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Abstract

We study bifurcation mechanisms for the appearance of hyperchaotic attrac-
tors in three-dimensional diffeomorphisms, i.e., such attractors whose orbits have
two positive Lyapunov exponents in numerical experiments. In particular, periodic
orbits belonging to the attractor should have two-dimensional unstable invariant
manifolds. We discuss several bifurcation scenarios which create such periodic or-
bits inside the attractor. This includes cascades of supercritical period-doubling
bifurcations of saddle periodic orbits and supercritical Neimark-Sacker bifurcations
of stable periodic orbits, as well as various combinations of these cascades. These
scenarios are illustrated by an example of the three-dimensional Mird map.

Keywords. Hyperchaotic attractor, homoclinic orbit, three-dimensional map.



1 Introduction

This paper is devoted to the study of bifurcation scenarios leading to the appearance of
hyperchaotic attractors in the three-dimensional map
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Here x,y, and z are phase variables; M7, My, and B are parameters. This map is one
of the well-known “homoclinic maps” which were introduced in [34, 35] as normal forms
for the first-return maps near homoclinic tangencies of multidimensional systems, see also
[32, 37, 38, 44, 86, 87]. The map (1) has the constant Jacobian B. When B = 0, the
map effectively coincides with the two-dimensional map § = z, z = M; + Myz — 3%, It is
the well-known two-dimensional endomorphism introduced and studied by C. Mira in 60s
[65], see also [9]. Therefore, we call map (1) the three-dimensional Mird map. It is worth
noting that this map belongs to the class of 3D Hénon maps. In the paper [61] Lomel{
and Meiss showed that every quadratic 3D map with a constant Jacobian, whose inverse
map is also quadratic, can be reduced to the form z =y, y = 2z, z = Bx+ G(y, z), where
(G is a quadratic polynomial in y and z. Therefore, such diffeomorphisms are also called
“Lomeli maps”, see e.g. [66].

Recall, that the term “hyperchaotic attractor” was introduced by Réssler in [70] for
strange attractors with (at least) two directions of exponential instability. Hyperchaoticity
of an attractor is quite simple to verify numerically. If numerical experiments show
that orbits in the attractor have two or more positive Lyapunov exponents (LE), then
the observed attractor is hyperchaotic. It is natural to assume that, in order to be
hyperchaotic, an attractor should contain nontrivial hyperbolic subsets whose unstable
manifolds have dimension > 2.

Thus, the study of hyperchaotic dynamics in the map (1) looks promising, since in
a certain region of the parameter space (region SH(1,2) in Fig. 8) there is a nontriv-
ial hyperbolic set — a three-dimensional Smale horseshoe — whose unstable manifold is
two-dimensional [29]. We ascribe the type (n,m) for hyperbolic periodic orbits with n-
dimensional stable and m-dimensional unstable invariant manifolds (where types (n,0)
and (0,m) relate, respectively, to the stable and completely unstable periodic orbits).
Then, we can call the above horseshoe as the Smale horseshoe of type (1,2). In the
parameter space, along pathways leading from the region where the map has a simple
attractor (a stable fixed point) to the region where the horseshoe of type (1,2) exists, one
can expect hyperchaotic attractors. Which bifurcations occur along such pathways is the
main question of the current paper.

At first, let us recall some facts on strange attractors in the map (1). When B = 0,
the corresponding two-dimensional Mira endomorphism has, in certain regions of the
(M, My)-parameter plane, hyperchaotic attractors, the so-called snap-back repellers [63],
consisting mainly of completely unstable orbits (with two positive Lyapunov exponents).
As was shown in [7], see also [69], for small B these attractors are transformed into
hyperchaotic attractors for the three-dimensional diffeomorphism (1), i.e., the tendency
for the expansion in two directions persists. When B is not too small (yet |B| < 1), the
map (1) can demonstrate other types of hyperchaotic attractors, in particular, the so-
called discrete Shilnikov homoclinic attractors containing a saddle-focus fixed point with
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a two-dimensional unstable invariant manifold [26, 27, 31]. These attractors are often
observed in multidimensional systems from various applications.! In the current paper,
we study bifurcation mechanisms for the appearance of hyperchaotic attractors for both
cases of small and not very small values of the Jacobian B.

We propose two types of bifurcation scenarios leading to the appearance of hyper-
chaotic attractors in one-parameter families of three-dimensional maps. First, we outline
the main stages of the formation of the so-called discrete homoclinic attractors that, ac-
cording to the definition given in [26, 31], contain only one saddle fixed point along with
its unstable invariant manifold (in the case under consideration, the fixed point is either
a saddle-focus of type (1,2) or a saddle with two negative unstable multipliers). This part
includes only a few local and global (homoclinic or heteroclinic) bifurcations leading from
a stable fixed point to a homoclinic attractor containing nontrivial hyperbolic subsets
with two-dimensional unstable manifolds.

However, this attractor may not be hyperchaotic, especially at the initial stages of
its formation. For the appearance of a strange attractor characterized by two positive
Lyapunov exponents, it is necessary that

e the majority of orbits in the attractor should have two-dimensional unstable mani-
folds.?

This problem is in the essence of the second, detailed part of the scenarios. This part
is much more complicated and variable, because, unlike the first one, it includes infinite
sequences of bifurcations. These bifurcations transform periodic stable and saddle orbits
to saddles of type (1,2), paving a way to two positive Lyapunov exponents in numerical
experiments.

Hyperchaotic homoclinic attractors.

Suppose that a homoclinic attractor containing a fixed point O of type (1,2) appears.
This attractor also contains all homoclinic orbits to the fixed point, i.e., the orbits of the
intersection of the stable and unstable manifolds of O. In general case, these intersections
are transverse. By the Smale-Shilnikov theorem [73, 78|, this implies that the attractor
must contain nontrivial hyperbolic subsets whose unstable invariant manifolds are two-
dimensional. However, this fact does not automatically lead to hyperchaos, since, as
it happens in many cases, the attractor is not hyperbolic and may contain also saddle
periodic orbits of type (2,1) (and even periodic sinks which may be invisible in numerical
experiments) which together can contribute significantly to the computational value of
the averaged Lyapunov exponents.

In particular, this is true for the discrete Shilnikov attractors. Such attractors were
introduced and partially studied in the papers [26, 27, 31], where a phenomenological

n particular, such hyperchaotic attractors were found in the models of gas bubbles’ dynamics [23],
gene represillators [81], in the modified generator of Anischenko-Astakhov [71] and in many other models.
In all these models a discrete Shilnikov attractor appears on the corresponding three- or multidimensional
Poincaré maps. Moreover, we note that the appearance of such attractors is one of the most typical route
to strange attractors in multidimensional systems as a whole.

2Tt is difficult to define the “majority” unambiguously here. However, if we assume a small bounded
independent and identically distributed (IID) noise acting on the system, then we can expect a unique
stationary measure, and the “majority” will mean a set of full measure. Note that we do have the round-
off noise in the numerical experiments, but it is not clear if this kind of noise is well-modeled by IID
noise.



scenario for their appearance was also described. The main stages of this scenario are
schematically presented in Fig. 6. They are as follows:

(i) a supercritical Neimark-Sacker bifurcation of the stable fixed point O, after which
this point becomes a saddle-focus of type (1,2), and a stable invariant curve L
appears in a neighborhood of O (Fig. 6b);

(ii) the formation of a Shilnikov whirlpool drawing in almost all orbits from some ab-
sorbing domain (Fig. 6¢);

(iii) the emergence of a transversal intersection between one-dimensional stable and two-
dimensional unstable invariant manifolds of the saddle-focus fixed point O (Fig. 6d).

We consider also another type of discrete homoclinic attractors which contain a saddle
fixed point with a pair of negative unstable multipliers. We show how such attractors
can appear in one-parameter families of three-dimensional maps. The key steps of the
corresponding scenario are as follows:

(i) asupercritical period-doubling bifurcation of a stable fixed point O, after which this
point becomes saddle of (2,1)-type (Fig. 2b);

(ii) one more supercritical period-doubling bifurcation of the saddle fixed point O, after
which it becomes a saddle of the desired (1,2)-type (Fig. 2¢);

(iii) the emergence of a transversal homoclinic intersection between stable and unstable
invariant manifolds of O (Fig. 3).

We call the corresponding attractors hyperchaotic Hénon-like attractors®. Both scenar-

ios are considered in Section 2 where we supplement them by the second, detailed part
which is responsible for the appearance of two positive Lyapunov exponents in numerical
experiments.

In the papers [48, 84, 85] it was observed in several examples that chaotic attractors can
transform to hyperchaotic ones as a result of the absorption of periodic orbits with two-
dimensional unstable invariant manifolds into the attractor. We suggest two bifurcation
mechanisms leading to such transformations. The first one is associated with infinite
cascades of period-doubling bifurcations of saddle periodic orbits of type (2,1) which
transform them into orbits of type (1,2). The second mechanism is related to the formation
of saddle-focus periodic orbits of type (1,2) via Neimark-Sacker bifurcations of stable
periodic orbits. In both cases the absorption of hyperchaotic saddles (of types (1,2)) by
the attractor happens via homoclinic or heteroclinic bifurcations.

Hyperchaotic attractors in the map (1).

In the second part of the paper (Sections 4-5), we apply the proposed scenarios to
study mechanisms for the appearance of hyperchaotic attractors in the three-dimensional
Mird map (1). We consider cases of small and not very small values of the Jacobian B.
In both cases we start from a stable fixed point O, which appears via a saddle-node
bifurcation together with a saddle fixed point O_ of type (2,1) and change parameters

3In three-dimensional maps another type of “Hénon-type” attractors is also possible. They appear
as a result of a sequence of period-doubling bifurcations of a stable invariant curve, and were called
quasiperiodic Hénon-like attractors in [13—15] by analogy with Hénon-like attractors.
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towards the region SH(1,2), see Fig. 8, where the Smale horseshoe of type (1,2) exists
[29].

The first bifurcation along this pathway is always the supercritical Neimark-Sacker
bifurcation after which the point O, becomes saddle-focus of type (1,2) and a stable
invariant curve L is born in its neighborhood. Further, this curve breaks down, giving
rise to a certain chaotic attractor (with only one positive Lyapunov exponent), but later
this attractor becomes hyperchaotic. The study of accompanying bifurcations is the main
focus of this part of the paper.

We note that usually, before the destruction, the curve L becomes resonant: a pair
of period-¢ stable and saddle-(2,1) orbits appears on it (inside the corresponding Arnold
tongue); in this case the resonant curve is the closure of the unstable manifold of the
period-q saddle orbit.

In the paper we pay special attention to the cases of the so-called strong resonances
1:3 and 1:4 which are the most difficult and interesting. Besides, their influence on the
organization of the corresponding bifurcation diagrams is the most visible (see e.g. Lya-
punov diagrams for the map under consideration in Fig. 10, where codimension-two points
giving rise to the Arnold tongues with the strong resonances 1:3 and 1:4 are denoted by
Rs and Ry, respectively). In the case of two-dimensional diffeomorphisms, the nondegen-
erate 1:3 resonance usually leads to the global instability [76], the corresponding invariant
curve breaks down without the appearance of stable elements of dynamics. However,
this is no longer true for the three-dimensional maps with not small values of the Jaco-
bian. In particular, as is shown in [26, 31|, regular and chaotic attractors can appear in
the map (1) after the destruction of the curve L near the 1:3 resonance. We show that
these attractors can be even hyperchaotic. However, they occupy very thin regions in
the parameter space, and can appear only for specific values of the Jacobian B, see the
red-colored regions below the point R3 in Fig. 10d.

As for the 1:4 resonance, we show that, unlike the 1:3 resonance, it is responsible for
the emergence of the most visible Arnold tongue with stable dynamics. Inside this tongue,
the resonant period-4 stable and saddle-(2,1) orbits undergo numerous bifurcations. More-
over, a type of these bifurcations strongly depends on the value of the Jacobian B.

For small values of B, these bifurcations include a cascade of period-doubling bifurca-
tions resulting in a four-component Hénon-like attractor containing infinitely many saddle
orbits of type (2,1), see Fig. 14b. These orbits, as well as the resonant period-4 saddle
orbit, also undergo cascades of period-doubling bifurcations leading to the formation of a
hyperchaotic attractor containing infinitely many periodic saddle orbits of type (1,2), see
Section 4 for more detail.

The stable period-4 orbit can also undergo the supercritical Neimark-Sacker bifur-
cation followed by the creation of a four-component discrete Shilnikov attractor. This
scenario of the transition to hyperchaos is more typical for the cases of not small values of
the parameter B (B € [0.3,0.6] in Fig. 17b). Independently of this, the resonant period-4
saddle orbit (of type (2,1)), as in the case of small B, undergoes an infinite cascade of
period-doubling bifurcations leading to the creation of a nontrivial hyperbolic subset of
type (1,2). Then, a new type of hyperchaotic attractor can appear when this subset or
its parts are absorbed by the above mentioned four-component Shilnikov attractor. Af-
ter this absorption event, the four-component attractor transforms into a one-component
attractor containing both the saddle-focus and saddle period-4 orbits of type (1,2), see
Section 5 for more detail.



In the last part of the paper (Section 6), we demonstrate another scenario of the
destruction of the curve L. We show that for not small values of the Jacobian (e.g. for B =
0.7) this curve can undergo a quite long sequence of period-doubling bifurcations resulting
in the formation of a chaotic attractor with one positive, one near-zero (indistinguishable
from zero in the numerics) and one negative Lyapunov exponent. We discuss and explain
this phenomenon.

2 Scenarios for the appearance of hyperchaotic at-
tractors

In this section, we describe scenarios leading to the appearance of hyperchaotic attrac-
tors in three-dimensional maps. Let us consider a one-parameter family of the three-
dimensional maps

z=F(z,¢)

depending on a parameter €. In the presented below scenarios, we start with a fixed
point O which is asymptotically stable and belongs to some absorbing domain D,(O),
see Fig. 2a. Finally, as a result of a series of codimension-one bifurcations, we obtain a
homoclinic attractor containing the point O which becomes a saddle or a saddle-focus
with a two-dimensional unstable invariant manifold. We also pay special attention to
the cascades of bifurcations due to which the majority of orbits inside the attractor get
two-dimensional unstable invariant manifolds.

2.1 Hyperchaotic Hénon-like attractor

The hyperchaotic Hénon-like attractor is a homoclinic attractor containing a saddle fixed
point with a pair of negative unstable multipliers. It can appear as a result of the scenario
the beginning part of which coincides with the well-known scenario of the birth of the
Hénon attractor. Therefore, let us first recall some details on the Hénon and Hénon-like
attractors and scenarios for their appearance.

2.1.1 Some details about Hénon-like attractors

The Hénon attractor is a homoclinic attractor of the two-dimensional Hénon map H : & =
Yy, y = M — bx — y? [45]. Tt contains the saddle fixed point O with a negative unstable
multiplier and is formed after the Feigenbaum cascade of period-doubling bifurcations
[18, 22, 62] followed by a cascade of heteroclinic “band-merging” bifurcations [77]. Let
us denote the stable and unstable multipliers of the point O by A and . Then, for the
Hénon attractor, the following conditions always hold: v < —1 (the unstable multiplier
is negative) and o = |y\| < 1 (area-contracting condition). Depending on the sign of the
stable multiplier A\, the Hénon attractor can be of two types: if —1 < A < 0 the attractor
is orientable, see the example of its phase portrait in Figure la; and if 0 < A < 1 the
attractor is nonorientable, see the phase portrait in Figure 1c (exactly this attractor was
discovered and studied by M. Hénon in [45]).

When dynamics in the map are associated with the existence of the Hénon attractor?,
this attractor, together with the saddle point O, also contains the unstable manifold

4The question of the existence of the Hénon attractor is very delicate. For sufficiently small positive
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W*(O) and homoclinic points h; to O, i.e, such points where W"(O) intersects with
the stable manifold W#*(O). Figures 1b and 1d show schematic representations of the
homoclinic structure for the orientable and nonorientable Hénon attractors, respectively.
Let us briefly describe them.

p1 'Y

P,

(@) (d)

Figure 1: (a) Orientable Hénon attractor in the map H for b = 0.3, M = 2.1 and (c) its homoclinic
structure; (b) nonorientable Hénon attractor in the map H for b = —0.3, M = 1.4 and (d) its homoclinic
structure. O is a saddle fixed point belonging to the attractor; W** and W=, W“* and W“~ are
the pairs of stable and unstable separatrices of O, p; and p, are the components of a period-2 orbit
which appears after the period-doubling bifurcation of the point O, and hi, ho, hs, ... are the points of
homoclinic intersections W*(O) N W*(0).

The unstable invariant manifold W*(0) is divided by the point O into two connected
components — separatrices W*" and W%~ . Since the unstable multiplier v of O is negative
(v < —1), the separatrices W** and W*~ are invariant under H? and such that H(W"") =
W= and H(W"~) = W**. This implies that points of W* jump under iterations of H
alternately from one separatrix to another.

The stable manifold W*(O) is also one-dimensional and it is divided by the point
O into two separatrices W*T and W*~. For the orientable Hénon attractor, the stable
multiplier \ is negative and thus, as for the unstable manifold, H(W**) = W*~ and
H(Ws™) =W=t.

Let hy be an intersection point of W¥* with W**. Then, h, is an intersection point of
W= with W*~, since H(W"") = W*™ and H(W**) = W*~; hs is again an intersection
point of Wt with W**, etc. Correspondingly, the points hy, ho, ... are homoclinic points
of some homoclinic to O orbit. Here, the points with odd indices hq, hs, ... belong to the
separatrix W5t while the points with even indices hg, hy, ... belong to W*~, see Fig. 1b.
For the nonorientable Hénon attractor, multiplier A is positive and, thus, all homoclinic
points hq, h, ... belong to one stable separatrix (e.g. W*") jumping from one unstable
separatrix to another, see Fig. 1d.

values of the Jacobian of the Hénon map, Benedicks and Carleson proved in [10] that the set of parameter
values corresponding to the chaotic attractor is a Cantor set with the positive Lebesgue measure. More-
over, the set of parameter values corresponding to stable periodic orbits is dense in any neighborhood
of parameters with the chaotic attractor. For sufficiently large values of the Jacobian (very close to the
classical Hénon’s parameters) an analogous result was obtained in [21] by means of computer-assisted
proof methods. Thus, for specific parameter values, one can never be sure whether the chaotic attractor
is observed or it is just a transient chaos, after which orbits will run to some stable periodic orbit with
an extremely narrow absorbing domain.
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Similar homoclinic attractors are observed in many two-dimensional and multidimen-
sional maps, as well as in Poincaré maps for various multidimensional systems of differ-
ential equations. Further, we will call them Hénon-like attractors. More precisely the
Hénon-like attractor can be defined as a homoclinic attractor containing the saddle fixed
point (periodic orbit in the case of systems of differential equations) with a negative
unstable multiplier and o < 1.

2.1.2 General outline of the scenario for hyperchaotic Hénon-like attractor
appearance

We start with the general outline of the scenario leading to the appearance of hyperchaotic
Hénon-like attractor purposely skipping some details (accompanying bifurcations) which
will be given in the framework of the second part of the scenario in Sec. 2.1.3.

As for the Hénon attractor, the first step in the framework of the scenario is the
supercritical period-doubling bifurcation occurring with the stable fixed point O. Suppose
that it happens at € = epp. After this bifurcation, the point O becomes saddle of (2,1)-
type and a stable period-2 orbit (p1,p2) appears in its neighborhood, see Figure 2b. The
saddle point O has the following set of multipliers: v < —1,—1 < A\; < 0 and |X\o| < 1.
The unstable invariant manifold W*(O), separated by the point O into two separatrices
WUt and W* | is a segment with endpoints p; and py. Since this manifold corresponds
to the negative multiplier v < —1, we have a semi-local symmetry between the pair of
separatrices W*™ and W*~ (F(W"t) = W* and F(W"~) = W"T). The stable invariant
manifold W# corresponds to a pair of real multipliers A\; and Ay. Suppose that |A1] > Az,
i.e., A\; corresponds to the leading direction W', and Ay — to the strong stable manifold /%%
tangent to the eigenvector corresponding to Ao. Then, Ay > 0 if the map F is orientable
and Ay < 0, otherwise. Here, we consider only the case of orientation-preserving maps.

Figure 2: Main bifurcations toward the hyperchaotic Hénon-like attractor appearance. (a) O is a
stable fixed point, it resides in some absorbing domain D,; (b) period-doubling bifurcation of the point
O occurs: a stable period-2 orbit (p1,p2) is born, while the point O becomes saddle with a negative
unstable multiplier; (c¢) period-doubling bifurcation of the saddle point O occurs: a saddle period-2 orbit
(s1,82) is born, while the point O becomes saddle with a pair of negative unstable multipliers. In the
upper insets the schematic location of the multipliers v, A1, and Ay of O is presented.



Remark 1 The first step in the framework of this scenario is the same as for the creation
of the so-called discrete Lorenz and figure-eight homoclinic attractors [26, 27, 36]. Both
these attractors are remarkable since they can be pseudohyperbolic [82, 83]. Pseudohyper-
bolicity is a generalized version of hyperbolicity. Chaotic dynamics of pseudohyperbolic
attractors persist under small perturbations (as for hyperbolic attractors), despite the pos-
sible occurrence of homoclinic tangencies inside them. Note that the saddle fized point
belonging to both discrete Lorenz and figure-eight attractors should be area-expanding,
which means that o = YAy > 1.

The next principal bifurcation in the framework of the scenario is a second supercritical
period-doubling bifurcation of the saddle fixed point O. Suppose that it occurs at e = 7.
After this bifurcation, the point O becomes saddle of (1,2)-type a period-2 saddle orbit
(s1,82) of (2,1)-type appears in its neighborhood, see Figure 2c. For ¢ > PP both
unstable multipliers v and A; of the point O are negative, while the stable multiplier \, is
positive since we consider the orientable case. The following conditions on the multipliers
are met here

y<A<-1 0< <]

A restriction F,, of the initial map F' into the local unstable manifold W}.(O) has a
fixed point O = ONW}*, which is the unstable node with a pair of multipliers v < A\; < —1.
Thus, in W}%_, there are a strong unstable invariant manifold W**, which is tangent to the
eigenvector corresponding to the unstable multiplier v, and a leading unstable direction
W corresponding to the multiplier \;. Also note that the curves W** and W™ divide
W, into four parts Iy, Ily, I3, and II4 and, since both multipliers of O are negative,
F,(I,) = 3, F,(Il3) = 11y, F,(Il) = I, and F,(I14) = II,. All orbits in W}, except
those that belong to W**, tend to the node O (in backward time) along the smooth cubic
parabola-like curves. These curves are tangent to the leading direction W™ of O, see
Fig. 3a. If hy € II; is one of such points, then each its odd (even) iteration under F!
tends to O along right (left) branch of this parabola-like curve staying in IIg (IT;). It is
important to note that since, by the moment, only orbits belonging to W#*(O) tend to the
saddle fixed point O, for other orbits there is no mechanism to return into a neighborhood
of this point.

We suppose that such mechanism appears at ¢ = ¢ due the emergence of a homoclinic
orbit to O, see Fig. 3b, when the stable manifold W*(O), separated by the point O into
two separatrices Wt and W*™, starts to intersect with the unstable manifold W*(O).
Suppose that h; is the first intersection point of Wt with W* at II;, see Figure 3a. Then
(since F~H(W*T) = W and F,(I1;) = II3), hy = F~'(h) is the intersection point of the
same stable separatrix W*+ with W* in Il3; hy = F~!(h,) is again an intersection point
of W5t with W* in II;, etc. Correspondingly, the points Ay, hs, ... are homoclinic points
of some homoclinic to O orbit, see Figure 3b.

At & > & this homoclinic orbit gives a nontrivial hyperbolic subset of (1,2)-type
which, we suppose, becomes attractive, i.e., we get the hyperchaotic Hénon-like attractor
inside the absorbing domain D,(O). If numerically obtained orbits in the attractor spend
a sufficiently long time near the hyperbolic subset of (1,2)-type, then a pair of Lyapunov
exponents becomes positive, i.e., we observe hyperchaos in numerical experiments®.

5The described hyperchaotic attractor typically is not hyperbolic. Together with periodic saddle orbits
of (1,2)-type it also contains periodic saddle orbits of (2,1)-type and homoclinic (heteroclinic) tangencies

9



Figure 3: Continuation of Fig. 2: (a) schematic representation of the local unstable manifold W} (O)
on which the point O is an unstable node; (b) schematic representation of the homoclinic structure for
the hyperchaotic Hénon-like attractor.

In the following section, we show how hyperchaotic Hénon-like attractors can natu-
rally appear in multidimensional systems demonstrating cascades of supercritical period-
doubling bifurcations. In Sec. 2.2.2, we generalize this scenario to the case of attractors
developing from stable periodic orbits which occur inside Arnold tongues. In Section 4,
we demonstrate its implementation inside the Arnold tongues in the three-dimensional
Mird map (1).

2.1.3 Detailed scenario for hyperchaotic Hénon-like attractor appearance

Here we show how the attractor described above can appear in multidimensional systems
demonstrating transition to chaos via cascades of period-doubling bifurcations. Suppose
that, at ¢ = ey, a Hénon-like attractor appears after a cascade of period-doubling bifur-
cations followed by a cascade of heteroclinic band-merging bifurcations, see Figure 4. For
one-dimensional maps the exponential convergence of these bifurcations is well-known fact
[16, 19, 56]. For two-dimensional maps such universality is proved in Refs. [18, 62]. As
we know, for three-dimensional maps there are no rigorous results on this topic. However
it is believed that the exponential convergence with the same universal property is also
observed in this case [17].

A homoclinic structure for the Hénon-like attractor is shown schematically in Figure 5a
(left panel). Here, as in the two-dimensional case, the unstable multiplier v of the fixed
point O is negative (7 < —1) and the stable ones A; and Ay are real. Depending on
the signs of stable multipliers, homoclinic structures for the Hénon-like attractor can
be of four possible types (two in orientable and two in nonorientable cases). Here we
consider only one orientable case characterizing by the following values of multipliers
7 <=1 <A <0< A <1 <|Ai] (see the schematic location of the multipliers at
the top-right insert of Fig. 5a). This attractor is a three-dimensional generalization of the

between invariant manifolds of various saddles. Moreover, it is possible to show that such attractors also
contain heterodimensional cycles connecting these saddles [57-59]. Such cycles robustly persist under
small perturbation of the system guaranteeing the presence of a nontrivial hyperbolic subset of (1,2)-

type.
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classical orientable Hénon attractor.

17 |
saddle
2,1)
sk
(0)
sadd]e(2\l ) — - _
80 epd
X

Figure 4: Detailed scenario for the hyperchaotic Hénon-like attractor appearance as a result of a
cascade of period-doubling bifurcations of the stable fixed point O followed by cascades of period-doubling
bifurcations of periodic saddle orbits of (2,1)-type.

Here the stable invariant manifold W?*(O) is two-dimensional. The restriction Fy of
the initial map F into W}, (O) has a fixed point O = ONW}, which is a stable node with a
pair of multipliers A; and Ay. According to the condition |A;| > |A2|, in W} there are the
strong stable invariant manifold W**, which is tangent to the eigenvector corresponding
to Ay > 0, and the leading direction W corresponding to A\; < 0. The curve W divides
W . into two parts II; and Ils, and, since the leading multiplier is negative (A < 0),
Fy(IT}) = I and Fy(Ily) = II;. All orbits in W} ., except those that belong to W** tend
to the node O along the parabola-like curves which are tangent to the leading direction
W' see the right panel in Fig. 5a. If we take some point h; belonging to one such curves
p. and consider its images under F§, we obtain an orbit Ay, hs, ... tending to O on one
(e.g. right) side of W and jumping from one branch of p. to another after each iteration.
Suppose, h; is the intersection point of Wt with W* at its upper part II;. Then, (since
F(W¥t) = W% and F,(ITy) = Il3) hy = F(hy) is the intersection point of W*~ with TW*
in its bottom part Ily; hy = F(hg) is again an intersection point of W*t with W** in Iy,
ete.

Then, we suppose that the saddle point O of (2,1)-type undergoes a cascade of period-
doubling bifurcations, see the schematic phase portrait after the first period-doubling
bifurcation in Figure 5b. After each such bifurcation, the periodic orbit gets the two-
dimensional unstable manifold and a double-period orbit of (2,1)-type appears in its
neighborhood. Then, we suppose that the period-2" saddle orbits of (2,1)-type emerging
after the corresponding period-doubling bifurcations, as well as other saddles of (2,1)-type
inside the attractor, also undergo full cascades of period-doubling bifurcation after which
all these orbits become of (1,2)-type. It is natural to assume that these cascades have
the same universal properties of the exponential convergence as the cascades for stable
periodic orbits [17]. We assume that after it, we obtain a hyperchaotic attractor which
consists of (infinitely) many components separated by isolated periodic saddles of (1,2)-
type (similar to chaotic attractor in the Hénon map before the cascade of heteroclinic
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band-merging bifurcations).

Figure 5: (a) Schematic representation of the homoclinic structure for the Hénon-like attractor of a
three-dimensional map; (b) invariant manifolds after the period-doubling bifurcation of the saddle fixed
point O.

Further, we suppose that this multi-component attractor goes through a cascade of
heteroclinic band-merging bifurcations. These bifurcations are similar, in a sense, to
those ones which lead to the pairwise merger of components of a chaotic attractor arising
after the successive cascade of period-doubling bifurcations within the second part of the
scenario resulting in the birth of the Hénon-like attractor. After each such bifurcation,
the number of components decreases by a factor of two.

The final bifurcation here, resulting in the merger of last two components, leads to
the emergence of the homoclinic intersections between W*(0O) and W*(0O). As a result,
the hyperchaotic Hénon-like attractor appears at ¢ = €. Note, that this intersection
persists at some parameter region. However, the hyperchaotic Hénon-like attractor (as
the classical Hénon attractor) is not pseudohyperbolic (robustly chaotic). It contains the
saddle fixed point O with the two-dimensional unstable invariant manifold and (as we
have an attractor) with such a saddle index p = [A;\g, that p < 1. As was shown in [37—
39], stable periodic orbits can appear in this case under arbitrarily small perturbations
due to bifurcations of homoclinic tangencies.

2.2 Discrete Shilnikov attractor

As shown above, the period-doubling bifurcation can be the first step in the framework
of onset of Hénon-like and hyperchaotic Hénon-like attractors. A natural question arises
here. Which homoclinic attractors can appear if the first codimension-one bifurcation is a
Neimark-Sacker bifurcation? The answer to this question was given in [31] (see also [26],
and [27]) where a scenario for the appearance of the so-called discrete Shilnikov attractor
containing a saddle-focus fixed point of (1,2)-type was proposed. This scenario goes back
to the paper by Shilnikov [75] where a similar scenario was proposed for one-parameter
families of three-dimensional systems of differential equations. Since this scenario plays
an important role in the development of hyperchaos [23], let us briefly describe it.
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2.2.1 General outline of the scenario of discrete Shilnikov attractor appear-
ance

Suppose that at € < e; the fixed point O is stable but focal (a pair of its multipliers
is complex-conjugate), see Fig. 6a. At ¢ = 1 it undergoes the supercritical Neimark-
Sacker bifurcation. As a result, this fixed point becomes a saddle-focus of (1,2)-type,
and a stable invariant curve L is born in its neighborhood, see Fig. 6b. Note that after
the birth, this curve is of a nodal type: the two-dimensional unstable invariant manifold
W*(0O) is a disc with an edge on L. Then, we suppose that at € = &5 the stable curve
becomes focal, and, as a result, W*(O) starts to wind on it forming the so-called “Shilnikov
whirlpool”, see Fig. 6¢. All orbits from the absorbing domain D,(O) (except the stable
separatrix W*~(0)) are drawn in by this whirlpool. With further increase in ¢, the
size of the whirlpool is increased, and finally, at ¢ = &3, the stable separatrix W**(O)
touches W*(0). As a result, at some interval €3 < ¢ < &4, the fixed point O has a
transversal homoclinic structure. By Smale and Shilnikov [73, 78], in the neighborhood of
the transversal intersection W*(O) N W**(O) there exist countably many periodic orbits
of the same type as the fixed point O which is the saddle-focus of (1,2)-type.

e
>

(b) g <e<g,

(c)e, <e<g, (d)e,<e<eg,

Figure 6: Onset of the discrete Shilnikov attractor containing the saddle-focus point O of (1,2)-type.
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If the stable invariant curve L breaks down (by Afraimovich-Shilnikov [1] or due to
some other scenario [49, 88-90]) giving chaotic attractor, then, on some subinterval inside
e € (e3,€4), this attractor can contain the fixed point O together with the nontrivial hy-
perbolic set of (1,2)-type. Therefore, this discrete Shilnikov attractor can be hyperchaotic.

Remark 2 In the framework of the described scenario we suppose that the fized point
O undergoes the supercritical Neimark-Sacker bifurcation. However, it can undergo the
subcritical Neimark-Sacker bifurcation, i.e., the point O can sharply lose the stability due
to the merger with a saddle invariant curve existing in a neighborhood of O. In this
case, a discrete Shilnikov attractor can appear suddenly. A similar scenario (but for a
three-dimensional system of differential equations) was observed e.g. in [51].

2.2.2 Detailed scenarios for hyperchaotic and flow-like discrete Shilnikov at-
tractors appearance

Here we describe specific sequences of bifurcations responsible for the chaotization of the
invariant curve L (Fig. 7a) and leading to the appearance of (i) hyperchaotic and (ii)
flow-like strange attractors on the base of L. Suppose that, before the destruction, the
invariant curve becomes resonant: a pair of stable and saddle period-¢q orbits O, and 5,
appears on it as a result of the saddle-node bifurcation. In this case, the curve L is formed
by the the closure of the unstable one-dimensional invariant manifold of S,, see Fig. 7b.
Note that the stable two-dimensional invariant manifold of S, forms the boundary of the
absorbing domain for the stable point O, or attractors emerging from it according to one
of the two following scenarios.

1. The point O, undergoes the supercritical period-doubling bifurcation after which it
becomes the saddle of (2,1)-type and a stable period-2¢ orbit Oy, is born in its neigh-
borhood, see Fig. 7c, i.e., in this case we have a hypothetical possibility to obtain
the hyperchaotic Hénon-like attractor on the base of O, via the scenario described
in Sec. 2.1.3. However, during this scenario, the cascade of period-doubling bifurca-
tions of the stable point O, can be interrupted at some moment by a Neimark-Sacker
bifurcation occurring with some period-2¢q orbit after which this periodic orbit gets
the two-dimensional unstable manifold, and a stable 2!g-component invariant curve
is born. In its turn, this curve before the destruction becomes resonant. Then, the
stable resonant orbit bifurcates according to one of the two considered scenarios,
and so on.

2. The point O, undergoes the supercritical Neimark-Sacker bifurcation after which it
becomes the saddle-focus of (1,2)-type and a stable g-component invariant curve L,
is born in its neighborhood, see Fig. 7d, i.e., here we have the possibility to obtain
the hyperchaotic Shilnikov attractor on the base of O,. The curve L, before the
destruction becomes resonant. Then, the stable resonant orbit bifurcates according
to one of the two considered scenarios, and so on.

Concerning the resonant saddle orbit S;, as well as other saddles arising in the framework

of the described above scenarios, all they undergo cascades of period-doubling bifurcations

resulting in the nontrivial hyperbolic sets of (1,2)-type (the same as with the saddle

fixed point in the framework of the scenario described in Sec. 2.1.3). We denote such a

hyperbolic set developed from the S;-orbit SH,(1,2). Touching the one-dimensional stable
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Figure 7: Schematic representation of two possible mechanisms of the destruction of the invariant curve
L: (a) L is a nonresonant (ergodic) invariant curve; (b) L is a resonant curve (a pair of stable and
saddle period-q orbits O, and S, appears on it via the saddle-node bifurcation); (c) O, undergoes the
supercritical period-doubling bifurcation (d) O, undergoes the supercritical Neimark-Sacker bifurcation;
(e) L undergoes a period-doubling (length-doubling) bifurcation.

manifolds of SH,(1,2), the attractor emerging from O, undergoes crisis and collides into
a one-component attractor containing SH,(1,2).

3. Note that before becoming resonant the curve L can go through a long sequence
of period-doubling (length-doubling) bifurcations. After each such bifurcation the
corresponding invariant curve becomes saddle, and a stable double-round invariant
curve appears in its neighborhood (Fig. 7e). Such transition to chaotic attractors
(including Shilnikov ones), is observed quite often (see e.g. [2, 3, 12, 14, 15, 42, 47,
80]) and can lead to the birth of the so-called flow-like chaotic attractor possessing
one positive and one zero (indistinguishable from zero in numerical experiments)
Lyapunov exponents (strange attractors with two zero Lyapunov exponents in the
case of systems of differential equations). In Sec. 6 we demonstrate and study this
phenomenon for the map (1).
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3 Three-dimensional Mira map: main bifurcations
and dynamical regimes

In this section we study main bifurcations and discuss some interesting dynamical regimes
in the three-dimensional Mird map (1). Recall, that this map has a constant Jacobian,
J = B. Various types of attractors are possible only when the map is dissipative, i.e.,
when |B| < 1. In this paper we consider only orientation-preserving case, when B is
positive (0 < B < 1).

The map (1) has up to two fixed points O, (xy,y;,24) and O_(x_,y_, z_) with coor-
dinates

+ M. (2)

As one can see, these points exist only when the root expression is non-negative. Points
O are born via the saddle-node (tangent) bifurcation (when one multiplier is equal to 1)

occurring on the surface

SN:Mlz—(l_B4_M2)2. (3)

A period-doubling bifurcation occurs when a multiplier is equal to —1 on the surface

2 _
PD: M, — 3(B+ M) —|—42(B + Ms) 1' (4)

The third codimension-one bifurcation appears when a pair of multipliers becomes equal
to e ¢ € (0,7) and ¢ # {n/2,27/3}. This is a Neimark-Sacker bifurcation. It occurs
on the surface

(2— My — B+ MyB — B)?— (1 — B — M,)?
4 )

NSM1: ’MQ_B|<2 (5)

Note that the relations (3)-(5) define in the three-dimensional parameter space (M, My, B)
the region of stability of the point O, . Figure 8 shows several slices of this space for var-
ious values of the parameter B. In this figure, the region of stability for O, is colored in
blue, let us explain its boundaries.

The curves SN and PD are tangent at the codimension-two point ff corresponding
to a fold-flip bifurcation. As known from the paper [53] (see also [25]), depending on
coefficients of the corresponding normal form, this bifurcation can be of four possible
types. Our studies show that here we observe the fourth case from [53]. The sketch for this
bifurcation is shown in Fig. 8b. When crossing the SN-curve above the point ff, the stable
fixed point O, is born together with the saddle O_. The point O_ undergoes a period-
doubling bifurcation on the curve PD above ff. As a result this point becomes saddle of
type (1,2)-type and a period-2 saddle orbit of type (2,1) is born in its neighborhood. This
period-2 orbit merges with the stable fixed point O, on the bottom piece of the PD-curve
(below ff), after which the point O, becomes saddle of (2,1)-type. Finally, the saddle
points O, and O_ merges on the bottom piece of the SN-curve and both disappear to the
left of this curve.

In Figure 8 we also plot the region SH(1,2) inside which the nonwandering set of the
map (1) is a hyperchaotic hyperbolic set consisting of saddle periodic orbits of (1,2)-
type. We also call this set Smale horseshoe of (1,2)-type. According to the theorem by
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Figure 8: Some bifurcation curves for the map (1) for various values of parameter B: (a) B = 0.2,
(b) B = 0.5, (c) B =0.8. SN, PD, and NS are the saddle-node, period-doubling, and Neimark-Sacker

bifurcation curves.

The region of stability of the point OL is colored in blue.

The region SH(1,2)

corresponds to the existence of a nontrivial hyperbolic subset of (1,2)-type. (d) Sketch of the bifurcation
diagram near the fold-flip bifurcation point ff. Here, the behavior of orbits on the corresponding center
2D manifold is shown; this invariant manifold is asymptotically stable in our case.

Gonchenko and Li (th. 2 in [29]), this region is bounded by the surface

Mlz(ﬁﬂ/ﬁui) —(1-M, - B) (ﬁﬂ/ﬁui),

17



where
3+5(]B] + | M)

3+ 4(|B| + |[M.])
In this paper we study evolution of attractors along pathways from the region of stability
of the fixed point O, towards the region SH(1,2).

As shown below, all interesting dynamical regimes in the map (1) for 0 < B < 1 are
associated with bifurcations of the fixed point O,. Thus, it is convenient to shift this
point to the origin which gives the following representation for the map (1)

p= (1+ B[+ [M,]).

(6)

I
Il
IS I

y
7= Bx + Cy+ Az — o>

The main difference between the maps (1) and (6) is that in the last map both fixed
points O, and O_ always exist. The point O, becomes stable here under a transcritical
saddle-node bifurcation (but note via the saddle-node bifurcations as for the map (1))

occuring on the plane
TR:C=1—-A-B. (7)

Other boundaries of stability of this point are determined by a period-doubling bifurcation
which occurs on the plane
PD,:C=1+A+1B (8)

and by a Neimark-Sacker bifurcation occurring on the surface
NS, :C=B>-AB -1, —2<A-B<2, (9)

see the bifurcation diagram for B = 0.5 in Figure 9. Respectively, the relations (7)—(9)
define in the three-dimensional parameter space (A, B, C') the region of stability of the
fixed point O, bounded by the transcritical saddle-node (TR), period-doubling (PD,),
and Neimark-Sacker (NS;) bifurcations.

In Figure 10 we show diagrams of Lyapunov exponents A; > Ay > Az (Lyapunov
diagrams) for various values of the Jacobian B (B € {0.1,0.3,0.5,0.7}).6 For calculation
of Lyapunov exponents we take an orbit on an attractor and estimate the exponents along
its 10° iterations using the standard scheme [11]. Depending on values of LE, we use the
following color coding: blue — for periodic orbits (A; < 0), green — for quasiperiodic
regimes (A; = 0,Ay < 0), yellow — for chaotic attractors (A; > 0,As < 0), gray — for
flow-like chaotic attractors (A; > 0,|A2| < 0.002) and red — for hyperchaotic attractors
(Al > O,AQ > 0)

Phase portraits of various attractors are shown in Figure 11. In Fig. 11a we demon-
strate the stable invariant curve which appears after the supercritical Neimark-Sacker
bifurcation of the fixed point O,; in Fig. 11b — the stable period-4 orbit which emerges
as a resonance on this curve; in Fig. 11c — the four-component Hénon-like attractor; in
Fig. 11d — the hyperchaotic Hénon-like attractor on the base of period-4 saddle orbit,
in Fig. 11e — the hyperchaotic four-component Shilnikov attractor; and in Fig. 11f — the
hyperchaotic Shilnikov attractor containing the fixed point O,.

60n these Lyapunov diagrams we plot only regimes associated with the fixed point O, . Above the
curve TR, the point O_ becomes stable via the transcritical saddle-node bifurcation (this point is swapped
by the stability with O,). However, we do not color the corresponding part of (A, C')-parameter plane.
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Figure 9: Some bifurcation curves of the map (6), B = 0.5. The curves TR, PD1, and NS; correspond
to the transcritical saddle-node, period-doubling, and supercritical Neimark-Sacker bifurcations. The
region of stability of the point O, is colored in pink.

As one can see in Fig. 10, hyperchaotic attractors occupy large regions under the
NS;-curve of the supercritical Neimark-Sacker bifurcation. After this bifurcation, the
point O, becomes saddle-focus of (1,2)-type and a stable invariant curve L is born in its
neighborhood, see e.g. Fig. 11a. Depending on the rotation number py, this curve can be
resonant (if py is rational, i.e., py = p/q) or ergodic (if py is irrational). In the parameter
plane, regions corresponding to the stable ergodic curve alternate with the Arnold tongues
originating from the curve of the Neimark-Sacker bifurcation where py = p/q. Inside the
Arnold tongues (close enough to the curve NS;) the stable invariant curve is resonant, see
e.g. Fig. 11b. It is formed by the closure of the unstable invariant manifold of the period-q
saddle orbit emerging together with the stable one on the boundaries of the corresponding
Arnold tongue.

The largest tongues correspond to the resonances with small ¢. Among them, the so-
called strong resonances 1:3 and 1:4 are the most interesting and important. The tongue
corresponding to the 1:3 resonance originates from the point (A,C) = (B —1,B —1). It
gives quite thin regions with stable dynamics, see Fig. 10. However, inside it the emer-
gence of chaotic [26, 31] and, even, hyperchaotic attractors is possible, see more detail in
Section 6. On the contrary, a tongue corresponding to the 1:4 resonance gives the largest
area with stable dynamics. It originates from the point (A,C) = (B, —1). The stable
period-4 orbit inside this tongue can give rise to different types of chaotic and, even,
hyperchaotic homoclinic attractors containing this orbit. If the period-4 orbit undergoes
a period-doubling bifurcation, we can obtain Hénon-like attractors, see Fig. 11c, and, fi-
nally, hyperchaotic Hénon-like attractors, see Fig. 11d. If the period-4 orbit undergoes the
supercritical Neimark-Sacker bifurcation, giving a four-component stable invariant curve,
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Figure 10: Lyapunov diagrams for the map (6) superimposed with the bifurcation curves TR, PDy, and
NS;: (a) B=0.1, (b) B=10.3, (c) B=0.5, and (d) B = 0.7. We use the following color coding: blue
— periodic orbits (A; < 0); green — quasiperiodic regime (A; = 0, Ay < 0); yellow — chaotic attractors
with A; > 0, Ay < 0; gray — “flow-like” chaotic attractors, when A; > 0, A = 0; and red — hyperchaotic
attractors with Ay > 0,As > 0.

we, then, can observe a four-component hyperchaotic Shilnikov attractor, see Fig. 1le,
and, finally, hyperchaotic Shilnikov attractor containing the saddle-focus fixed point O, .
It is important to note that similar attractors and transitions to them are observed also
in other Arnold tongues. In the framework of this paper, we study bifurcations associated
only with the strong resonances 1:3 and 1:4. In particular, we show that hyperchaotic at-
tractors on the base of the period-4 resonant orbit appear in accordance with the scenarios
presented in Sec. 2.
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Figure 11: Phase portraits of various attractors of the map (6): (a) A
A=0B=01C= 14 (c) A=0B =01,C = —1.525; (d) A =
A=05B=05C=—1.745 () A=0.5,B = 0.5,C = —L.78.

4 Hyperchaos in the map (6) via cascades of period-
doubling bifurcations of periodic saddle orbits

In this section we study one of possible mechanisms for the appearance of hyperchaotic
attractors in the map (6) with sufficiently small values of the Jacobian B.

4.1 The case B =0 (numerical analysis of the 2D Mira map)

We start with the case B = 0, when this map effectively coincides with the two-dimensional
Mira endomorphism. Lyapunov diagram near the 1:4 resonance, occurring at the point
(A,C) = (0,—1), and the corresponding part of the bifurcation diagram obtained with
help of the MatContM package [40, 54, 64] are presented in Figure 12. One can see that
hyperchaotic attractors can appear right below the region with stable periodic dynamics.
Here, we explain the organization of bifurcation curves associated with the 1:4 resonance
and the scenario for the appearance of hyperchaotic attractors in this case.

We denote the stable period-4 resonant orbit P* = (py, p2, p3, p4), and the correspond-
ing saddle orbit (of (2,1)-type) S* = (s1, S, 83, 54). The left and right boundaries of the
stability region for P* are formed by a pair of saddle-node bifurcation cures SN* origi-
nating from the codimension-two point R, where O has a pair of multipliers e**7/2. The
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Figure 12: (a) Fragment of the Lyapunov diagram near the 1:4 resonance for the map (6) when B = 0;
(b) the corresponding bifurcation diagram on which the saddle-node bifurcation curves SN*, SN® and
SN'6 are colored in blue and the period-doubling bifurcation curves PD*, PD® PD', pd* pd®, and
pd!® — in green (solid curves are used for bifurcations of stable orbits, while dashed — of saddle ones);
the points ff*, ff®, and ff'® correspond to the fold-flip bifurcations; ff*° is a limit point for the fold-flip
bifurcations.

bottom boundary consists of two curves PD* corresponding to the supercritical period-
doubling bifurcation of P*. The left (right) curve PD* is tangent to the left (right) curve
SN* at a fold-flip bifurcation point ff*, where P* has a pair of multipliers (+1, —1). The
same as for the fixed point of the map (1), here we observe the fourth case of bifurcation
unfolding from Ref. [53] (see Fig. 8d). Namely, above this point, on the curves PD?, the
period-doubling bifurcation occurs with the stable periodic orbit P* while below this
point, on the curves pd?*, period-doubling bifurcation occurs with the saddle period-4 or-
bit S*. Respectively, the period-doubling bifurcation transforms the stable orbit P* to
the saddle of type (2,1) and the saddle orbit S* to the saddle of type (1,2). Further, we
explain bifurcations associated only with the left fold-flip point ff*, keeping in mind that
the bifurcations at the right fold-flip point are the same.

Very close to the point ff*, there is one more important codimension-two bifurcation,
which significantly contributes to the organization of the bifurcation diagram. On the
curve PD?, we observe a point of the degenerate period-doubling bifurcation which gives
rise to a saddle-node bifurcation curve SN®. A pair of stable and saddle period-8 orbits
P? and S® is born when crossing the upper part of this curve. The fragment of the upper
boundary of the stability region for P® is formed by the curve PD*. The bottom boundary
of this region consists (as for the period-4 orbit P*) of two pieces PD® corresponding to
the supercritical period-doubling bifurcation. The same as for P*, the period-doubling
bifurcation curve PD?® for P® is tangent to the curve SN® at the fold-flip bifurcation point
ff®. The bottom branch of this curve (pd®) corresponds to the period-doubling bifurcation
of the saddle orbit S®. Close to the point ff®, on the curve PD®, we again observe the
degenerate period-doubling bifurcation which gives rise to a saddle-node bifurcation curve
SN'6 and so on.

Numerical experiments show that an infinite sequence of the fold-flip points ff*, ff2,
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ff16, ... accumulates to some point ff* belonging to the boundary between periodic and
chaotic dynamics, see Fig. 12a. This cascade of the fold-flip bifurcations gives rise to a
pair of cascades of period-doubling bifurcations: the first — with the stable periodic orbit
P* (on the curves PD?*, PD® PD'¢ ...) and the second — with the saddle periodic orbit
S* (on the curves pd?, pd®, pd®¢,...). In its turn, the saddle periodic orbits P4, P%, ...
undergo again cascades of period-doubling bifurcations which transform them from the
saddles of (2,1)-type to the saddles of (1,2)-type. The dashed lines PD*, PD®, PD ...
correspond to the first period-doubling bifurcations along these cascades.

We note that the curves PD* and pd*, PD® and pd®, etc., have additional common
codimension-two points. At each such point the corresponding periodic orbit has the
pair of multipliers (—1,—1). All these points belong to the line (B = 0, A = 0). When
passing through them downward, both stable P* P% ... and saddle S*, S®, ... periodic
orbits become saddles of type (1,2) simultaneously. The cascade of these codimension-two
bifurcations accumulates to the so-called “double Feigenbaum point” [52]. Hyperchaotic
attractor along this pathway appears exactly right below the blue-colored region with
periodic dynamics. This phenomenon has a simple explanation. When parameters A and
B vanish” the two-dimensional Mira endomorphism can be rewritten as a pair of uncoupled
identical parabola maps & = 1 — cu?, 9 = 1 — cv?, where hyperchaotic attractors appear
right after the “last” period-doubling bifurcation occurring at ¢ ~ 1.401155 [56].

Similar phenomena of the organization of bifurcation curves associated with the 1:4
resonance were previously found in several works. In Ref. [41], the authors studied the
same unfolding of the fold-flip bifurcation of the period-4 orbit and the self-intersection of
the corresponding period-doubling bifurcation curve in the duopoly model of Kopel [50].
These results were extended in the recent book [55] where bifurcations of the period-8 and
period-16 orbits in this duopoly model were also studied. In Ref. [24] the same unfolding
of the fold-flip bifurcation was found in a predator-prey map. Our studies extend these
results to explain mechanisms of the appearance of hyperchaotic attractors.

4.2 The case B =0.1 (3D Mira map with small Jacobian)

Now we fix B = 0.1. Lyapunov diagram for this case is presented in Fig. 10a. Figure 13
shows a zoomed region of this diagram near the 1:4 resonance, and the corresponding bifur-
cation diagram. Let us, first, explain changes in the organization of the bifurcation curves
associated with the 1:4 resonance and, then, study bifurcations along one-parameter path-
ways from the stable period-4 orbit P* to hyperchaotic attractors in the bottom part of
this diagram.

As in the case B = 0, the left and right boundaries of the stability region for
P* are formed by the pair of saddle-node bifurcation curves SN* originating from the
codimension-two point Ry. However the bottom boundary of this region consists of three
fragments: PD?, NS?*, and again PD*. The left and right fragments correspond to the same
supercritical period-doubling bifurcation, and the small middle fragment corresponds to
the supercritical Neimark-Sacker bifurcation. Here, again, the curves PD* are tangent to

"The evolution of chaotic dynamics with the transition from A = 0 and B = 0 to small values of
these parameters can be rigorously traced using the anti-integrable limit approach [6, 60, 67, 68]. The
applicability of this method for the analysis of 3D Hénon maps was shown in [43, 46]. We believe that
this approach can be used to prove the existence of the Smale horseshoes of type (1,2) in the map (6) for
sufficiently small values of parameters A and B.
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Figure 13: (a) Fragment of the Lyapunov diagram presented in Fig. 10a near the 1:4 resonance Ry;
(b) the corresponding bifurcation diagram. Here we use the same denotations for bifurcation curves and
points as in Fig. 12b, new red-colored curves NS* and NS® correspond to the Neimark-Sacker bifurcations.

the curves SN* at the fold-flip points ff*, and the unfolding for these bifurcations is the
same as in the case B = 0.

Near the point ff4, on the curve PD?, we found the degenerate period-doubling bifur-
cation point, which gives rise to the saddle-node bifurcation curve SN®. As for B = 0,
the stable period-8 orbit P® exists below the curve PD*. The bottom boundary of this
region consists (as for P*) of three fragments: PD®, NS®, and again PD8. The same as for
P*, for P® the period-doubling bifurcation curve PD?® is tangent to the curve SN® at the
fold-flip bifurcation point ff8. On the upper branch of this period-doubling bifurcation
curve we again observe the degenerate period-doubling bifurcation which gives rise to the
saddle-node bifurcation curve SN'¢ and so on.

In addition to the points of the degenerate period-doubling bifurcations, here the type
of period-doubling bifurcations along the curves PD* PD® ... is also changed at the
1:2-resonance points, where PD* intersects with NS*, PD?® intersects with NS, etc. As
we show further, the length of curves corresponding to the Neimark-Sacker bifurcations
NS?*, NS®, ... is increased with increasing in parameter B.

4.2.1 One-parameter bifurcation analysis

Along pathways transverse to the lines PD™ and pd™ one can expect the implementation
of the scenario presented in Section 2.1.3. Here we confirm it by analysing bifurcations
along a one-parameter pathway EF with fixed A = 0 (B = 0.1, C is changed). The
corresponding results are shown in Figure 14.

First, the stable orbit P* undergoes the cascade of period-doubling bifurcations, see
phase portrait after the first two steps (slightly below the curve PD) in Fig. 14a. The or-
bit P* becomes saddle of (2,1)-type after the first period-doubling bifurcation. Then, with
further decrease in C, the cascade of heteroclinic band-merging bifurcations occurs, and,
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Figure 14: Graphs illustrating the onset of hyperchaotic attractors along the pathway EF: (B = 0.1, A =
0). (a)—(d) phase portraits of the attractors: (a) C' = —1.5 — period-16 stable orbit after two steps in the
cascade of period-doubling bifurcation of the stable period-4 orbit P* : (p1, p2,p3,ps); (b) C = —1.525
— four-component Hénon-like attractor containing P* of (2,1)-type (LE: A; = 0.073, Ay = —2.156,
and A3 = —0.22); (¢) C = —1.62 — hyperchaotic Hénon-like attractor containing P* of (1,2)-type (LE:
Ay =0.132, Ay = 0.027, and A3 = —2.462); (d) C = —1.7 — hyperchaotic Shilnikov attractor containing
the saddle-focus fixed point O of (1,2)-type (LE: A; = 0.160, Ay = 0.114, and Az = —2.577). (e) The
graph of the distance between the attractor and py; (f) the graph of distance between the attractor and
Oy; (g) the graph of Lyapunov exponents A1, Ao, and Az on parameter C; (h) bifurcation trees depicting
dependency of the z-coordinate on parameter C' for every fourth iteration of the map (in black color)
and continuation of p; (in red color).

as a result, a four-component Hénon-like attractor containing P* appears, see Fig. 14b.
The corresponding bifurcation tree is depicted in Fig. 14h. In Fig. 14e showing the graph
of the distance between the attractor and p; component of P*, one can see that the saddle
orbit P* starts to belong to the attractor (which means the appearance of the Hénon-like
attractor) at C' = Cyga ~ —1.52.

The next step in the framework of the hyperchaotic attractor development is a period-
doubling bifurcation of the saddle orbit P* occurring on the curve PD, (at C = Cpp, =~
—1.616). After this bifurcation, P* becomes saddle of (1,2)-type and a period-8 saddle
orbit of (2,1)-type appears in its neighborhood, see the red-colored continuation tree
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for the p; component of P* in Fig. 14h. As it can be seen in Figs. 14e and Fig. 14h, at
C < Cpp, the point p; also belongs to the attractor. Moreover, as it is shown in the graph
of Lyapunov exponents presented in Fig. 14g, the attractor becomes hyperchaotic near
the mentioned above period-doubling bifurcation. The resulting hyperchaotic attractor
at C' = —1.62 is presented in Fig. 14c.
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Figure 15: Diagrams illustrating bifurcations of the period-4 saddle orbit S* = (sy, s2, s3,54) which
appears together with P* via the saddle-node bifurcation on the curve SN*: (a) the graph of the distance
between the attractor and sp; (b) bifurcation tree depicting dependency of z-coordinate on parameter C'
for every fourth iteration of the map superimposed with the continuation tree for s;.

Note that before the period-doubling bifurcation (at C' > Cpp,) with the saddle orbit
P*, the four-component Hénon-like attractor collides into the one-component attractor.
It happens due to the boundary crisis: the unstable invariant manifold W*(P?), forming
the attractor, begins to intersect with the two-dimensional stable invariant manifold of the
period-16 saddle orbit forming the boundary of its absorbing domain. (The corresponding
heteroclinic bifurcation occurs at C' = Cj., &= —1.58, see the jump of the distance between
the attractor and s; in Fig. 15a). This period-16 saddle orbit appears after two successful
period-doubling bifurcations (happened on the curves pd* and pd®, see Fig. 13b) with the
saddle orbit S* which, as was mentioned above, goes through the full cascade of period-
doubling bifurcations (see also the red-colored tree in Fig. 15b). With a further decrease
in C, at C = Cyy ~ —1.65, the attractor absorbs the saddle orbit S* of type (1,2), see
again Fig. 15a.

It is worth noting that the hyperchaotic attractor presented in Fig. 14c contains the
orbits P* and S* but does not contain the fixed point O, which becomes a saddle-focus
of (1,2)-type at C' < —0.99. With a further decrease in C, the distance between the
attractor and this fixed point decreases and, finally, at C' = Cg;, & —1.66 it vanishes, see
Fig. 14f. As a result, the hyperchaotic Shilnikov attractor appears, see Fig. 14d.

5 Hyperchaos in the map (6) via the appearance of
multicomponent Shilnikov attractors

In this section we study scenarios for the appearance of hyperchaotic attractors in the

map (6) with not very small values of the Jacobian B.
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5.1 The case B=10.5

Lyapunov diagram for B = 0.5 is presented in Fig. 10c. As in the previous case, hy-
perchaotic attractors appear here after the destruction of the stable invariant curve L.
However, another mechanisms of the destruction of L is more typical in this case.

Figure 16 shows an enlarged fragment of the Lyapunov diagram near the 1:4 resonance
and the corresponding part of the bifurcation diagram. Here we use the same denotations
for bifurcation curves and periodic orbits as in Sec. 4.

(b)

Figure 16: (a) B = 0.5. Fragment of the Lyapunov diagram near the 1:4 resonance Ry, and (b) the
corresponding bifurcation diagram on which we use the same denotations for bifurcation curves and points
as in Fig. 12b.

As in the previous case, here we observe the cascade of fold-flip bifurcations (ff?,
ff8,...) which gives rise to the pair of cascades of period-doubling bifurcations of the
stable period-4 orbit P* (the curves PD* PD?,...) and of the saddle period-4 orbit S*
(the curves pd*, pd®...). The degenerate period-doubling bifurcations occurring on the
curves PD* PD?®, ... near the corresponding fold-flip points generate the cascade of the
saddle-node bifurcation curves SN*, SN® .. .. The pair of period-(4-2") stable and saddle
orbits appears with the intersection of each such curve.

However, unlike the case of small values of the Jacobian B, the curves pd*, pd®... are
located above the curves PD*, PD®, ..., compare Fig. 13b and Fig. 16b. A more detailed
study of the transformation of bifurcation diagrams from the case of small values of B (in
particular, starting from B = 0) to the case of non-small values of this parameter seems
to be a very interesting problem for future research.

As in the case of small B, the stability region for the period-4 orbit P* is bounded
from below by the period-doubling bifurcation curve PD*, the Neimark-Sacker bifurcation
curve NS*, and again the period-doubling bifurcation curve PD*. However, the fragment
NS? is much wider here comparing with the case of small B. Moreover, the curves of
period-doubling and Neimark-Sacker bifurcations are organized in such a way that typical
pathways from the stable orbit P* to hyperchaotic attractors pass through one of the
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Neimark-Sacker bifurcation curves, see Fig. 16.

5.1.1 Omne-parameter bifurcation analysis

Here we fix A = 0.5 (together with B = 0.5) and study bifurcations along a pathway
GH from the stable period-4 orbit P* to hyperchaotic attractors decreasing parameter C.
The results of corresponding one-parameter analysis are shown in Figure 17.
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Figure 17: Graphs illustrating the onset of hyperchaotic attractors along the pathway GH: (B =
0.5,A4 = 0.5). (a)—(d) phase portraits of attractors: (a) C = —1.745 — four-component torus-chaos
attractor; (b) C = —1.78 — four-component hyperchaotic Shilnikov attractor containing the saddle-
focus period-4 orbit P* (LE: A; = 0.036, Ay = 0.0187, and Az = —0.748); (¢) C = —1.79 — four-
component attractor transforms to the one-component attractor (LE: A; = 0.072; Ay = 0.0315, and
As = —0.797); (d) C = —1.83 — hyperchaotic Shilnikov attractor containing the saddle-focus fixed point
Oy (LE: Ay = 0.131, Ay = 0.0346, and A3 = —0.858). (e) the graph of distance between the attractor
and the pj-component of P%. (f) the graphs of the distance between the attractor and O (in blue color),
and the attractor and the sj-component of S* (in green color). (g) the graph of LE on parameter C. (h)
bifurcation trees depicting dependency of z-coordinate on parameter C for every fourth iteration of the
map (in black color) and continuation of s; (in red color).

Unlike the cases of small B (see Sec. 4), the stable period-4 orbit P* undergoes here
the supercritical Neimark-Sacker bifurcation when crossing the curve NS*. As a result,
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the stable four-component invariant curve is born in the neighborhood of P* while this
orbit becomes the saddle-focus of (1,2)-type. With decreasing C', this four-component
curve breaks down and a four-component “torus-chaos” attractor (with only one posi-
tive Lyapunov exponent, see the graph of Lyapunov exponents in Fig. 17g) appears, see
Fig. 17a.

Then, according to the scenario described in [23, 79] (see also Sec. 2.2), this torus-
chaos attractor absorbs the saddle-focus orbit P* and, as a result, the four-component
hyperchaotic Shilnikov attractor appears, Fig. 17b. This attractor is homoclinic, it con-
tains P?, its unstable invariant manifold W%, and homoclinic points belonging to the
intersection W¥(P*) N W?*(P*). As it can be seen from Fig. 17e, depicting the distance
between the attractor and ps-component of P? the attractor starts to contain P* at
C = Cyg, =~ —1.762. Moreover, P* belongs to the attractor on a quite large interval of
parameter C'. Figure 18a depicting the phase portrait of the attractor and the stable one-
dimensional manifold W#*(P*) shows that W*(P*) and W*(P*) intersect transversally. By
Smale and Shilnikov [73, 78], the emergence of such an intersection implies a countable
many saddle-focus orbits with two-dimensional unstable manifolds inside the attractor.

(@) (b)

Figure 18: Phase portraits of (a) one component of the hyperchaotic four-component Shilnikov attractor
presented in Fig. 17c, and (b) hyperchaotic Shilnikov attractor containing Oy shown in Fig. 17d. Green-
colored curve in both panels is the branch of the stable invariant manifold W* that intersects with the

unstable manifold W* forming the attractor.

The onset of the four-component Shilnikov attractor is not the final step in the frame-
work of the development of hyperchaotic dynamics along the pathway GH. With a further
decrease in C (at C = Cy, = —1.789), this attractor collides into the one-component at-
tractor, see Fig. 17c. As in the case described in Sec. 4, this collision happens due to the
boundary crisis, see the explosive growth of the attractor sizes in the bifurcation tree pre-
sented in Fig. 17h and the jump of the distance between the attractor and s;-component
of $* in Fig. 17f (green-colored graph). However, in this case, the period-4 saddle orbit
S* undergoes before the crisis of the attractor a complete cascade of period-doubling bi-
furcations (on the curves pd?*, pd?,... in Fig. 16b), see a part of the continuation tree
for the s;-component of S* in Fig. 17h (red-colored graph). As a result, a non-attractive
hyperbolic set with the two-dimensional unstable manifold appears on the base of this
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orbit. At C = (4, the four-component attractor touches the stable manifolds of this
set and, at C' < Cly.., merges with it into the one-component attractor. Note that this
collision is also clearly visible in the graph of Lyapunov exponents presented in Fig. 17g,
where one can observe the jump of the second Lyapunov exponent (the so-called jump of
hyperchaoticity [79]) at C' = Cj,, associated with this collision.

The one-component hyperchaotic attractor presented in Fig. 17c contains both peri-
odic saddle orbits P* and S* which have the two-dimensional unstable manifold but does
not contain the saddle-focus fixed point O, . With a further decrease in C, the distance
between the attractor and this point decreases and finally, at C' = Cy, =~ —1.820, it van-
ishes, see the blue-colored graph in Fig. 17f. As a result, a hyperchaotic Shilnikov attractor
containing the point O, appears, see Fig. 17d. It contains infinitely many saddle-focus,
as well as saddle periodic orbits with the two-dimensional unstable manifolds. Figure 18b
shows the transversal homoclinic structure for this attractor, additionally confirming the
inclusion of O, to the attractor.

Further decrease in C' leads to the destruction of the homoclinic Shilnikov attractor
which happens via the boundary crisis: the unstable manifold W*(O. ) forming the attrac-
tor intersects with the stable two-dimensional manifold W#(O_) bounding its absorbing
domain.

We would like to underline that the similar transition to hyperchaos is observed also
along other pathways from the stable fixed point O, to hyperchaotic attractors. Passing
through other Arnold tongues, corresponding e.g. to a p/g-resonance, one can observe the
transition from the stable period-q orbit to the Shilnikov attractor containing this orbit
which becomes the saddle-focus of (1,2)-type after the corresponding Neimark-Sacker
bifurcation. Then, the g-component Shilnikov attractor collides into the one-component
attractor which, with a further decrease in C, can absorb the saddle-focus fixed point O,
before the crisis.

However, it is not the case for the transition near the strong 1:3 resonance. We do
not observe a stable period-3 orbit inside the corresponding tongue despite the possible
existence (e.g. for B = 0.7) of hyperchaotic attractors below it, see Fig. 10d. The enlarged
fragment of the corresponding Lyapunov diagram is presented in Figure 19a. Let us
briefly describe main stages of the development of hyperchaotic attractors along a vertical
pathway passing through A = —0.44. The stable invariant curve L deforms near the 1:3
resonance, see Fig. 19b. Then, a higher periodic resonance occurs inside the corresponding
Arnold tongue, see Fig. 19c. With a further decrease in C', a multi-component invariant
curve, appears from this periodic orbit under the supercritical Neimark-Sacker bifurcation.
Soon, this curve breaks down giving torus-chaos attractor, see Fig. 19d. Finally, this
strange attractor becomes hyperchaotic, see Fig. 19e.

6 Chaotic attractors with zero second Lyapunov ex-
ponent

In Sections 4 and 5 we have studied the appearance of homoclinic attractors in the map
(6) for both cases of small and not very small values of the Jacobian B. In these cases
the evolution of attractors is terminated via the boundary crisis. We have shown that,
before this, the attractor can absorb the fixed point O, of the saddle-focus (1,2)-type,
which gives the formal possibility for the attractor to become hyperchaotic.
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Figure 19: (a) Fragment of the Lyapunov diagram near the 1:3 resonance, B = 0.7. (b)-(e) Phase
portraits of attractors along the pathway with fixed A = —0.44: (b) C = —0.36, the stable invariant
curve L deforms near the 1:3 resonance; (c) long-period resonance appears inside the corresponding small
Arnold tongue; (d) C = —0.41, torus-chaos attractor (LE: A; = 0.017, Ay = —0.011, and A3 = —0.363)
(e) C' = —0.44, hyperchaotic attractor (LE: A; = 0.015, A» = 0.004, and A5 = —0.376).

However, bifurcations with chaotic attractors in the map under consideration do not
always result in hyperchaos. In this section, we show that for sufficiently large values of the
Jacobian |B| < 1 chaotic attractors (including Shilnikov ones) can be flow-like, i.e., their
second Lyapunov exponent can be indistinguishable from zero in numerical experiments
in quite large regions of the parameter space. This in itself is not a new phenomenon.
Flow-like chaotic attractors were previously observed in the three-dimensional Hénon
map [36], in the Lorenz-84 model [15], in some class of 3D diffeomorphisms of the torus
[14], in nonholonomic models of Celtic stone [28] and Chaplygin top [12], in models of
identical globally coupled oscillators [42] and in other systems. In this section we give an
explanation for this phenomenon suitable for the map (6) as well as for many other cases.

Figure 20 shows two diagrams for the map (6) with B = 0.5 on the (A, C')-parameter
plane. The panel (a) is the enlarged fragment of the right-bottom part of the Lyapunov
diagram presented in Fig. 10c, and the panel (b) is the corresponding piece of a distance
diagram depicting the distance between the attractor and the fixed point O,. For the
Lyapunov diagram we use the same color coding as in Sec. 3. Black color in the distance
diagram corresponds to a small distance between the attractor and Oy (the minimal
distance less than 0.001 after 10° iterations of a point taken on the attractor), see the
legend to the right of the panel (b). The top-right corner of Figs. 20 corresponds to the
stability region of the point O, , homoclinic attractors containing the saddle-focus fixed
point O, of type (1,2) appear in the bottom-center region, colored in black at the panel
(b). As one can see in the Lyapunov diagram, strange attractors here can be of three
possible types: strongly dissipative (yellow color, A; > 0, Ay < 0), hyperchaotic (red
color, Ay > 0, Ay > 0), and flow-like (gray color, A; > 0, Ay = 0).

Let us further fix A = 1.33 and study the scenario of the appearance of strange
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Figure 20: (A, C)-parameter diagrams for the map (6), B = 0.5. (a) Lyapunov diagram. (b) Diagram
of the distance between the attractor and the fixed point O, in black colored regions this distance is
less than 0.001. In the top-right region the point O, is asymptotically stable; homoclinic attractors
containing the saddle-focus point O of type (1,2) exist in the bottom-center region, colored in black in
Fig. (b), they can be either hyperchaotic or not.

attractors along the pathway 1J: (A = 1.33,B = 0.5). Results of the corresponding
bifurcation analysis are shown in Figure 21. At the beginning, the stable fixed point
O, is the only attractor of the map. Then, on the curve NS, this point undergoes the
supercritical Neimark-Sacker bifurcation after which O, becomes saddle-focus of type
(1,2) and the stable invariant curve L appears in its neighborhood, see Fig. 21a. Then,
this curve undergoes two period-doubling (length-doubling) bifurcations. After the first
period-doubling this curve becomes saddle and a stable doubled (2-round) invariant curve
L? appears in its neighborhood. In its turn, the curve L? also undergoes the period-
doubling bifurcation, it becomes saddle and a four-round stable invariant curve appears,
see Fig. 21b. With further decrease in C, the four-round invariant curve breaks down,
and, as a result, a torus-chaos attractor, possessing near-zero second Lyapunov exponent,
is born, see Fig. 21c.

The graph of the distance between the attractor and the fixed point O, presented
in Fig. 21f, shows that the attractor starts to contain O, at C' ~ —1.882. Figure 22a,
showing the transverse homoclinic structure for O, additionally confirms the inclusion of
O to the attractor. As it can be seen from the graph of Lyapunov exponents (Fig. 21e),
the attractor becomes hyperchaotic on the interval C' € (—1.89, —1.88). However, since
the second Lyapunov exponent is slightly positive (0 < As < 0.006), hyperchaos here is
very weak.

Moreover, the second Lyapunov exponent vanishes for chaotic attractors existing at
some sufficiently large regions of the parameter space adjacent to the regions with ho-
moclinic attractors. In order to see it, just superimpose the black-colored region in the
bottom-center part of Fig. 20b with the corresponding part of the Lyapunov diagram.

Let us consider one more case for the appearance of the flow-like Shilnikov attractor
in the map (6). Now we take B = 0.7, see the Lyapunov diagram in Fig. 10d and
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Figure 21: Evolution of attractors along the pathway 1J: (B = 0.5, A = 1.33). (a)—(d) phase portraits of
the attractors: (a) C'= —1.5 — stable invariant curve L; (b) C' = —1.732 — four-round invariant curve; (c)
C = —1.75 — torus-chaos attractor (LE: A; = 0.033, Ay = —3.65-107°, and A3 = —0.726); (d) C = —1.89
— “weakly” hyperchaotic Shilnikov attractor (LE: A; = 0.09, Ay = 0.005, and Az = —0.788). (e) the
graph of Lyapunov exponents Ay, A2, and A3 on parameter C. (f) the graph of the distance between the
attractor and the fixed point O,.

its enlarged fragment near the right-bottom corner in Figure 23a. The corresponding
distance diagram is presented in Figure 23b. Analyzing these figures, one can see that
there are two regions where homoclinic attractors exist. However, non of these regions
admit hyperchaotic attractors. Moreover, hyperchaotic attractors are not observable in
this case at all, we find only flow-like chaotic attractors.

Let us consider the pathway KL: (B = 0.7, A = 1.55) and study bifurcations leading
to the birth of homoclinic attractors in the left-bottom part of the diagrams presented in
Fig. 23. Some results of the corresponding one-parameter bifurcation analysis are shown in
Figure 24. In this case, the scenario for the appearance of the discrete Shilnikov attractor
is almost the same as it was in the previous case, cf. Figs. 24a—24f with Figs. 21a-21f. The
main difference between these two cases is that the stable invariant curve L undergoes
here a quite long sequence of the period-doubling bifurcations before the destruction of
the resulting multiround invariant curve.

Fig. 24g shows the corresponding bifurcation tree which we compute using the fol-
lowing scheme. We construct a Poincaré-like maps on the plane (z,z) introducing a
cross-section box |y| < 0.001 in the phase space of the map. If a point of the attractor
falls into this box we take its z-coordinate and plot on the graph z(C'). For each value of
the parameter C' we iterate the map 10000 times and plot the last 3000 points. The en-
larged fragment of this bifurcation tree is shown in Fig. 24h. It is interesting to note that
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Figure 22: Phase portraits for different discrete Shilnikov attractors containing O : (a) B = 0.5, A =
1.33,C = —1.89 (LE: A; = 0.09, Ay = 0.005, and A3 = —0.788), (b) B = 0.7, A = 1.55,C = —2.03
(LE: Ay = 0.107, A = 0, and A3 = —0.463). Green-colored curve is the branch of the stable invariant
manifold of O that forms the homoclinic intersection with the unstable manifold of O4.
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Figure 23: (A, C)-parameter diagrams for the map (6), B = 0.7. (a) Lyapunov diagram, the color
scheme is the same as in Fig. 20a. (b) Diagram of the distance between the attractor and the fixed
point O, in black colored regions this distance is less than 0.001. Homoclinic attractors containing the
saddle-focus point O of type (1,2) exist in the bottom regions, colored in black in panel (b). Almost all
chaotic attractors observed here have one positive and one near-zero Lyapunov exponents.

the observed bifurcation tree looks like the well-known Feigenbaum tree [20] accompany-
ing the formation of Hénon-like attractors. As it is known, such attractors often appear
after the cascade of period-doubling bifurcations followed by the cascade of heteroclinic
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Figure 24: Evolution of the attractor along the pathway KL: (B = 0.7,4 = 1.55). (a)-(d) phase
portraits of the attractors: (a) C = —1.7 — stable invariant curve L;(b) C' = —1.9 — doubled invariant
curve; (¢) C = —1.96 — torus-chaos attractor (LE: Ay = 0.0348, Ay = 0.0001, and A3 = —0.392); (d)
C = —2.03 — discrete Shilnikov attractor (LE: A; = 0.107, A2 = 0, and Ag = —0.463). (e) The graph of
Lyapunov exponents Aq, As, and As on parameter C. (f) the graph of the distance between the attractor
and the fixed point O4. (g) Bifurcation tree x(C) computing with help of a Poincaré-like map on the
plane (z,z) (using the cross-section box |y| < 0.001) and (f) its enlarged fragment.

band-fusion bifurcations which result in the absorption of periodic saddle orbits emerging
after the corresponding period-doubling bifurcations. By the same manner, the sequence
of the period-doubling bifurcations of a stable invariant curve leads to the appearance of
a multicomponent chaotic attractor (on the corresponding two-dimensional Poincaré-like
map) which, then, transforms to the one-component attractor via the sequence of hetero-
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clinic bifurcations resulting in the absorption of the saddle invariant curves emerging after
the corresponding period-doubling bifurcations. The resulting one-component attractor
were called in [13-15] quasiperiodic Hénon-like attractor. It has one positive and one
near-zero (indistinguishable from zero in numerics) Lyapunov exponents.

Finally, the chaotic attractor absorbs the saddle-focus fixed point O, of type (1,2),
and the discrete Shilnikov flow-like attractor appears, see Fig. 24d. The corresponding
homoclinic structure for O, is shown in Fig. 22b.

A natural questions arise here.

e Why does the second Lyapunov exponent is near-zero for chaotic attractors of the
three-dimensional map inside large regions of the parameter space?

e Why do these attractors look like chaotic attractors of some three-dimensional sys-
tem of differential equations, if the points on an orbit taken in the attractor are
drawn not too densely?

The answer to these questions is quite simple. The flow-like chaotic attractors in the
map (6) are observed close enough to the codimension-three bifurcation, when fixed point
Oy has the triplet of multipliers (1,1,1): a pair of multipliers y » are equal to 1 at the
resonance 1 : 1 bifurcation, where the curve NS intersects with the curve TR, while the
third multiplier 3 = B is equal to one when the map is conservative (volume-preserving).
It is not difficult to show that the asymptotic normal form for this codimension-three
bifurcation in the case of the map (6) coincides with the well-known Arneodo-Coullet-
Spiegel-Tresser (ACST) system

T =Y,
y= 2 (10)
Z=ax+ Py + vz + 22

Bifurcation analysis for this system were performed in detail in Refs. [4, 5]. In partic-
ular, it was shown that Shilnikov attractors containing the saddle-focus equilibrium of
type (1,2) with a homoclinic loop exist in this system. In Refs. [8, 30] it was described
how such attractors are born from the stable equilibrium via chain of local and homo-
clinic bifurcations. At first, a stable equilibrium E¢(0,0,0) undergoes the supercritical
Andronov-Hopf bifurcation after which it becomes a saddle-focus and a stable limit cycle
is born in its neighborhood, see Fig. 25a. Then, this cycle goes through the cascade of
period-doubling bifurcations, see Fig. 25b. With further change in the control parameter,
orbits of the attractor come closer and closer to the saddle-focus and, finally, Fq is in-
cluded to the attractor, as a result of the appearance of Shilnikov homoclinic loop [72, 74],
see Fig. 25c. As any chaotic attractor of a system of differential equations, this attractor
has one positive and one zero Lyapunov exponents. This property is inherited by the map
(6) in some (sufficiently large) neighborhood of the codimension-three bifurcation when
the fixed point O, has the triplet of multipliers (1,1,1).8

8Similar phenomenon of the existence of flow-like chaotic attractors was previously discovered and
studied in Ref. [36] for the 3D Hénon map Z = vy, 4§ = z, z = M + Bx + Moy — 22 possessing the discrete
Lorenz attractor (with near-zero second Lyapunov exponent) in an open large region of the (M7, Ms, B)-
parameter space adjacent to the codimension-three point when a fixed point of the map has multipliers
(=1,—1,1). The 3D Hénon map appears as a normal form for the first-return map near a quadratic
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If to compare phase portraits of the attractor found in the map (6) at B = 0.7
(Fig. 22b) and the attractor presented in Fig. 25c, it is easy to conclude that these
attractors are similar. An orbit taken in the first attractor looks like a discretization of a
continuous orbit taken in the second attractor.

@) (b) ©

Figure 25: Main steps towards the Shilnikov attractor appearance in the system (10) for C = —0.4, B =
—1: (a) A = —0.7, stable limit cycle, (b) A = —0.8, Rossler-like attractor, (¢) A = —0.87, Shilnikov spiral
attractor.

7 Discussion

We have proposed bifurcation scenarios leading from a stable fixed point to a hyperchaotic
attractor in one-parameter families of three-dimensional maps and have applied them for
studying the formation of hyperchaotic attractors in the three-dimensional Mirda map (1).
These scenarios consist of two parts. The first part describes a few main bifurcations
resulting in the appearance of a homoclinic attractor containing saddle fixed point of type
(1,2). The second part describes accompanying bifurcations after which the majority of
orbits inside the attractor get the two-dimensional unstable manifolds.

For the map (1) we have shown that the part is the extension of the well-known
Shilnikov scenario [75] to the case of three-dimensional maps [26, 27, 31]. In the framework
of this scenario, a stable fixed point O, undergoes the supercritical Neimark-Sacker and
the stable invariant curve L appears in its neighborhood. Then, this curve breaks down
giving a torus-chaos attractor with the isolated saddle-focus point O, of type (1,2). The
final part of the scenario is the inclusion (absorption) of this point by the attractor. The
resulting discrete Shilnikov attractor contains this point.

The second part of the scenario describes mechanisms of the destruction of the curve
L. Usually, before the destruction, this curve becomes resonant. We have shown that
depending on values of the parameters the corresponding resonant orbits can give rise to
hyperchaotic periodic orbits of type (1,2) in two different ways:

(i) the stable resonant orbit undergoes the cascade of period-doubling bifurcations.
(This cascade can be interrupted by the supercritical Neimark-Sacker bifurcation.

homoclinic tangency to a saddle-focus fixed point with the Jacobian closed to 1 [33]. Also note that this
map is the inverse to the 3D Mird map (1). Therefore, in the map (1) there exists a discrete Lorenz
repeller (with near-zero second Lyapunov exponent) for B > 1.
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Figure 26: Saddle chart superimposed with the Lyapunov diagram for the map (6), B = 0.1. In the
regions SHi 2(1,2) the nonwandering set of the map is nontrivial hyperbolic of type (1,2). Hyperchaotic
homoclinic attractors of different types are possible in regions I-1V.

In this case, see option (ii)). In their turn, the resulting periodic saddle orbits of
type (2,1), as well as the resonant saddle orbits of type (2,1) undergo the cascade
of period-doubling bifurcations transforming the corresponding periodic orbits to
saddles of type (1,2).

the stable resonant orbit undergoes the supercritical Neimark-Sacker bifurcation
transforming this orbit to the saddle-focus of type (1,2) and a stable multicomponent
invariant curve appears. At some moment, this invariant curve (as the curve L)
becomes resonant, option (i) or (ii) is realized and so on. The saddle resonant
orbits, as well as in case (i), undergo the cascades of period-doubling bifurcations.

In both cases, the attractor absorbs the sets of periodic saddle orbits of type (1,2) and
becomes hyperchaotic.

In the paper, we have also proposed a new scenario leading to the creation of the
so-called hyperchaotic Hénon-like attractor containing a saddle fixed point with a pair of
negative unstable multipliers,

Finally, we would like to note one more interesting property of the map (6). One of its
fixed points is always fixed at the origin and its eigenvalues depend only on the parameters
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A, B, and C. In Figure 26, we show the extended bifurcation diagram for this fixed point
(when B = 0.1) above the Lyapunov diagram. Such extended diagrams were called
saddle charts in [27]. In this diagram one can see four regions with possible hyperchaotic
homoclinic attractors: the region I — with the discrete Shilnikov attractor, the region IT —
with the hyperchaotic Hénon-like attractor, the region IIT — with a hyperchaotic attractor
containing a fixed point with a pair of positive unstable multipliers and the region IV
— with a hyperchaotic attractor containing a fixed point with a pair of real unstable
multipliers with different signs. Varying nonlinear terms in the map we can expect new
types of hyperchaotic homoclinic attractors. This problem looks very promising, especially
for the region IV, inside which, as well as inside the region I, by Gonchenko and Li theorem
[29], the nonwandering set of the map is the Smale horseshoe of type (1,2). Thus, one
can expect the existence of hyperchaotic attractors in IV for quite general families of the
three-dimensional Hénon maps.
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