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Ñîëåíîèä Ñìåéëà � Âèëüÿìñà
Ïðèìåð àáñòðàêòíîãî òðåõìåðíîãî îòîáðàæåíèÿ ñ ñîëåíîèäîì Ñìåéëà � Âèëüÿìñà:

öèëèíäðè÷åñêàÿ ñèñòåìà êîîðäèíàò

\ =¸ 1 = <\ = ¹mod 2cº–

A=¸ 1 = 1 ¸ U¹A= � 1º ¸ Ycos\ =– 7!

I =¸ 1 = UI= ¸ Ysin\ =•

çàìåíà

äåêàðòîâà ñèñòåìà êîîðäèíàò

- = = A= cos\ =–

7! . = = A= sin\ =–

/ = = I =•

Ñîëåíîèäû Ñìåéëà � Âèëüÿìñà ñ ôàêòîðàìè
ðàñòÿæåíèÿ 2 è 3.

\ =¸ 1 = <\ = ¹mod 2cº � îòîáðàæåíèå Áåðíóëëè

< � öåëîå ÷èñëî áîëüøå åäèíèöû, 2–3–4– • • •
ïåðåìåííàÿ \ � óãëîâàÿ è ìîæåò òðàêòîâàòüñÿ
êàê àðãóìåíò êîìïëåêñíîé ïåðåìåííîé, à
ïåðåìåííûå - è . � äåéñòâèòåëüíàÿ è ìíèìàÿ
÷àñòü êîìïëåêñíîé ïåðåìåííîé

Ïðåäñòàâëÿåò èíòåðåñ îáùèé ïðèíöèï
ïîñòðîåíèÿ ñèñòåì ñ àòòðàêòîðàìè,
òîïîëîãè÷åñêè ñõîæèìè ñ ñîëåíîèäîì Ñìåéëà
� Âèëüÿìñà, îñîáåííî â ñå÷åíèè Ïóàíêàðå
ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé.

Â. Ï. Êðóãëîâ 2 / 25



Öåëü èññëåäîâàíèÿ

Öåëüþ ýòîãî èññëåäîâàíèÿ ÿâëÿåòñÿ ôîðìóëèðîâàíèå îáùåãî ðåöåïòà,
ïîçâîëÿþùåãî ñòðîèòü äèíàìè÷åñêèå ñèñòåìû, îïèñûâàåìûå
äèôôåðåíöèàëüíûìè óðàâíåíèÿìè, ñ ãðóáûì àòòðàêòîðîì òèïà ñîëåíîèäà
Ñìåéëà � Âèëüÿìñà, à òàêæå ãåîìåòðè÷åñêîå îáúÿñíåíèå ïðè÷èí
ôîðìèðîâàíèÿ àòòðàêòîðà ýòîãî òèïà â óæå èçâåñòíûõ ñèñòåìàõ.

Îñíîâíàÿ èäåÿ ñîñòîèò â êîíñòðóèðîâàíèè òàêèõ ïðàâûõ ÷àñòåé
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ êîìïëåêñíûìè ïåðåìåííûìè, ÷òî
ïðåîáðàçîâàíèå àðãóìåíòîâ êîìïëåêñíûõ ïåðåìåííûõ ñîîòâåòñòâóåò
îòîáðàæåíèþ Áåðíóëëè.
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Ñõåìà ïîòîêà è îòîáðàæåíèÿ

Îòîáðàæåíèå êîíòóðà ñ ïîâåðõíîñòè jF j = 0 íà
ïîâåðõíîñòü jI j = 1 è îáðàòíî íà jF j = 0. Êîëè÷åñòâî ïåòåëü
óäâàèâàåòñÿ. Îòîáðàæåíèå ñ ïîâåðõíîñòè jF j = 0 íà jI j = 1
óäâàèâàåò (â ñðåäíåì) àðãóìåíò êîìïëåêñíîé ïåðåìåííîé.

Ôàçîâîå ïðîñòðàíñòâî C2 = R4 ñ ñåäëîì â
¹0–0º, I = G¸ 8H= A48q, F = D¸ 8E= B48k

äâå ñåêóùèõ ïîâåðõíîñòè jF j = 0 è jI j = 1,
ïðåäñòàâëÿþò ñîáîé òðåõìåðíûå
öèëèíäðè÷åñêèå ïîâåðõíîñòè ñ êîìïëåêñíûìè
îáðàçóþùèìè

Ñåêóùàÿ ïîâåðõíîñòü jF j = 0 îòîáðàæàåòñÿ íà
ïîâåðõíîñòü jI j = 1 ïîòîêîì, òðàåêòîðèè
ïîòîêà �ðàññåèâàþñÿ íà ñåäëå� ïðè äâèæåíèè
îò îäíîé ñåêóùåé ê äðóãîé

Ñåêóùàÿ ïîâåðõíîñòü jI j = 1 îòîáðàæàåòñÿ
îáðàòíî íà ïîâåðõíîñòü jF j = 0 äðóãèì
ïîòîêîì

Äâà ïîòîêà ñêëåèâàþòñÿ íà ñåêóùèõ
ïîâåðõíîñòÿõ
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�Ðàññåÿíèå� íà ñåäëîâîì ïîëîæåíèè ðàâíîâåñèÿ

Ðàññìîòðèì ïîòîêîâóþ ñèñòåìó, îïèñûâàþùóþ �ðàññåÿíèå íà ñåäëå�:

¤I = `I–

¤F = � dF ¸ XI< –
(1)

ãäå < = 2–3–4• • •� öåëîå ÷èñëî.

Ïàðàìåòðû ` è d ïîëîæèòåëüíûå, X � ïàðàìåòð íåëèíåéíîñòè.

Ýòó ñèñòåìó óðàâíåíèé ìîæíî ðåøèòü:

I ¹Cº = 4`CI 0–

F ¹Cº = 4� dCF0 ¸
X

<` ¸ d

�
4<`C � 4� dC�

I <
0 –

(2)

ãäå I 0 = I ¹0º è F0 = F ¹0º � íà÷àëüíûå óñëîâèÿ.

Òî÷êà I = 0– F= 0 � ñåäëîâîå ïîëîæåíèå ðàâíîâåñèÿ.
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�Ðàññåÿíèå� íà ñåäëîâîì ïîëîæåíèè ðàâíîâåñèÿ

Ëèíåàðèçîâàííûå óðàâíåíèÿ â îêðåñòíîñòè ñåäëà:

¤~I = ` ~I–
¤~F = � d ~F

èëè

¤~G= ` ~G–
¤~H= ` ~H–
¤~D= � d ~D–
¤~E= � d~E–

(3)

(òèëüäîé � îáîçíà÷åíû âàðèàöèè ïåðåìåííûõ)

Õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè ñåäëîâîãî ïîëîæåíèÿ ðàâíîâåñèÿ òàêîâû, ÷òî â åãî
äâóõìåðíîì óñòîé÷èâîì êàñàòåëüíîì ïðîñòðàíñòâå íåò âûäåëåííîãî íàïðàâëåíèÿ, òàêæå â
åãî äâóõìåðíîì íåóñòîé÷èâîì êàñàòåëüíîì ïðîñòðàíñòâå íåò âûäåëåííîãî íàïðàâëåíèÿ.

Ìû çàäàåì íà÷àëüíûå óñëîâèÿ äëÿ íàáîðà òðàåêòîðèé: çàäàííàÿ àìïëèòóäà jF0j = 0 = Const,
àðãóìåíò k 0 = argF0 � ïðîèçâîëüíûé, ïðîèçâîëüíàÿ äîñòàòî÷íî áîëüøàÿ àìïëèòóäà jI 0j Ÿ 1,
àðãóìåíò q0 = argI 0 äëÿ âñåõ òðàåêòîðèé ðàâíîìåðíî ðàñïðåäåëåí íà èíòåðâàëå »0–2cº. Ìû
ðåøàåì óðàâíåíèÿ (1) äëÿ âñåõ òðàåêòîðèé äî äîñòèæåíèÿ jI 1j = 1 = Const, ïðè ýòîì
àðãóìåíò k 1 = argF ñòàíîâèòñÿ ðàâíîìåðíî ðàñïðåäåëåí íà èíòåðâàëå »0–2c< º.
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�Ðàññåÿíèå� íà ñåäëîâîì ïîëîæåíèè ðàâíîâåñèÿ

Äèàãðàììà ðàññåÿíèÿ òðàåêòîðèé. a) < = 2, b) < = 3.
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Êóñî÷íàÿ ñèñòåìà

Íåîáõîäèìî âîçâðàùàòü òðàåêòîðèþ ê ñåäëó. Ìû ïðîáóåì ñäåëàòü ýòî â ñèñòåìå, ñêëååííîé
èç äâóõ ÷àñòåé

Â ïåðâîé ÷àñòè ôàçîâîãî ïðîñòðàíñòâà
ïðîèñõîäèò ðàññåÿíèå òðàåêòîðèè íà ñåäëå:

¤I = `I–

¤F = � dF ¸ XI< –

äî äîñòèæåíèÿ jI j = 1

Âî âòîðîé ÷àñòè ôàçîâîãî ïðîñòðàíñòâà
ïðîèñõîäèò ðåëàêñàöèÿ àìïëèòóä ïåðåìåííûõ:

¤I = � UI ¸ YF–

¤F = � VF–
(4)

äî äîñòèæåíèÿ jF j = 0

Ýòà ñèñòåìà íåãëàäêàÿ, íî ïðîùå ïðè àíàëèçå, ÷åì áîëåå ðåëèñòè÷íûå ñèñòåìû ãëàäêèõ
äèôôåðåíöèàëüíûõ óðàâíåíèé. Â èçâåñòíûõ íàì ïðèìåðàõ óðàâíåíèé ñ àòòðàêòîðîì òèïà
Ñìåéëà � Âèëüÿìñà îáû÷íî ñîäåðæàòñÿ ñëàãàåìûå âèäà jI j2I è jF j2I , êîòîðûå íå âëèÿþò íà
àðãóìåíòû êîìïëåêñíûõ ïåðåìåííûõ, íî äåëàþò íåâîçìîæíûì ñòðîãîå òî÷íîå ðåøåíèå
óðàâíåíèé íà ëèñòêå áóìàãè.
Òàê æå íåò íåîáõîäèìîñòè äåëàòü ïðåäïîëîæåíèÿ î ìàëîñòè êàêèõ-ëèáî ïàðàìåòðîâ.
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Êóñî÷íàÿ ñèñòåìà
Ýòè óðàâíåíèÿ ìîæíî ðåøèòü. Îòîáðàæåíèå ìû çàïèñûâàåì òàê:

I 1 = 4`g 1 I 0 = 1
I 0
jI 0j

F1 =
X

<` ¸ d

�
4<`g 1 � 4� dg1

�
I <
0 ¸ 4� dg1F0

g1 =
1
`

ln
1

jI 0j

I 2 =
Y

U� V

�
4� Vg2 � 4� Ug2

�
F1 ¸ 4� Ug2 I 1

F2 = 4� Vg2F1 = 0
F1
jF1j

g2 = �
1
V

ln
0

jF1j

g1 è g2 � �âðåìåíà ïîëåòà� òðàåêòîðèé â îáëàñòè ñ ðàññåÿíèåì è â îáëàñòè ñ ðåëàêñàöèåé. Îíè
çàâèñÿò îò íà÷àëüíûõ óñëîâèé äëÿ àìïëèòóä jI 0j è jF1j ïðè ïîïàäàíèè â ñîîòâåòñòâóþùèå
îáëàñòè, ó êàæäîé òðàåêòîðèè ñâîå �âðåìÿ ïîëåòà�.

I 1 =
1

jI 0j
I 0

F1 =
X

<` ¸ d

 �
1

jI 0j

� <
�

�
1

jI 0j

� � d
`

!

I <
0 ¸

�
1

jI 0j

� � d
`

F0

I 2 =
Y

U� V

 
0

jF1j
�

�
0

jF1j

� U
V

!

F1 ¸
�

0
jF1j

� U
V

I 1

F2 =
0

jF1j
F1

�Âðåìåíà ïîëåòà�, èçâåñòíûå â ÿâíîì âèäå, ìîæíî ïîäñòàâèòü â ôîðìóëû, òîãäà ñòàíîâèòñÿ
ÿñíî, ÷òî îòîáðàæåíèÿ I 0 7! F1 è F1 7! I 2 íå àíàëèòè÷åñêèå.
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Êóñî÷íàÿ ñèñòåìà
Îòîáðàæåíèå âîçâðàòà Ïóàíêàðå íà ïîâåðõíîñòü jF j = 0, ñèëüíîå ñæàòèå íå ïîçâîëÿåò ðàçëè÷èòü ïåòëè íà
àòòðàêòîðå, îäíàêî ïðåîáðàçîâàíèå ôàçû ñîîòâåòñòâóåò îòîáðàæåíèþ Áåðíóëëè.

` = 0•1, d = 10, X= 1, U = 0•1, V = 1, Y= 1, 0 = 1, 1 = 10, < = 2.
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Êóñî÷íàÿ ñèñòåìà
�Ðàññåÿíèå íà ñåäëå� ïðîÿâëÿåòñÿ êàê �åæèê�.

` = 0•1, d = 10, X= 1, U = 0•1, V = 1, Y= 1, 0 = 1, 1 = 10, < = 2.
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Êóñî÷íàÿ ñèñòåìà
Îòîáðàæåíèå âîçâðàòà Ïóàíêàðå íà ïîâåðõíîñòü jF j = 0, ìîæíî ðàçëè÷èòü ðàçëè÷èòü ïåòëè íà àòòðàêòîðå,
ïðåîáðàçîâàíèå ôàçû ñîîòâåòñòâóåò îòîáðàæåíèþ Áåðíóëëè.

` = 1, d = 2, X= 1, U = 1, V = 3, Y= 1, 0 = 5, 1 = 10, < = 2.
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Êóñî÷íàÿ ñèñòåìà
�Ðàññåÿíèå� ïðîèñõîäèò íà äîñòàòî÷íî áîëüøîì ðàññòîÿíèè îò ñåäëà.

` = 1, d = 2, X= 1, U = 1, V = 3, Y= 1, 0 = 5, 1 = 10, < = 2.
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Ãëàäêàÿ ñèñòåìà íåëèíåéíûõ óðàâíåíèé
Êóñî÷íàÿ ñèñòåìà ðàçðàáàòûâàëàñü êàê êà÷åñòâåííàÿ àïïðîêñèìàöèÿ ãëàäêîé ñèñòåìû
óðàâíåíèé

¤I 1 =
�
` ¸ j I 1j2 � j I 2j2

�
I 1 ¸ YI2–

¤I 2 =
�
jI 1j2 � 1

�
I 2 ¸ I <

1 – (5)

Ïîðòðåòû àòòðàêòîðà ïîòîêîâîé ñèñòåìû â ðàçëè÷íûõ ïðîåêöèÿõ ` = 0•95, Y= 0•02, < = 2.
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Ãëàäêàÿ ñèñòåìà íåëèíåéíûõ óðàâíåíèé

ïîêàçàòåëè
Ëÿïóíîâà â
ñå÷åíèè Ïóàíêàðå
jI j2 = 1

< = 2:

� 1 = 0•69314� 0•00004

� ln 2

� 2 = � 10•72� 0•01

� 3 = � 14•45� 0•01

h) i = 5•9546� 0•003

è ñðåäíèé ïåðèîä
ìåæäó ñå÷åíèÿìè
Ïóàíêàðå

Èòåðàöèîííàÿ äèàãðàììà äëÿ ôàçû è ïîðòðåò àòòðàêòîðà â ñå÷åíèè
Ïóàíêàðå jI j2 = 1, ` = 0•95, Y= 0•02, < = 2.

Â. Ï. Êðóãëîâ 15 / 25



Ãëàäêàÿ ñèñòåìà íåëèíåéíûõ óðàâíåíèé

¤I 1 =
�
` ¸ j I 1j2 � j I 2j2

�
I 1 ¸ YI2–

¤I 2 =
�
jI 1j2 � 1

�
I 2 ¸ I <

1 –

Ïîðòðåòû àòòðàêòîðà ïîòîêîâîé ñèñòåìû â ðàçëè÷íûõ ïðîåêöèÿõ ` = 0•95, Y= 0•02, < = 3.
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Ãëàäêàÿ ñèñòåìà íåëèíåéíûõ óðàâíåíèé

ïîêàçàòåëè
Ëÿïóíîâà â
ñå÷åíèè Ïóàíêàðå
jI j2 = 1

< = 3:

� 1 = 1•0986� 0•0001

� ln 3

� 2 = � 5•69� 0•01

� 3 = � 8•69� 0•01

h) i = 5•6598� 0•002
Èòåðàöèîííàÿ äèàãðàììà äëÿ ôàçû è ïîðòðåò àòòðàêòîðà â ñå÷åíèè
Ïóàíêàðå jI j2 = 1, ` = 0•95, Y= 0•02, < = 3.
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Ãëàäêàÿ ñèñòåìà íåëèíåéíûõ óðàâíåíèé

Êàðòà ðåæèìîâ â ñëó÷àå < = 2, êðàñíàÿ
îáëàñòü ñîîòâåòñòâóåò õàîòè÷åñêîìó ðåæèìó ñ
ôàêòîðîì ðàñòÿæåíèÿ óãëîâîé ïåðåìåííîé 2,
àññîöèèðóþùåìóñÿ ñ àòòðàêòîðîì òèïà
Ñìåéëà � Âèëüÿìñà. Æåëòàÿ îáëàñòü
ñîîòâåòñòâóåò õàîòè÷åñêèì
íåãèïåðáîëè÷åñêèì àòòðàêòîðàì. Çåëåíàÿ
îáëàñòü � ïåðèîäè÷åñêèå ðåæèìû.

Êàðòà ðåæèìîâ, < = 2.
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Óðàâíåíèÿ Øèìèöó � Ìîðèîêà
Óðàâíåíèÿ ØÈìèöó � Ìîðèîêà ÿâëÿþòñÿ íîðìàëüíîé ôîðìîé äëÿ áèôóðêàöèé, ïðèâîäÿùèõ
ê âîçíèêíîâåíèþ àòòðàêòîðà Ëîðåíöà, íî òàêæå îíè äåìîíñòðèðóþò è áèôóðêàöèþ
�óñòîé÷èâàÿ ãîìîêëèíè÷åñêàÿ áàáî÷êà� � ïðåäåëüíûå öèêëû �âëèïàþò� â ïåòëè ñåïàðàòðèñ
ñåäëà.

¤G= D–

¤D= � _D¸ ¹1 � @º G–

¤@= � U@̧ G2

_ = 0•98695, U = 0•7

_ = 1, U = 0•7 _ = 0•95, U = 0•7
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Êîìïëåêñíûå óðàâíåíèÿ Øèìèöó � Ìîðèîêà
Êîìïëåêñíûå óðàâíåíèÿ Øèìèöó � Ìîðèîêà ìîæíî ïîëó÷èòü, åñëè çàìåíèòü âåùåñòâåííûå
ïåðåìåííûå Gè D íà êîìïëåêñíûå I è F. Îäíàêî îíè åñòåñòâåííî ïîëó÷àþòñÿ èç
êîìïëåêñíûõ óðàâíåíèé Ëîðåíöà, îïèñûâàþùèõ îäíîìîäîâûé ëàçåð

Vladimirov A. G., Toronov V. Y., Derbov V. L. The complex Lorenz model: Geometric structure,
homoclinic bifurcation and one-dimensional map //International Journal of Bifurcation and
Chaos. 1998. vol. 8. no. 04. p. 723-729.

Ìû äîáàâëÿåì ñëàãàåìîå YF< äëÿ ïðåîáðàçîâàíèÿ àðãóìåíòîâ êîìïëåêñíûõ ïåðåìåííûõ

¤I = F–

¤F = � _F ¸ ¹1 � @º I ¸ YF< –

¤@= � U@̧ j I j2
(6)

I = G¸ 8H, F = D¸ 8E, @2 R, < = 2–3– • • •
Óðàâíåíèÿ Øèìèöó � Ìîðèîêà îïèñûâàþò îñöèëëÿòîð ñ èíåðöèîííîé íåëèíåéíîñòüþ. Ìû
ðàíåå óæå êîìïëåêñèôèöèðîâàëè óðàâíåíèÿ îñöèëëÿòîðà ñ ãîìîêëèíè÷åñêîé áèôóðêàöèåé:
Kuznetsov S. P., Kruglov V. P., Sataev I. R. Smale�Williams solenoids in autonomous system
with saddle equilibrium //Chaos: An Interdisciplinary Journal of Nonlinear Science. 2021. vol. 31.
no. 1. p. 013140.
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_ = 0•98695, U = 0•7, < = 3.
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Êîìïëåêñíûå óðàâíåíèÿ Øèìèöó � Ìîðèîêà

ïîêàçàòåëè
Ëÿïóíîâà â
ñå÷åíèè Ïóàíêàðå
jI j2 = 1

< = 3:

� 1 = 1•084� 0•002

� ln 3

� 2 = � 1•76� 0•01

� 3 = � 15•725� 0•005

� 4 = � 23•786� 0•007

h) i = 15•031� 0•003 Èòåðàöèîííàÿ äèàãðàììà äëÿ ôàçû è ïîðòðåò àòòðàêòîðà â ñå÷åíèè
Ïóàíêàðå jI j2 = 1, _ = 0•98695, U = 0•7, < = 3.
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Ýëåêòðîííàÿ ñõåìà
Ðàçðàáîòàíà èñëåäîâàíà â ñèìóëÿòîðå Multisim ýëåêòðîííàÿ ñõåìà ñ àòòðàêòîðîì Ñìåéëà � Âèëüÿìñà, íà îñíîâå
êîìïëåêñèôèöèðîâàííîãî óðàâíåíèÿ îñöèëëÿòîðà ñ ãîìîêëèíè÷åñêîé áèôóðêàöèåé �âîñüìåðêà�, ìîäåëü áûëà
ïðåäëîæåíà íàìè ðàíåå â ñòàòüå
Kuznetsov S. P., Kruglov V. P., Sataev I. R. Smale�Williams solenoids in autonomous system with saddle equilibrium
//Chaos: An Interdisciplinary Journal of Nonlinear Science. 2021. vol. 31. no. 1. p. 013140.
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