenario as was described above. At c ≈ 39
(the point T R1 in Fig. 7a) the stable fixed point Õ1 undergoes the supercritical Neimark-Sacker bifurcation after which

it becomes saddle-focus of type (1,2) and the stable invariant
curve L˜1 is born in its neighborhood. With further decrease in
b the curve L˜1 breaks down after which a torus-chaos attractor
is born in the absorbing domain D(Õ1 ). Then, this attractor
absorbs the saddle-focus point Õ1 and a discrete Shilnikov attractor is created.
At b ≈ 17.5 this attractor undergoes crisis, see Fig. 7a: it
collides with the boundary of its absorbing domain formed
by the stable invariant manifold of some saddle orbit created
within the above cascade of period-doubling bifurcations with
the point S˜1 .
In contrast to the previous case (pathway with c = 0.4), after this crisis the most of orbits tends to the stable period2 orbit Õ2 , see the bifurcation tree in Fig. 7b the point Õ2
exists at 13 < b < 18, see Fig. 7a). In its turn, the 2component Shilnikov attractor is born from this orbit via the
same Shilnikov scenario, see Fig. 7c. With further decrease in
b this attractor is increased in size, see Fig. 7d, and, at b ≈ 10,
turns into the one-component attractor shown in Fig. 7e.
With further decrease in b this attractor keeps growing.
It absorbs more and more periodic saddle orbits with twodimensional unstable invariant manifold, see Fig. 7e. In order
to support this conjecture we make the following experiment.
We trace a set of periodic saddle orbits of type (1,2) which are
associated with the cascade of period-doubling bifurcations of
the saddle point S˜1 and estimate the distance between a sufficient long orbit of the attractor and these orbits. This distance
tends to zero as b decreases. In Figure 7f we superimpose
period-1,2, and 4 saddle orbits of type (1,2) (S˜1 , S˜2 , S˜4 ) with
the attractor for b = 4. These orbits belong to the attractor
which confirms our conjecture.
We note that here we describe only main bifurcations leading to the formation of strange attractor after the destruction
of invariant curve, purposely skipping some important details
on accompanying bifurcations which lead to hyperchaos. In
the following subsection we will illustrate some of these bifurcations.

D. Torus destruction and cascades of hyperchaotic Shilnikov
attractors

We consider the map Tb with a, d given as in (2), and c = 0.5
and trace the transition from quasiperiodic dynamics to hyperchaotic attractors. We start from the 2-component invariant
curve L˜2 at b = 12 and decrease b. Figures 8a and 8b show
the corresponding bifurcation tree and the graph of Lyapunov
exponents. In Fig. 8c we plot the enlarged fragment of the
last graph where we will scan in more details the subinterval
b ∈ [11.3, 11.6]. In this interval one can observe, first, the destruction of L˜2 and, second, a transition from attractors with
one positive Lyapunov exponent to hyperchaos.
Figure 8d shows the stable invariant curve L˜2 emerged from
the point Õ2 via the supercritical Neimark-Sacker bifurcation.
When decreasing b, this curve is deformed and, at b ≈ 11.6,
becomes resonant (a resonance p : q with q = 32 occurs on
each of the two components). Then the corresponding periodic orbit undergoes the Neimark-Sacker bifurcation, and, as
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FIG. 8. Illustrations towards the destruction of the stable two-component invariant curve L˜2 (here a = 0.25, d = 0.05, c = 0.5): a. bifurcation
tree, b., c. graphs of three largest Lyapunov exponents, d. – l. Poincaré maps Tb for the Rössler system (1). d. b = 12, e. b = 11.55, f.
b = 11.54, g. b = 11.53714, h. b = 11.5371, i. b = 11.5371 (zoomed fragment of h.), j. b = 11.537, k. b = 11.53, l. b = 11.5.

a result, the 64-component invariant curve (T-32*2 in Fig. 8c)
is born in its neighborhood, see Fig. 8e. Then, on the base
of this curve, the resonant period-640 orbit occurs. Figure 8f
shows a zoomed fragment of the phase portrait near one of 64
components of this curve (the corresponding zoomed region
is a rectangle f1 in Fig. 8e). This orbit undergoes a cascade of
period-doubling bifurcations. In Figure 8g an enlarged fragment of the Poincaré map near one of 640 points is shown (this
fragment is marked in Fig. 8f by a rectangle f2 ), when after
the above cascade followed by a band-fusion sequence is observed in f2 . Then, this attractor merges into a one-component
attractor due to a homoclinic bifurcation (four components in
f2 merges into one component of the 640-component chaotic
attractor), see Figure 8h–i. In Figures 8j–k one can see the absorption of the period-64 saddle orbit by the chaotic attractor.
The final attractor, presented in Figure 8k, contains a set of
saddle periodic orbits of both types (2,1) and (1,2) but it does
not absorb the period-2 saddle-focus orbit Õ2 .
We note that the described chaotic attractor is characterized
by only one positive Lyapunov exponent. As one can see from
the enlarged fragment of the graph of Lyapunov exponent presented in Figure 9a this attractor gets two positive exponents
at b ≈ 11.461. In Figure 9 we illustrate the accompanied bifurcations. We start from the last observable stability window to
the right of b = 11.463 where period-38 stable orbit (P-19*2
in Fig. 9a) exists and trace the attractor decreasing b.
Soon, this orbit undergoes the supercritical Neimark-Sacker
bifurcation leading to the birth of a 38-component invariant curve (T-19*2). Then, a resonance period-646 orbit (P17*19*2) appears on this curve. In its turn, this orbit again
undergoes the supercritical Neimark-Sacker bifurcation. Fig-

ure 9b shows the enlarged fragment of the phase portrait with
17 invariant curves near one of 19*2 components of the resulting invariant curve (T-17*19*2). Then, this invariant curve
breaks down giving, at first, 646-component chaotic attractor which, then, transforms to the 646-component Shilnikov
attractor, see Figure 9c. Further decrease in b leads to the
merger of each 17 component under homoclinic bifurcation
and creation of 38-component attractor (Fig. 9e) whose one
component is presented in Figure 9d.
With a slight decrease in b, this 38-component attractor merges under a homoclinic bifurcation into the twocomponent attractor whose one component is shown in Figures 9f–g. Further decrease in b leads to the decrease of a distance between the attractor and the period-2 saddle-focus orbit
Õ2 , see Fig. 9h. Finally, this attractor absorbs the point Õ2 , see
Fig. 9i, and transforms to the hyperchaotic Shilnikov attractor with Lyapunov exponents Λ1 = 0.0064, Λ2 = 0.0017, Λ3 =
0.0, Λ4 = −26.4928.

E.

Hyperchaotic attractors for different c

Figure 10 shows various types of hyperchaotic attractors
for fixed b = 3, c ∈ {0.32, 0.34, 0.45, 0.5} (the corresponding spectra of Lyapunov exponents are presented in Table I).
These attractors are obtained by the continuation of the hyperchaotic attractor for c = 0.5 from Fig. 10d. The bottom
row of Fig. 10 shows the attractors in the same scale, while in
the top row we show their enlarged fragments. We note that
the attractor presented in Fig. 10d is the same famous Rössler
hyperchaotic attractors from the paper1 .
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FIG. 9. Continuation and detailization of Fig. 8 for segment 11.46 < b < 11.467 where hyperchaos arises. a. Graph of three largest Lyapunov
exponents, b. b = 11.461123, c. b = 11.461122, d. b = 11.461, e. b = 11.46, f. b = 11.459, g. b = 11.35, h. b = 11.3, i. b = 11.3 (zoomed
fragment of h., two-component hyperchaotic Shilnikov attractor).

FIG. 10. Hyperchaotic attractors in the Poincaré maps of 4D Rössler system (1) with varying c and fixed a = 0.25, b = 3, d = 0.05. a.
c = 0.32, b. c = 0.34, c. c = 0.45, d. c = 0.5. Figures in the top row are magnifications of figures in the bottom row where all Poincaré maps
are presented in the same scale. The attractor in Fig. d is namely the famous Rössler attractor.

From these figures, one can see that, along this pathway
(with varying c), the hyperchaotic attractor changes sharply.
We explain such reconstructions of the attractor by its collision with some stable invariant manifolds of saddle cycles associated with equilibrium states of system (1). Certain details
are given in the Section IV.

TABLE I. Signature of the spectrum of the Lyapunov exponents for
chaotic attractors presented in Figure 10.
c
0.32
0.34
0.45
0.5

Λ1
0.0925
0.0993
0.1132
0.1123

Λ2
0.0188
0.0174
0.0187
0.0208

Λ3
0.0
0.0
0.0
0.0

Λ4
-657.6230
-334.7749
-37.7681
-24.6006

IV. ONE-PARAMETRIC BIFURCATION ANALYSIS:
SKELETON OF CHAOTIC ATTRACTOR

In this section, we show how the saddle-node bifurcations
leading to the appearance of the stable fixed points O1 , Õ1 and
period-2 orbit O2 , Õ2 , see Section III A, are linked with bifurcations of equilibrium states in the Rössler system (1). Also

we explain how dynamics in this system become significantly
multistable and which bifurcations leads to the emergence of
vast hyperbolic subsets with two-dimensional unstable manifolds.
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One of possibilities to understand the nature and properties of chaotic and hyperchaotic attractors is associated with
the constructing and studying their skeletons. Recall, that the
skeleton of an attractor is formed by the set of its saddle periodic orbits. The main idea here is quite simple. If the most
amount of saddle periodic orbits have the one-dimensional unstable manifolds, then the attractor should be chaotic, while
if it takes place for orbits having the dimension of unstable
manifolds greater or equal 2, then the attractor should be hyperchaotic. Usual methods for estimation of this amount are
direct. In particular, in28,29 authors employ Newton’s method
to find periodic orbits in the corresponding Poincaré maps,
in30 periodic orbits were reconstructed from time series. In
the current paper, we do it by another way: we construct oneparameter bifurcation diagrams, in which periodic orbits of
different types are marked with different colors, in particular, we distinguish saddle orbits of type (2,1) and (1,2). For
constructing such trees we apply the bifurcations continuation
package XPPAUT31 .
A.

Bifurcation with equilibrium states

We fix parameters a and d as in (2) and start with the continuation of a pair of equilibrium states S0 (−x0 , −y0 , −z0 , −w0 )
and S1 (x0 , y0 , z0 , w0 ), where
q
q
bd
x0 = b(c−ad)
,
y
=
,
0
q d
q c−ad
(3)
bd
b
z0 = c−ad , w0 = c d(c−ad) .
Note, that these equilibria come from infinity since at c = ad
three of their coordinates (y, z, and w) are unbounded; x- coordinate of these equilibria vanishes at c = ad.
Figure 11 shows the dependency w(c) for both equilibria
S0 and S1 when b = 12. Red-colored line corresponds to the
condition c = ad = 0.0125. By green-colored lines HB0 and
HB1 we depict the supercritical Andronov-Hopf bifurcations
with S0 and S1 , respectively. Top and bottom panels in Fig. 11
show the location of eigenvalues (λi ) of the equilibria S0 and
S1 .
Further in this Section, for equilibria S as well as for limit
cycles C with N-dimensional stable and M-dimensional unstable manifolds we will use denotations: S(N, M) and C(N, M).
Thus, one can see that at 0.0125 < c < HB1 ≈ 0.2584 both
equilibria are saddle: S0 = S0 (2, 2) and S1 = S1 (3, 1). At
c > HB1 the equilibrium S1 transforms to a saddle S1 (1, 3)
under the supercritical Andronov-Hopf bifurcation. At c =
HB0 ≈ 0.2689 the equilibrium S0 undergoes the supercritical
Andronov-Hopf bifurcation and becomes the repeller S0 (0, 4)
at c > HB0 .
B.

Continuations of cycles linked with equilibria

As a result of the Andronov-Hopf bifurcations saddle cycles C0 (1, 2) and C1 (2, 1) are born from the equilibria S0 and

FIG. 11. Bifurcation diagram-tree for equilibria in system (1) with
a = 0.25, b = 12, d = 0.05. At c = ad = 0.125 equilibria S0 (2, 2)
and S1 (3, 1) are born from the infinity; they are transformed into
S0 (0, 4) and S1 (1, 3), respectively, after the supercritical AndronovHopf bifurcations happened at c = HB0 ≈ 0.2689 with S0 and c =
HB1 ≈ 0.2584 with S1 .

S1 at c > HB0 and c > HB1 , respectively. The bifurcation
trees for these cycles and their continuations are presented in
Figure 12 where cycles with different dimension of stable and
unstable manifolds are depicted with different colors: “green”
for stable limit cycles C(3, 0), “blue” for saddle cycles of type
C(2, 1), and “orange” for cycles of type C(1, 2).
As one can see in Figure 12, the cycle C0 (1, 2) does not affect the dynamics and, thus, we no longer consider it in the
paper. It is not the case for the limit cycle C1 (2, 1) whose continuation (in the package XPPAUT) generates a long chain of
cycles Cm1 (q, 3 − q), where m is the sequential number of the
newly born cycle and q is the dimension of its stable manifold
(respectively, (3 − q) is the dimension of its unstable manifold). We note that the change in the index m happens always when the cycle Cm1 disappears under a saddle-node col1
lision with an unknown before cycle Cm+1
, while the change
in q happens after every period-doubling or Neimark-Sucker
bifurcations with the cycles. As result, we obtain the first
branch B 1 of the potential tree of limit cycles of system (1),
see Fig 12.
The secondary branches B 2 of the full tree start to grow
from these points of the first branch B 1 where period-
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doubling bifurcations with cycles of type (2,1) occur. Now
we follow for the newly born period-2 cycle and makes its
continuation in the same way as in the first step. In Fig. 13a
the secondary branch is shown that starts from the point PD1
and finishes at the point PD2 of the first branch presented in
Fig. 12. This procedure can be continued in two directions:
outside the branch, where we make a continuation with double period cycles starting from the points PDi , and inside the
branch, where we compute new tertiary branches B 3 growing from the points PDi_ PD j of the secondary branch, see
Fig. 13b; etc.
In this section we illustrate results of the corresponding
constructions. With increasing c, the cycle C11 (2,1) undergoes
a period-doubling bifurcation PD1 at c ≈ 0.4296. As a result,
it transforms to the cycle C11 (1,2), and a 2-period cycle C12 (2,1)
is born in its neighborhood (for simplicity this period-2 cycle
does not shown in Fig. 12, it is shown on the secondary branch
B 2 of the tree presented in Fig. 13a and discussed below in
this Section).

FIG. 12. The branch B 1 of the (c, x)-tree representing transformations of cycles that starts from the point HB1 of Andronov-Hopf bifurcation with the equilibrium S1 . We use the following notations:
HB for Andronov-Hopf bifurcations with equilibria; LP, PD and T R
for saddle-node, period-doubling and Neimark-Sacker bifurcations
with limit cycles. a = 0.25, b = 12, d = 0.05

Further, we continue the cycle C11 (1, 2) till the moment
when it undergoes the saddle-node bifurcation (point LP1 )
at c = 0.6385, where C11 (1, 2) merges with a cycle C21 (2, 1).
Then, we take C21 (2, 1) and continue (here, c decreases, see
Fig. 12). Almost immediately after LP1 , this cycle undergoes
a period-doubling bifurcation at the point PD2 (c ≈ 0.6373),
giving a rise for a stable cycle C21 (3,0). We note that namely
this cycle corresponds to the fixed point Õ1 of the Poincaré
map under consideration in the previous Sections III C. Then,

at c ≈ 0.5876, the cycle C21 (3,0) undergoes the supercritical
Neimark-Sacker bifurcation. As a result, C21 (3,0) transforms
to the cycle C21 (1,2) and a stable torus (the invariant curve L˜1
for the map Tb ) is born. At c = 0.349, the inverse NeimarkSacker bifurcation is observed and limit cycle C21 (3,0) is again
stabilized.
Further continuation of C21 (3,0) shows a period-doubling bifurcation PD3 at c ≈ 0.34105 and the stable limit cycle C21 (3,0)
transforms to the saddle cycle with one-dimensional unstable
manifold C21 (2,1). Then, it goes to the saddle-node bifurcation point LP2 at c ≈ 0.34112, where the cycle C21 (2,1) merges
with a cycle C31 (1,2). Then, one can see a long branch with
the cycle C31 (1,2) till a period-doubling bifurcation PD4 at c ≈
0.4266. Then, new cycle C31 (2,1) merges with a stable limit
cycle C41 (3,0) at the point of a saddle-node bifurcation LP3 .
We note that namely this cycle corresponds to the fixed point
O1 of the Poincaré map Tb whose bifurcations was studied
in the beginning of Section III A (Fig. 6). The cycle C41 (3,0)
becomes saddle-focus C41 (1,2) under the Neimark-Sacker bifurcation T R3 at c ≈ 0.4141 and a stable torus (the invariant
curve L1 for the map Tb ) is born. At c = 0.2967, as a result of the inverse Neimark-Sacker bifurcation T R4 , the limit
cycle C41 (3,0) is again stabilized. Then one can see similar sequence of bifurcations LP4 (c = 0.2954), PD5 (c = 0.2956),
PD6 (c = 0.3685), LP5 (c = 0.369), T R5 (c = 0.3629), T R6
(c = 0.2864), LP6 (c = 0.2859), PD7 (c = 0.2861), leading to
the next transformations of cycles. The full scheme is presented below the diagram in Fig. 12.
Thus, we see that the cycle C11 (2, 1) which is born as a result of the Andronov-Hopf bifurcation with S1 unfolds a multilayer structure in the phase and parametric spaces. The graycolored rectangle in Fig. 12 corresponds to the interval of parameter c (recall, that b = 12 here) where hyperchaos is observed (it is easily seen if to superimpose this interval with the
Lyapunov diagram shown in Fig. 1b). Thus, one can see that
the most of the cycles whose appearance is associated with
the continuation of C11 (2, 1) have the two-dimensional unstable manifolds. We believe, that these cycles contribute to the
skeleton of hyperchaotic attractors.
Also it is worth noting that the continuation of the cycle
C11 (2, 1) is accompanied by the birth of three stable cycles
C21 (3, 0), C41 (3, 0), and C61 (3, 0). In the Poincaré map Tb the
first two cycle correspond to the fixed points Õ1 , and O1 , respectively. In their turn, these points evolve according to the
Shilnikov scenario (see details in Section III A) giving rise to
torus-chaos and discrete Shilnikov attractors. Moreover, attractors developed from these point can coexist that is also
shown in Section III A.

C.

Hyperchaotic saddles along the branches B 2 and B 3

Here, we study bifurcations along the branches B 2 and
B 3 corresponding to the period-2 and period-4 orbits arising
along the first B 1 and the second B 2 branches of the full bifurcation tree, respectively. For all cycles associated with the
second branch the upper index is 2 (Cm2 (d, 3−d)), while for all
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cycles associated with the thirds branch it is 3 (Cm3 (d, 3 − d)).
Figure 13a shows bifurcation diagram-tree demonstrating
the development of dynamics along the branch B 2 . The starting point for the analysis is the period-doubling bifurcation
point PD1 on the first branch B 1 , see Fig.12. The continuation of the saddle cycle C12 (2, 1), which is born as a result of
the period-doubling bifurcation PD1 , shows that at c = 0.4832
the bifurcation of period-doubling (the point PD1 _PD1 ) occurs again. As a result, the saddle cycle C12 (2, 1) is transformed into the saddle cycle C12 (1, 2). Further, as for the diagram in Fig. 12, the period-doubling bifurcation (the point
PD1 _PD2 at c = 0.5419) occurs, and as a result, C12 (1, 2)
transforms to C12 (2, 1), which merges with the cycle C22 (3, 0)
under a saddle-node bifurcation (the point PD1 _LP1 at c =
0.5424). The cycle C22 (3, 0) also undergoes the NeimarkSacker bifurcation (the point PD1 _T R1 at c = 0.4943) and
transforms into the saddle cycle C22 (1, 2). Then, the inverse Neimark-Sacker bifurcation (the point PD1 _T R2 at c =
0.4943) occurs which stabilizes again the limit cycle C22 (3, 0).
The period-doubling bifurcation (the point PD1 _PD3 ) at c =
0.4817 transforms the cycle C22 (3, 0) into the saddle cycle
C22 (2, 1), which merges with the cycle C32 (1, 2) under a saddlenode bifurcation (the point PD1 _LP2 at c = 0.4814). Then, the
subsequent inverse period-doubling bifurcation (PD1 _PD4 )
transforms this cycle into the saddle cycle C32 (2, 1). The corresponding branch comes to the period-doubling bifurcation
point (PD2 ), thus, closing the brunch B 2 .
The continuation of the third branch B 3 corresponding
to period-4 cycles and starting from the point PD1 _PD1 is
shown in Fig. 13b. The saddle cycle C13 (2, 1), which is
born after a period-doubling bifurcation, again undergoes a
period-doubling bifurcation (the point PD1 _PD1 _PD1 at c =
0.5054), then, the reverse period-doubling bifurcation occurs
(PD1 _PD1 _PD2 , c = 0.514), and finally, the branch of the
saddle cycle C13 (2, 1) comes into the period-doubling bifurcation point PD1 _PD2 on the secondary branch B 2 .
Thus, we have shown that for a given value of b = 12, from
only one bifurcation point, we are able to observe a sequence
of period-doubling bifurcations of saddle cycles with onedimensional unstable manifold. As a result of each such bifurcation, a saddle cycle with one-dimensional unstable manifold
turns into a saddle cycle with two-dimensional unstable manifold. These cycles are formed the skeleton of hyperchaotic
attractor.

D.

The obtained bifurcation curves on the Lyapunov diagram

For better understanding how the described bifurcations affect the stable dynamical regimes we supplement the Lyapunov diagram presented in Fig. 1b with the two-parameter
continuation (on the same (c, b)-parameter plane) of some of
these bifurcations. The resulting diagram is shown in Fig. 13c.
To make the bifurcation curves more visible against the background of the chart, we depict the chart in shades of gray. For
bifurcations curves superimposed with this chart we use the
following colors: “red” – for saddle-node bifurcation curves,
“blue” – for period-doubling bifurcation curves, and “green” –

for Neimark-Sacker bifurcation curves. From Fig. 13c one can
see that, the curve of saddle-node bifurcation LP1 defines the
upper and right boundaries of the stable dynamics existence in
system (1) for sufficiently large values of parameter b (above
the point f f ). Below this curve the stable cycle C21 (3, 0) (the
fixed point Õ1 for the Poincaré map Tb ) is born.
The curve PD1 , above the point f f , corresponds to a
period-doubling bifurcations with the saddle cycle C11 (2, 1)
which is born together with the cycle C21 (3, 0). Note, that
this curve touches the curve LP1 in the point f f : (c, b) ≈
(0.614, 16.5). This point corresponds to a codimensional two
fold-flip bifurcation. The detailed analysis of this bifurcation is presented in32 (see also33 ), where it is shown that,
depending on coefficient of the corresponding normal form,
this bifurcation can be of four possible types. Our studies
show that in the case under consideration we have the fourth
case from32 . Namely, above the point f f , with decrease in c,
the stable cycle C21 (3, 0) is born together with the saddle cycle C11 (2, 1) which, then, undergoes the supercritical perioddoubling bifurcation transforming this cycle to C11 (1, 2) and
giving a period-2 saddle cycle of type (2,1) in its neighborhood. Below the point f f , to the left of the curve LP1 , a pair
of saddle cycles of different indices (C21 (2, 1) and C11 (1, 2) is
born. Then, on the curve PD1 , the cycle C21 (2, 1) is stabilized under the supercritical period-doubling bifurcation, and
a period-2 saddle cycle of type (2,1) appears in its neighborhood to the left of PD1 . We note that the bifurcation tree presented in Fig. 12 corresponds to the second case, since the line
b = 12 passes below the f f point.
The cod-2 point f f helps to explain why it is difficult to
visualize stable dynamics on the charts of dynamical regimes
(as well as on Lyapunov diagrams) below this point. Indeed,
there is no stable periodic orbits to the left of the curve LP1
under the point f f . When we cross the curve PD1 the cycle
C21 (2, 1) is stabilized, but it has a narrow absorbing domain D,
and it is difficult to catch initial point inside D.
Green-colored curve T R1 corresponds to the supercritical
Neimark-Sacker bifurcations of the stable cycle C21 (3, 0). As
a result of this bifurcation, this cycle becomes of a saddlefocus (1,2) type (C21 (1, 2)) and a stable torus (closed invariant
curve L˜1 for the map Tb ) is born in its.
It is important to note, that moving downwards the region bounded by the curve T R1 , the stable torus breaks down
giving, chaotic attractor and, then, hyperchaotic attractor is
created due to the absorption of saddle and saddle-focus cycles with two-dimensional unstable manifolds, see Sec. III for
more detail.
Finally, we would like to note that the bifurcation curves
LP3 , T R3 , PD4 and LP5 , T R5 , PD6 associated with the stable
cycles C41 (3, 0) and C61 (3, 0), respectively (see Fig. 12), are
organized in (c − b)-parameter plane similar to the curves
LP3 , T R3 , PD4 associated with the cycle C21 (3, 0). We superimpose these curves with the Lyapunov diagram in Figures 14a, and 14b, respectively. From these figures one
can see that stable tori arose from the cycles C41 (3, 0) and
C61 (3, 0) under the supercritical Neimark-Sacker bifurcations
also breaks down giving, at first, chaotic and, then, hyperchaotic attractors.
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FIG. 13. a. The branch B2 continuing a doubled cycle C2 (2, 1) after the bifurcation point PD1 , see also Fig. 12; b. The branch B3 continuing
a cycle C3 (2, 1) emerging after the period-doubling bifurcation with the cycle C2 (2, 1) after the point PD1_ PD1 , a = 0.25, b = 12, d = 0.05;
c. bifurcation curves for some cycles from Figs. (a) and (b) over the Lyapunov diagram from Fig. 1b.

V.

DISCUSSION

Bifurcation analysis presented in this paper, as in many
other papers, shows that the 4D Rössler model exhibits extremely complicated and rich chaotic dynamics. And this
takes place despite the fact that the system itself is very simple in form – there is only one simple quadratic nonlinearity
in its right-hand sides. Undoubtedly, the 4D Rössler model
should be considered as one of the landmark universal models
of nonlinear dynamics, along with such famous models as the
Lorenz system, the 3D Rössler system, the Hénon map, the
standard Chirikov map, etc.
However, unlike the above models, the 4D Rössler system,

among other types of dynamics, can also exhibit hyperchaotic
behavior of orbits. As shown in the present paper, the onset of some types of hyperchaos in this model, including that
classical its type discovered in the work by Rössler1 , can be
explained using universal phenomenological scenarios, such
as the well-known Shilnikov scenario18,19,34 , adding to them
also potentially infinite cascades of bifurcations that involve
(absorb), into the chaotic dynamics, vast hyperbolic subsets
with two-dimensional unstable manifolds28,29 .
It seems very interesting to study in more detail the phenomenon of influence and mutual influence of dynamics of
two neighboring attractors through their crises. In particular,
to investigate the jumps of hyperchaoticity in more detail, for
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global, begin to appear in the model, the main tendency of
which is associated with the formation of nontrivial hyperbolic subsets of the same type (i.e. with two-dimensional unstable manifolds). In fact, in the paper, we confirm the existence of such a trend with the help of numerical algorithms
for continuation of certain regimes (limit cycles, in fact) and
finding moments of bifurcations when types of these regimes
are changed.
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FIG. 14. Bifurcation curves for some cycles associated with the cycles a. C41 (3, 0) and b. C61 (3, 0) over the Lyapunov diagram from
Fig. 1b.

example, to establish their depth, i.e. the number of consecutive crises of hyperchaotic attractors.
There is no any doubt that in this Rössler model there
may also exist new very unexpected and interesting dynamical regimes, for example, something like the mixed
dynamics35,36 . The latter looks very plausible due to the
fact that system (1) has an alternating divergence equal to
a + x + d. It seems to us that this topic for research is very
promising.
As for the relevant questions of chaos and hyperchaos in
the model, the direction related to the study of the hyperbolic
dynamics of the model may turn out to be quite interesting.
In particular, an intuition suggests that the Poincaré map Tb
considered in the paper must have, for negative b, a uniformly
hyperbolic invariant set of like of the three-dimensional Smale
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