Coupled systems with quasi-periodic and chaotic dynamics
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The interaction of a system with quasi-periodic autonomous dynamics and a chaotic
Rassler system is studied. We have shown that with the growth of the coupling, regimes of two-
frequency and three-frequency quasiperiodicity, a periodic regime and a regime of oscillation
death sequentially arise. With a small coupling strength, doubling bifurcations of three-frequency
tori are observed in the system. A chaotic regime, characterized by two additional zero Lyapunov
exponents in spectrum, is revealed. Two-parameter Lyapunov exponent analysis and bifurcation
analysis are presented. A new bifurcation scenario of transition from the regime of oscillation

death to quasi-periodicity in coupled systems is described.
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Introduction

The study of the interaction of self-oscillating systems is of great interest. It leads to a
fundamental nonlinear phenomenon as like synchronization, which is widespread in physics,
chemistry, biology, etc. [1-5]. There are three main classes of oscillating processes: periodic,
quasi-periodic and chaotic. Synchronization of periodic self-oscillating systems was historically
the first example of this kind. Its discovery dates back to the works of Huygens, and has now
been investigated in details. Much later, ideas arose about the possibility of chaotic systems
synchronization. By now, coupled chaotic systems have been studied quite fully [1-5]. As for the
synchronization of quasi-periodic oscillations, this problem has been studied relatively recently
[6-13]. From the point of view of physics, some progress in this direction has occurred due to the
emergence of new examples of generators capable of demonstrating autonomous quasi-periodic
oscillations. In general case, quasi-periodicity can be represented as oscillations characterized by
the several incommensurable frequencies. For such oscillations attractor is a stable ergodic torus
with dimension corresponding to number of incommensurable frequencies. Quasi-periodic

oscillations are stable both in sense of Lyapunov and Poisson, but are non-periodic. By contrast,



almost periodic oscillations [14,15] are stable only in Poisson sense. Problems, such as the
dynamics of autonomous generators, their experimental implementation, excitation of generators
of this type by an external signal, dynamics of coupled generators were considered in [16-26].
Note that this topic is related to the fundamental problem of quasi-periodic bifurcations
(bifurcations of invariant tori in the phase space), which still remains insufficiently studied [27-
39].

When studying the interaction of oscillatory systems, the case of similar systems is
traditionally considered, for example, the interaction of van der Pol oscillators with each other,
Raossler systems with each other, etc. In a similar way, the problem of the dynamics of coupled
quasi-periodic generators was introduced into consideration [20-22]. In applications, however,
situations often arise that relate to the interaction of different types of subsystems. Such
situations are still little studied. In this direction, one of the new examples is the case when the
first subsystem can demonstrate autonomous quasi—periodic dynamics, and the second is chaotic
oscillations. As a result of interaction of such kind heterogeneous systems, a new type of
dynamical behavior containing features of both models can appear. We consider the relevant
problems in the present paper. As the first subsystem we use the generator of quasi-periodic
oscillations proposed and studied in [18, 19]. As the second chaotic subsystem, we use the
traditional example — the Rossler system [1-2]. We describe a complete picture of possible
dynamical regimes and bifurcations of such a system, and also show that, with a small coupling
strength, the system can exhibit chaotic dynamics, but preserve multi-dimensional tori. In this
formulation, the problem is quite general, and its results may be of importance for other cases as
well. For example, well-known generators of chaotic oscillations can act as a second subsystem:
the Anishchenko-Astakhov generator [40], the Chua circuit [41], etc.

The rest of the paper is structured as follows. In Section 2, we present object of
investigation, discuss dynamics of autonomous quasi-periodic generator and Rossler system, and
explain the way of coupling organization. We devote Section 3 to results of Lyapunov exponents
analysis; demonstrate the possibility of different types of quasi-periodic regimes and chaos with
additional two zero Lyapunov exponents. In Section 4, we describe results of numerical
bifurcation analysis. We show a new route from area of oscillation death to quasiperiodicity.

2. Object of investigation
The equations of an individual generator capable of demonstrating autonomous quasi-
periodic oscillations [20,21] have the form



X=Y,
y=(A+z+x—Bx")y— X, 1)
2 =b(e-z)—ky>.
Here X, y, z are dynamical variables, wo is the natural frequency of the generator. The values of the
other parameters are selected similarly to [20,21]: e=4, b=1, k=0.02, p=1/18, A=-1.

In oscillator (1) for the specified values of parameters in the range 6.2<wo<8.4, two-
frequency quasi-periodic regimes 2T are observed, except for very narrow resonant intervals. Figure
1 shows the corresponding illustration in the form of a bifurcation tree!. It is constructed for the
Poincaré section by a plane x =0, which corresponds to a set of points (xs,0,zs), and represents the
dependence of the variable xs on the frequency parameter wo. At the boundaries of the specified
range of wo, the Neimark-Sacker bifurcations NS are realized, and outside it, the regime of the main

limit cycle P is observed.

Fig.1. Bifurcation tree of an individual generator of quasi-periodic oscillations (1), e=4, b=1, k=0.02, p=1/18, A=-1. P is

periodic oscillations (limit cycle); 2T is two-frequency quasi-periodic oscillations; NS is Neimark-Sacker bifurcation

As the second subsystem, we use the Rossler oscillator
X=-y-1z,
y =X+ py, (2)
z=q+(x-r)z
The values of the parameters are chosen equal to the traditional values p = 0.15, g =0.4,r =8.5
[1]. In this case, system (2) demonstrates chaotic dynamics.

Figure 2a shows the phase portrait of the generator (1) for the value of the parameter
wo=27 corresponding to the case of quasi-periodic oscillations. In this case, a two-frequency
invariant torus is implemented. Figure 2b shows the phase portrait of system (2), which is a
classical chaotic Rossler attractor.

! For solution of ordinary differential equations in our numerical experiments, we used 4th order Runge-Kutta
method with integration step 1073,
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Fig.2. Phase portraits of the quasi-periodic generator (a), e =4, b =1,k =0.02, p = 1/18, A = -1, 0o = 27, and the
Rassler oscillator (b), p=0.15,9=0.4, r =8.5.

Let us now write down the equations of the coupled systems (1) and (2):

Xlzyl’ X2:—y2—22,
Y1:(}\‘+21+X12_BX14)y1_0)§X1_M(X1_X2)1 YZ:X2+py2+u(y1_yz)’ (3)
21=b(8—21)—ky12, Z‘2:q+(X2_r)Zz'

Here u is the coupling parameter of subsystems. Let us briefly explain the introduction of
coupling. As can be seen from (1), a quasi-periodic generator is a generalization of a van der Pol
type oscillator. This is clearly seen if the variable z is discarded in the individual first subsystem.
In this case, the coupling in the second equation through the velocity is dissipative, as for van der
Pol oscillators [1, 2]. The same coupling is used in [22] for coupled quasi-periodic generators.
For the Rossler oscillator, the coupling is introduced by analogy with [42-44] and is also
dissipative. In particular, for two Rdssler oscillators coupled in this way, a well-known effect of

oscillation death is observed [1].

3. Analysis of Lyapunov exponents

3.1. One-parameter Lyapunov analysis

Let us now discuss the dynamics of system (3). We choose the value of the frequency
parameter wo=2m, which corresponds to the quasi-periodic dynamics in the individual first
subsystem. Autonomous subsystems (1) and (2) demonstrate quasi-periodic and chaotic
dynamics, respectively. In numerical simulations an appropriate criterion for distinguishing
between these two types of behavior is the spectrum of Lyapunov exponents [45]. Lyapunov
exponents characterize stability of close trajectories to infinitesimal perturbations. For 3-



dimensional subsystems a quasiperiodic attractor will be characterized by the spectrum: Ai=
A2=0, A3<0, a chaotic attractor: A1>0, A2=0, A3<0. In coupled systems (3) an attractor is
characterized by six Lyapunov exponents, and it is possible to reveal a rich variety of quasi-
periodic and chaotic attractors in accordance with the spectrum of Lyapunov exponents. In Table
1 we present possible dynamical regimes for 6-dimensional flow system in general case. Here we
use “+” for designation of positive Lyapunov exponents, and “-” for negative, suggesting that

they are sorted in descending order. Further we will use such classification.

Table 1. Possible types of dynamical regimes for 6-dimensional flow dynamical system in general case.

Dynamical regime A1 Az Az A4 As As
Stable equilibrium point - - - - - -
Periodic oscillations 0 - - - - -
Two-frequency quasiperiodic oscillations 0 0 - - - -
Three-frequency quasiperiodic oscillations 0 0 0 - - -
Four-frequency quasiperiodic oscillations 0 0 0 0 - -
Five-frequency quasiperiodic oscillations 0 0 0 0 0 -
Chaos + 0 - - - -
Hyperchaos + + 0 - - -
+ + + 0 - -
+ + + + 0 -
Chaos with additional zero Lyapunov exponents + 0 0 - - -
+ 0 0 0 - -
+ 0 0 0 0 -
Hyperchaos with additional zero Lyapunov exponents + + 0 0 - -
+ + + 0 0 -
+ + 0 0 0 -

Figure 3a shows graphs of the five Lyapunov exponents? of system (3) versus the
coupling parameter in the range 0<u<0.25%. The initial conditions were chosen to be fixed in the
vicinity of the origin of coordinates in each of the subsystems (x10=0.02, y10=0.01, z10=0.03,
%20=0.01, y20=0.03, z20=0.02).

Note that with zero coupling, the largest exponent is positive (A, >0), since chaos is
observed in the individual Rossler system. Also, for any coupling in self-oscillating regime, one
of the exponents must be zero, which is necessarily for flow (continuous) systems.

2 The spectrum of Lyapunov exponents was calculated according with algorithm described in [46] and using
Gramm-Shmidt orthogonalisation.
3 The sixth exponent is always negative.
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Fig.3. Graphs of Lyapunov exponents of coupled systems (3) depending on the coupling parameter. DT 23 are tori
doubling bifurcations; QH is quasi-periodic Hopf bifurcation; 2T is two-frequency quasi-periodic oscillations; 3T is

three-frequency quasi-periodic oscillations; C is chaos with two additional zero Lyapunov exponents

The graphs in Fig. 3a reveal three characteristic regions. In the case of a large coupling,

the two largest exponents are zero (A, =A,=0) and the rest are negative. Thus, a two-
frequency invariant torus 2T is realized. As the coupling decreases, the exponents A,, A, remain

equal to each other, increase and turn to zero at the boundary of the 2T region. After that, the
exponent A, remains zero, and A, again becomes negative. In accordance with the technique
[28], this means that a quasi-periodic Hopf bifurcation QH occurs when a stable three-frequency
torus 3T arises softly from a two-frequency torus. Inside the region 3T, three Lyapunov

exponents are equal to zero (A, =A,=A,=0), and the rest are negative. To improve visual

perception, this area in Fig. 3a is shown with a gray fill.



As the coupling decreases, the three-frequency torus undergoes several doubling
bifurcations DT, two of which are marked with arrows in Fig. 3a. In this case, the fourth
exponent vanishes at the bifurcation point, remaining negative in its vicinity [28]. The Figure
shows two such bifurcations DT1 and DT>.

In region C, the largest exponent becomes positive A1>0, so that in general this is a
region of chaos, and hyperchaos regimes with two positive exponents are not observed. For a
more detailed analysis, let us turn to Fig. 3b, which shows an enlarged fragment of the Fig.3a in
the coupling range 0<u<0.025. In Fig. 3b, in the region of three-frequency tori, we can see one
more (the third) doubling bifurcation of three-frequency torus DTs.

The area in which the first exponent can be positive has the following features. First, for
chaotic regimes three exponents turn to zero, so that A1>0, A234=0, As6<0. Thus, chaos arises,
characterized by three zero Lyapunov exponents (or very close to zero; the accuracy of zero
Lyapunov exponent calculations is about 10™).

The possibility of chaos with one additional Lyapunov exponent was pointed out in [47,
48] at consideration the effect of a harmonic signal on a system with an autonomous quasi-
periodicity Lorenz-84, simulating the long-term circulation of the atmosphere, as well as for an
excited model map. Such an attractor was called the quasi-periodic Hénon attractor. It is the
product of the Hénon attractor and the torus that leads to the formation of a chaotic attractor,
which has a preserved saddle torus with two-dimensional neutral manifold in the flow
(continuous) system. These examples [47, 48], however, refer to the case of one-side effect,
while in systems with quasi-periodic dynamics the case of such effect forms an independent
class [49]. Therefore, the emergence of new examples for mutually coupled flows is interesting.
Some examples of this type have been noted in recent papers [22, 50, 51]. At the same time, this
problem remains debatable, since there are no rigorous mathematical proofs, which is
highlighted in [32]. In this regard, the authors of [52] say about “Lyapunov exponent very close
to zero”, which can be indistinguishable from zero in numerical calculations. In our case, there is
already a situation with two additional zero exponents, which is of some independent interest.

The second feature of Fig.3b consists in the fact that there are narrow windows in the
chaos region where regimes of three-frequency tori originate. Two such windows are shown by

arrows in Fig.3b.

3.2. Phase portraits
Figure 4 shows the phase portraits of the six-dimensional system (3) in projection onto
the variables of the quasi-periodic generator and the Rdssler system. The values of the coupling

parameter are chosen in accordance with Fig.3, corresponding to chaos (a), three-frequency torus



(b), two-frequency torus (c). A portrait is also given for a significantly larger coupling u=2.5 (d).
For case (a), the coupling is very weak and the illustrations in the Figure are visually identical to
ones for the individual subsystems in Fig.2. However, in fact, the six-dimensional system (3)
demonstrates chaos, although the projections of the phase portrait on the subspaces of the
subsystem variables look like a case of no coupling. During transition to the three-frequency
torus (b), the portrait of the first subsystem practically does not change, and the portrait of the
second subsystem noticeably differs from the Rdssler chaotic attractor. This applies even more to
the two-frequency torus (c). Finally, for a very large dissipative coupling, the torus turns out to
“be suppressed”, and both projections of attractors exhibit a limit cycle (d) corresponding to the

periodic regime.

Fig.4. Evolution of phase portraits of subsystems with increasing coupling: () chaos with two additional zero
Lyapunov exponents, pu = 0.002; (b) three-frequency quasi-periodic oscillations, p = 0.1; (c) two-frequency quasi-

periodic oscillations, p = 0.2; (d) periodic oscillations, u=2.5

Figure 5 shows the projections of bifurcation trees on the dynamical variables of each of
the subsystems of the model (3), for the variable of the quasi-periodic generator (Fig. 5a) and for
the variable of the Rdssler system (Fig. 5b). The point of the quasi-periodic Hopf bifurcation QH
is clearly visible on the trees, when, with a decrease in coupling, the two-frequency torus
transforms into a three-frequency one. Figure 5a illustrates the soft nature of this bifurcation.
Note that for the variable of the Rdssler oscillator in Fig. 5b, to the right of the quasi-periodic

bifurcation point QH, the region of the two-frequency torus is perceived as a thin line. In fact,



this branch of the tree corresponds to quasi-periodic dynamics, which is illustrated by an
enlarged fragment of it in Fig.5c. Further transformations and bifurcations with decreasing
coupling in the projection onto the variable of the generator of quasi-periodic oscillations do not
differ. However, in the projection onto the variable of the Rossler system in Fig. 5b, the doubling
points of the three-frequency torus DT1 and DT> are traced.

Since system (3) demonstrates three-frequency tori, it is not enough to use the traditional
Poincaré section for its analysis, but the so-called double Poincaré section should be applied. The
procedure for its construction is implemented as follows. Using the Hénon method, we find
points in the map formed by the cutting hypersurface y1=0, and then select some layer 2x107 in
the vicinity of the hypersurface defining the second Poincaré section x2=0. The points located
inside this layer represent the double Poincaré map. Figures 5d and 5e show portraits of
attractors in the double Poincaré section. In Fig.5d one can see an invariant curve illustrating the
existence of a three-frequency torus. Fig. 5e shows the doubling of the three-frequency torus

with a decrease in the coupling strength.
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Fig.5. A bifurcation tree in the Poincaré section by a hypersurface y;=0 in projection onto a variable of the first (a)

and second (b,c) subsystems. Poincaré map in the double Poincaré section (y1=0, |x2|<10?); p=0.06 (d), u=0.04 (e).

3.3. Two-parameter Lyapunov analysis

Let us now carry out a two-parameter analysis, including the region of stronger coupling.
Figure 6a shows Lyapunov exponents chart of system (3) on the plane natural frequency of a
quasi-periodic generator - the coupling value of subsystems (wo,u) and its enlarged fragment,
Fig.6b. The type of regime is determined by the spectrum of Lyapunov exponents by analogy

with [22], the dimension of the invariant torus is determined by the number of zero exponents.



The color palette and the correspondence to the spectrum of Lyapunov exponents are deciphered
to the right of the Fig.6a. The initial conditions were chosen fixed at each point of the parameter
plane.

Figure 6a visualizes the regions of periodic regimes P, two-frequency tori 2T, three-
frequency tori 3T, and chaos C. There is also a region in which the system has a stable
equilibrium state. The latter is a demonstration of the effect of the oscillations death OD [1] (the
term amplitude death is sometimes used), when a large dissipative coupling makes an unstable
equilibrium stable, thereby inhibiting the oscillations of both oscillators. Note that this effect is
of general importance in the theory of coupled systems. It is observed in oscillators of various
types, and described in extensive literature, for example [1,53,54].

Note, that in the region of existence of three-frequency tori (see the enlarged fragment,
Fig. 6b), one can see lines of doubling bifurcations of such tori DT, on which four Lyapunov
exponents vanish Ai12,34=0. One can also see narrow regions of three-frequency tori in the area

of chaos.
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Fig.6. Lyapunov exponents chart of coupled systems (3) (a) and its enlarged fragment (b). AH; is Andronov-Hopf

bifurcation; NS; 3 is Neimark-Sacker bifurcation; DT is three-frequency torus doubling bifurcation

As we will show below, the region of oscillation death in Fig. 6a borders on the region of
periodic regimes along the Andronov-Hopf bifurcation line AHi, and the region of two-
frequency regimes is bounded on both sides by the Neimark-Sacker bifurcation lines of the limit



cycles NS: and NS2. A more subtle picture of bifurcations is observed in a very narrow
neighborhood of the line segment in Fig. 6a, in which the oscillation death region visually
borders on the quasi-periodicity region. We will give the corresponding analysis below and make
a comparison with similar situations known for coupled generators. In the region of small

coupling, the boundary of the periodic regime is another Neimark-Sacker bifurcation NSa.

4. Numerical bifurcation analysis

4.1. One-parameter bifurcation analysis

Let us supplement the above consideration with a bifurcation analysis of equilibrium
states and periodic regimes and also specify the character of bifurcations. First, let us consider
the case when, as the coupling decreases, a transition is observed from the oscillation death
region OD to the region of periodic self-oscillations P. In accordance with Fig. 6a, two options
are possible: to the right and to the left of the region of quasi-periodic dynamics. In the first case,
we can choose the value wo = 5, and in the second wo = n. Fig. 7 shows the appropriate one-

parameter bifurcation diagrams over a wide range of coupling strength: 0 <u <3, corresponding

to Fig. 6a. The red and black lines show stable and unstable equilibriums, the green line marks
stable limit cycles, and the blue and purple lines denote saddle limit cycles (with one- and two-
dimension of the unstable manifold, correspondingly). The analysis was carried out using the

XPPAUT numerical package [55]. The maximum value of the variable x1 (xa™) is plotted on the

y-axis.
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Fig. 7. One-parameter bifurcation diagrams for the transition from the region of oscillation death to the region of

periodic oscillations at me=5 (a) and we=m (b).



In the first case in Fig. 7a, as the coupling value decreases, the equilibrium state undergoes
two successive Andronov-Hopf bifurcations. At p~2.547 (AHi) the equilibrium point loses
stability and turns into a saddle-focus with a two-dimensional unstable manifold. Then, at
u~0.01446 (AHz), one more two-dimensional manifold loses stability. Each of the bifurcations is
associated with the emergence of a limit cycle. As a result of the first bifurcation (AH:1), a stable
limit cycle C1 is born, which demonstrates three Neimark-Sacker bifurcations with decreasing
coupling parameter. The first one occurs at u~2.186 (NS1), as a result the cycle becomes saddle-
focus, and a two-frequency torus is born in its vicinity, which is clearly seen on the chart of
Lyapunov exponents in Fig. 6a. A further decrease in the coupling at p~1.407 leads to the
Neimark-Sacker bifurcation (NSz,) passing in the reverse order, which can also be observed on
the Lyapunov exponent chart: the regime again becomes periodic. And then, at a lower coupling
strength (u~0.1445, NS3), a two-frequency torus is born again. The second Andronov-Hopf
bifurcation AHz leads to the birth of a saddle cycle with a one-dimensional unstable manifold,
which subsequently undergoes a period doubling bifurcation PD and becomes a saddle cycle
with a two-dimensional unstable manifold. Thus, for the given values of the parameter wo, the
transition from the region of oscillation death to the region of periodic self-oscillations occurs
through the classical Andronov-Hopf supercritical bifurcation.

For small values of the parameter wo, the transition from the regime of oscillation death to
the periodic regime has a more complex bifurcation mechanism, Fig. 7b. As in the first case, the
equilibrium state undergoes two successive Andronov-Hopf bifurcations. However, the first
bifurcation at u=2.31 (AHz1") is subcritical and corresponds to the birth of an unstable (saddle)
cycle C1 with a one-dimensional unstable manifold. This cycle then merges with the C2 saddle
cycle with a two-dimensional unstable manifold as a result of a saddle-node bifurcation at
pu~=2.521 (SN). And further, as the coupling decreases, the second cycle undergoes a Neimark-
Sacker bifurcation, which is passed in the reverse order (NS2, u~2.377), as a result of which the
unstable cycle stabilizes. Thus, in this case, the transition from the regime of oscillation death to
a periodic one occurs in a hard manner and in a narrow region of the coupling parameter, a stable
equilibrium can coexist with a stable torus. For small values of the coupling parameter, similarly
to the first case, one can see another Neimark-Sacker bifurcation, where a two-frequency torus
(u1=0.1444, NS3) is born.

Let us now discuss the bifurcations on the chart in Fig. 6a appropriate to the transition from
the region of oscillation death to the region of quasi-periodicity. Figure 8a shows the
corresponding one-parameter bifurcation diagram for wo=1.27. The coupling range is chosen as

2.3< <25 because the appropriate transition occurs in a narrow region of the coupling

parameter. The colors are similar to Fig.7. One can see the following sequence of bifurcations.



With an increase in the coupling at the point of the Andronov-Hopf subcritical bifurcation
(AH1*), the unstable equilibrium becomes stable, and the saddle limit cycle C1 is born near it. In
turn, this cycle at the point of the saddle-node bifurcation SN merges with the stable cycle C2.
The C2 cycle at the point NS: undergoes a Neimark-Sacker bifurcation, and as the coupling

decreases, a stable torus softly born. Thus, in a narrow interval 2.4 < 4 <2.476 of the coupling

parameter between the points AH1* and SN, there is a certain transition region, and bistability is
possible in the system. In particular, a stable equilibrium can coexist either with a periodic
regime or with a stable torus. To the right of the SN point, any oscillations will be suppressed by
the coupling. We note that in [22, 56, 57] for coupled generators of different types, a bifurcation
was discussed at the boundary of the oscillation death region, as a result of which an attracting
two-frequency torus and two saddle limit cycles are born from the equilibrium state in systems
identical in control parameters. With the addition of non-identity, however, such a bifurcation
was destroyed. In our case, the bifurcation scenario is different, the systems are obviously “non-

identical”, and the bifurcation structure is stable to some variations of the parameters.
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Fig.8. One-parameter bifurcation diagram in the region of transition from the regime of oscillation death OD to

quasi-periodicity 2T (a) and plots of Lyapunov exponents without inheritance (b) and with inheritance (c); wo=1.27.



It is interesting to compare the bifurcation diagram with the graphs of the Lyapunov
exponents and give illustrations of bistability. Different ways of specifying the initial conditions
were chosen. Fig. 8b, as in the construction of Lyapunov exponent charts, corresponds to the
calculation with fixed initial conditions. At the same time, it is visually indistinguishable from
the case of scanning from right to left with "inheritance” of initial conditions, when the initial
conditions correspond to the attractor identified in the previous step. Figure 8c corresponds to the
calculation with inheritance when scanning along the coupling parameter from left to right. In
case (b), to the right of the point AH1*, the equilibrium state is attractive, and we see two equal

negative Lyapunov exponents A, =A, <0 corresponding to this, other exponents are also

negative. At the point AH1* both exponents vanish, the equilibrium becomes unstable, and a
hard transition to the torus 2T occurs. In case (c), the graphs visualize the two-frequency torus
2T, which is observed up to the Neimark-Sacker bifurcation point NSz, at which it turns into a
limit cycle. At the saddle-node bifurcation point SN, the limit cycle vanishes. We note that in the
domain of existence of the two-frequency torus 2T, the Lyapunov analysis also reveals a set of
narrow resonant windows of periodic regimes, two of which are shown by arrows in Fig. 8b and
denoted by the letter P.

4.2. Two-parameter bifurcation analysis

Let us now turn to the description of bifurcations on the parameter plane. Figure 9
demonstrates a two-parametric bifurcation diagrams on the plane (wo,1t), which are plotted using
the XPPAUT package. The scale of Fig. 9a is similar to the chart in Fig. 6a. Figure 9b shows an
enlarged fragment. Figure 9a clearly shows that the oscillation death region is bounded by the
Andronov-Hopf bifurcation line (AH1), along which the equilibrium state loses stability with
decreasing coupling value. Two lines of Neimark-Sacker bifurcations (NSi, NS2) are clearly
visible, which on the parameter plane determine the region of two-frequency quasi-periodic
oscillations. With a small coupling, the Andronov-Hopf bifurcation line of the saddle
equilibrium state (AH2) and the Neimark-Sacker bifurcation line of the limit cycle (NSs) of the
birth of a two-frequency torus are observed almost simultaneously.

Two-parameter analysis reveals bifurcations of codimension two, which correspond to some
points on the parameter plane. Such bifurcations are marked with circles in Fig. 9. The first of
them corresponds to the situation when the Andronov-Hopf bifurcation changes character: turns
from supercritical AHz to subcritical AH1*. The possibility of both types of this bifurcation was
discussed when analyzing one-parameter case. Such a bifurcation is called the Bautin bifurcation
(or the degenerate Andronov-Hopf bifurcation) [58] and is indicated in the Fig.9 with label DAH.



The line of saddle-node bifurcation of limit cycles SN also comes to the same point, and ends
there.

Two more points of codimension two R: and Rz are also marked, where the saddle-node
bifurcation line SN and Neimark-Sacker bifurcation lines, respectively NS1 and NSz, merge. At
that the Neimark-Sacker bifurcation line ends at such a point. These points demarcate the
intervals where, as a result of the saddle-node bifurcation, various types of cycles merge. For the
values of the parameters wo located to the left of the point Rz, as a result of such a bifurcation, a
stable limit cycle and a saddle one merge with a one-dimensional unstable manifold. Between
the points R1 and Rz on the saddle-node bifurcation line, there is a merging of two saddle cycles,
one of which has a two-dimensional unstable manifold. With a decrease in the coupling strength,
this cycle is stabilized through the reverse Neimark-Sacker bifurcation. Another saddle cycle has
a one-dimensional unstable manifold. This section of the SN line is marked in Fig. 9 by a dotted
line. To the right of the point Ra, as a result of the saddle-node bifurcation, the stable limit cycle

and the saddle cycle with a one-dimensional unstable manifold again merge.
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Fig.9. Two-parameter bifurcation diagram and its zoomed fragment for coupled systems (3). AH:/AH,* are

supercritical/subcritical Andronov-Hopf bifurcations; NS;,3 are Neimark-Sacker bifurcations; PD, is period-
doubling bifurcation. Co-dimension 2 points: DAH is degenerate Andronov-Hopf bifurcation (Bautin bifurcation

point); R1, Rz are resonance 1:1 points

Conclusion
Thus, detailed analysis of the smallest heterogeneous ensemble (interacting models of
different types) is presented. Complex behavior in the ensemble characterized for both types of

models was revealed.



When a system with an autonomous quasi-periodicity and a chaotic Rossler system interact
at a large coupling a regime of oscillation death is observed. As the coupling decreases, periodic
self-oscillations and then a two-frequency torus appear. From this torus, as a result of the quasi-
periodic Hopf bifurcation, a three-frequency torus is born, undergoing several doubling
bifurcations. Further, the three-frequency torus is destroyed, and a kind of chaos with two
additional zero Lyapunov exponents is possible (i.e., the total number of zero exponents is
three). In the area of chaos, there are narrow regions of existence of three-frequency tori.

The Lyapunov exponent chart makes it possible to reveal the localization of regimes of
different types on the parameter plane the natural frequency of a quasi-periodic generator - the
value of the coupling of subsystems. The chart is supplemented by bifurcation analysis, which,
along with supercritical and subcritical Andronov-Hopf bifurcations, Neimark-Sacker
bifurcations and saddle-node limit cycle bifurcations, reveals points of codimension two, in
particular, the Bautin bifurcation, in which the supercritical Andronov-Hopf bifurcation turns
into a subcritical one.

A new scenario is described for the transition in coupled systems from the regime of
oscillation death to quasi-periodicity, which takes place in a certain range of parameters. It
consists in the fact that the equilibrium state loses stability through the Andronov-Hopf
subcritical bifurcation, colliding with the saddle limit cycle. In turn, this cycle at the point of the
saddle-node bifurcation merges with the stable one. The latter undergoes a Neimark-Sacker

bifurcation, when a stable torus softly separates from it as the coupling decreases.
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