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YCTPOKICTBO IPOCTPAHCTBA YIIPABJISIONMX IIAPAMETPOB
HENJEHTNYHBIX CBA3AHHBIX CUCTEM C YIBOEHUAMM IIEPHOTA

A.IL. Kysneyoe, I0.B. Cedosa, H.P.Camaes

OGcyxnaeTcss YCTPOHCTBO IIOCKOCTH YTPABJSIOLIMX NapaMETPOB HEUJCHTHUHBIX
CBA3aHHbIX JIOTHCTHYECKNX oToOpaxeHnid. HailieHb! KpUTHYECKHe TOYKHM KOPa3MEpPHOCTH
[Ba, CBA3aHHbIE C HAKOIUIEHHMAMHM OH(YpKalMOHHLIX CHTYaHWil KOpa3MEpHOCTH JiBa.
OGcyxnaeTcst TakXe YCTPOHCTBO INIOCKOCTH YHPaBJSIOLIMX MapaMETpPOB JBYX CBSI3aHHBIX
ocuwinsatopos Hyddunra. '

BBenenne

Bonbiuoe komuyecTBO paGoT, OnyOGIMKOBAHHBIX B TIOCHEHEE BpeMsl, TOCBSILEHO
CIOXHOW [MHAMHKE CBS3aHHBIX CHCTEM, NEMOHCTPUPYIOLMX MEPEXOf K Xaocy depes
ymBoenusi nepuopia (cM., Hanpumep, Momorpadguu [1,2] m UOUTHpPOBaHHYIO B HHX
ymrepaTypy). B nopmaBisionmem KomuyecTBe paGoT, OFHAKO, PacCMATPHBAIOTCS
HIeHTHUHBIE moficucTeMbl. Cpeut paGoOT IO JWHAMHKE HEHAECHTHUHBIX IOJCHUCTEM
nMeeTcs paGora [3], KoTopas HaleleHa UMEHHO Ha M3yUSHHE yCTPOWCTBA INIOCKOCTH
NapaMeTpoOB, YOPaBISTIOUMX VABOCHMSMEM nNepuopga. B paGore [3] mokasaHo, 9ro
BBEJICHHE HEHJICHTHYHOCTH B CHCTEMY JBYX CBSI3AHHBIX JIOTMCTHUECKHX OTOOpasKeHHH
CIIEIYIOMIErO BUMIA

xn+1 = 4)\'1 xn (1 -xn) + Yyn’ (1)

yn+l =4)\'2yn()\'-yn)+yxn

(x, y - TMHaMHUYECKHE NIEPEMERHBIE, A, A, - TApDaMeTpPhl, OTBEYAIOLIME 32 YIBOCHHUS, ¥ -
napaMeTp CBSI3M) IPHBOTUT K BO3MOXKHOCTH COCYILIIECTBOBAHHSI CIEHapHEB Iepexofia K
Xaocy uepe3 Kackajy Oudypkauudi yEBOEHMS IepHOfla M dYepe3 paspyllcHHE
KBa3MIEepHOAMIEcKoro pexuma (puc. 1). OmHako AeTaTbHOrO M3yYeHHS BO3MOKHBIX
Oudpypkamyit 1 BecbMa MHOroOOpa3HbIX (DEHOMEHOB HEJIMHEHHON AMHAMMKM B TaKoi
CHCTeMe NPOBEACHO He ObuLIO. B panHON paGoTe MBI HOCTapalmMch, IO KpaiHed Mepe
OTYaCTH, BOCHOJHMUTE O3TOT NpobGex H Oolice TINATENBHO M3YUMTh YCTPOHUCTBO
IPOCTPAHCTBA YNPaBISIOIINX I1apaMETPOB HEMACHTHUHBIX CBS3aHHBIX CHCTEM C
YIBOCHMAMHM IlepHoja. B LeHTpe BHHMaHUS CIElyIOLIME BOIPOCBL KaK YCTPOEHa
oOmacTe kBasunepuomukun QP; KakoBbl OCOGCHHOCTH  YCTpOMCTBA  SI3bIKOB
CHHXDOHH3alli¥ Ha IUIOCKOCTH YIPaBISIOLUMX [IapaMETpOB IONCHCTEM H  YTO
IPOMCXOIUT C HUAMHK IIpH BapHalMd BEIWUYMHbI CBA3M; KaKHE THIbI KPHTHYECKOIrO
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Puc. 1. T'panuupl OnypKaUMOHHBIX JIMHHE [Jist A
ortoBpaxenns Buga (1) Ha MIOCKOCTH MapaMeTpoB

(A» A [3] DHyskrupras nuems ykaseiBaer
rpaHuily MeXIy OBJacTbio CYIECTBOBaHMS LKA
neprofa 2 1 obnacteio QP ¢ KBasHIIepUOIHYECKHM 08 k= 4P
noBefieHueM. 1P, 2P u 4P - ofnactu cyluecTBOBaHUS
Ko nepuofa 1, 2 M 4, COOTBETCTBEHHO.
ITapamerp cBsa3u e=0.4

NOBCNCHUAA XapakKT€pPHbl Ha IIIOCKOCTH
napaMeTpoB, e «BCTPEYAIOTCSA»
Cli€Hapuyd I€pexofla K Xaocy 4epes
YABOCHUS II€PHONA M YE€pe3 paspylICHUE
KBa3UIICPAOTTUIECKOI'O JIBHXKCHHUA, 'KaKI/Ie
HOBBIC THIIBI KPpUTHYHOCTH BO3MOXKHBLI B
Takoii cucreMe? Elne oyH cylecTBeHHbIH
BOIIPOC, KOTOPBIA 3aTPOHYT B HACTOSIIEH
pabGore, - 4YTO HM3MEHATCI, a YTO g
COXpaHHTCAd B KapTHHe HEJMHCHHBLIX
SABJICHUH Ipa nepexouc OT CBA3AHHBIX
oTobpaxeHu#t K mupdepeHmaibebM ypaBHeHHsaM? C 3Tolfi menblo NpoBefeH
CPaBHMTE/]bHLIA aHAIM3 YCTPOHCTBAa IIPOCTPAHCTBA I1apaMETPOB HEMJCHTHUHBIX
CBSI3aHHBIX JIOTHCTHYECKAX OTOOpa’KEHHH M CBSI3aHHBIX ocumwuaTopoB yddunra nop
BHEIIHUM FAapMOHHYCCKUM BOBHCﬁCTBI/ICM.

| | ] |
02 04 06 08 A,

1. CBa3aHHBIE JIOTHCTHIECKHE OTOGpAKEHNS

IlepBoit wacTbro paGoOThl SBISAETCA HCCIENOBAaHHE ILUIOCKOCTH YIIPABIIAIOLMX
napaMeTpoB HEUJCHTHYHBIX CBSI3aHHBIX JIOTUCTHYECKHX OToOpaxkeHdil. BriGepem
CHCTeMYy U1 H3ydeHHd B clenyolel dopme:

xn+l = >\'l - an + e(xn - yn)’ (2)
yn+l = )"2 _y"2 + S(yn - xn)-

3nece ¢ - mapamerp cBs3H. (Takoil BHI CHCTEMbl CBSI3aHHBIX OTOOpaskeHHM ceiyac
GoJee NPUHSAT, HEXKeJM 3KBUBaJICHTHAa eit cucteMa (1).)

B kauecTBe OCHOBHOrO MHCTPYMEHTa JAJISl M3y4YEHHs! YCTpOMCTBa IMpPOCTpPAHCTBa
napaMeTpoB BBIOEpPEM [OCTATOUHO MNOMYNSIpHBIA B HAcTOsWIee BpeMsi METOX KapT
IMHAMHYECKUX pexuMoB (cM., HampuMep, [4]). OH COCTOMT B TOM, YTO C IOMOIIBIO
KOMIIBIOTEpa CTPOUTCA IUIOCKOCTL IIapaMeTpOB CHCTEMbl, Ha KOTOPOH OTTE€HKaMH
ceporo useTa 0003HayaroTCs OGJIACTH pA3IMYHBIX HepHonoB. Hamm BeIGpaH cmocol
3ajjaHs] HAYaJIbHBIX YCIOBHH, KOIN]Aa OHHM «HACIERYIOTCS» - TO €CTh IIPH CKaHUPOBAaHHU
IJIOCKOCTH MapaMeTpoB HOBble HAvyalbHBIC YCIOBHS OTBEYAIOT YCTAHOBHBLIEMYCS
peXnMy B Npenbiyineil Touke. Takue KapThl GbUM NOCTPOEHBI IS CHCTEMBbI (2) mpu
pa3iMYHBIX 3HA4YEHHUSX [apameTpa CBS3H ¢ {puc. 2). YBeimueHHble (PparMeHThl KapT
IpeAcTaBieHbl Ha puc. 3. BriGpaHnas 1BeTOBas «IlalUTpa» INpHBEJeHa Ha pHuc. 2.
Hudper 06038a9a0T Nepron muKia. [lepuons! MUKIOB HEKOTOPBIX HauGonee KPYMHbIX
obs1acTell yCTORYMBOCTH OTMEUEHBI HENIOCPENCTBEHHO Ha KapTax.

OTMeTHM, 4YTO CHCTEMa CBSI3aHHBIX OTOOpaXkKeHWil, BooOIIe TI'OBOPS,
XapaKTepu3yeTcsi MyIbTHCTaCWILHOCTEIO, H BWJ KapT (B TOM NIM UHON CTENEHN) MOXKET
3aBHCEThL OT BbIOOpa HAYalbHBIX YCIOBHH M OT cnocofGa CKaHHMPOBaHMSA ILIOCKOCTH
napaMeTpoB. B HailleM ciny4yae HanpaBlleHHE CKaHMPOBAaHMS NIpH IIOCTPOEHHHM KapT
NPOU3BOIMTCS CJIeBa HAIpaBO W flajiee CHU3Y BBEpX. 3aMeThM, YTO IpU H3MEHEHHH
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feraHuve petueHus
a bec c

Puc. 2. Kap’[‘bl JMHAMMYCCKUX PpPEXHUMOB CHCTCMbl HECHACHTHYHBIX CBA3AHHBIX JIOTHCTHYCCKUX
orobpaxeHuit (2) Ha naockocTd (A, M) Ny pasnuuHbIX SHAYeHHAX NapameTpa cBssue: a - 0.2,6- 0.5,
6-~06,2-09
nopsAfKa CKaHAPOBAaHUs Mbl NIOMyJaly KapTy, BU3yaJIbHO HEOTIHYHMYIO OT IOKa3aHHOH
Ha pHC. 2. DTO CBSI3aHO ¢ BBIOPAHHBIM CIIOCOGOM IIOCTPOCHHS - «HACIIENOBAaHUE»
HavaJIbHBIX YCJIOBHI U «CTapT» U3 o0nacTH nepuona 1.

Kaptel oOnajator psagoM  oOIIMX OCOOCHHOCTEH: OHM  CHMMETPHYHBI
OTHOCHTEIILHO IJIaBHOH MaroHad, KOTOpOi OTBeYaeT ciay4ail HICHTHYIHBIX IOCUCTEM.
Kak u npeficka3aHo B paGote [3], BGIM3M riaBHOR MarosayM HaGiEOfaeTcs: Hepexon K
XaocCy 4epe3 pa3pylIeHHe KBa3HIEPHONUYECKUX PEKMMOB, a KOITIa llapaMeTphl A, H A,
CYILIECTBEHHO OTJMYAIOTCS APYr OT jApyra - no cneHapuio Peiirembayma. Kak yxke
OTMevanoch, OCOGEHHO MHTEPECHA [IIS HCCIefoBaHUs o0JacTb Ha IUIOCKOCTH
11apaMeTpoB, ITie HOAXONsAIEe APYr K Apyry Kpurudeckue muand Peiirenbayma Tepnst
paspbls M 00pa3yloT HEKOTOpPYIO OIpaHHYeHHYIO ClieBa M cmpaBa oOnacTh
KBa3UNECPAOIMIECKUX PEXUMOB, COEPKALIYIO BHYTpH ce0s cUCTeMY SI3LIKOB APHOIbIA
(cpaBrmre puc. 1, 2 u 3). Ha puc. 2 BHAHO, YTO 3Ta OGNacTh MMEET HEKOTOpOE
JOCTaTOYHO CJIOXHOE BHYTpPEHHEE YCTPOHCTBO M HCIBITHIBAET CYHIECTBEHHBIC
MeTaMopdo3bl IO MEPE YBEIMYCHHS! TapaMETpPa CBA3H.

Ha puc. 3 ona moka3aHa B yBelmueHHOM MacirraGe, 4TO mnosBoiseT Gonee
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0.9 A, 1.5 5 0.9 Ay 1.5

8

Puc. 3. TpancpopMauusi s3bIKOB CHHXDOHH3ALMH CHCTeMbl (2) Ha mutockoctu (h), A;) B AManasoHe
tiapameTpa uccunauuu e ot 0.3 1o 0.49:a - 0.3,6 - 04,6 - 0.44,2- 0.49

IETAJLHO PacCMOTPETh €€ YCTPOHCTBO IpHM BapHallM¥ MapaMETpa CBA3M OT 3HAUEHHS
£=0.3 mo =0.49. 3ameruM, 9YTO CHM3y OOJAcTh KBa3HICPHOAMYECKHX DPEXHUMOB
orpaHMyeHa imHded Gudypkamuu Hedimapka - Cakepa (moppoGHOCTH CM. HIKE) Ha
Gase peryiaspHoro pexuma c¢ nepuopgoM 4. Ilpu ¢=0.3 B61M3M JI€BOro M NpaBoro Kpas
o0nacTH KBa3MNEPUORMUYECKNX JBMKECHMII pacnojlaraloTcsi OYEHb Y3KHE HA3bIKM
CHHXpOHHM3alny GOJILIMX NEPHOROB. BOM3H ke qUaroHalI MOXKHO BHAECTh HEKOTOPYIO
CIOXHO YCTPOECHHYIO OGNAcTh C OCHOBHBLIM NeprofoM 12, BHYTpH KOTOpOH, B CBOIO
odepeib, IpocMaTpuBaeTcsi 06iacTh nepuona 24 (puc. 3, a). Ita obiacTs Ha pHc. 3, a
NeXHUT Bblue nuaud Oudypkamuu Hefimapka - Cakepa M OeJMKOM paclojaraercs B
00J1acTH KBa3HONEPHONUUYECKHX peXuMoB. IIo Mepe yBelIMueHHS € OHa IIOCTENECHHO
OIlycKaeTcsl BHHU3 M, HaKOHell, Kacaercs ymHMM Oucypkamum Hefimapka - Cakepa,
npespamasck B o6lacTh pe3oHaHca 1:3. 3aTeM OHa paspbiBaeTcsl Ha [jBE 4acCTH, H
BO3HHKAIOT [iBa $3bIKa CHHXPOHM3AIMM ApHONBIA NepHona 12, BepUmMHBI KOTOPBIX
CKOJB3AT 10 TpaHMIE CYLEeCTBOBAaHMs [ukJa nepuona 4 (puc. 3, 6). Kpome Toro, npu
e=0.4 BOMM3M juaroHayM Ha puc. 3, 6 MOXHO BHJETH LEIYI0 CHCTEMY oOacTeid
NONTONECPHOIMYECKHX  UMKJIOB, INO-IPEeXHEMY  JeXalux BHYTpH  oOlacTelt
KBa3HIEepHOANICCKNX pexXuMoB. IIpm panpHeiilieM yBelMYEHMH & S3bIKM HAUMHAIOT
NeOpMHpOBATLCHA, KaK T[IOKa3aHo Ha puc. 3, 8. IIpouCXOmsT CylecTBCHHbLIC
MeTaMopo3bl ¢ KpasiMi O0JIaCTH KBa3UIIEPHOTMYECKUX PEXHMMOB. Pe3ko yIIHHSIOTCH
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ofpasyrolue T4 Kpas muHEM nepuona 8, 16 u .. Ilpu £=0.49 pesko ymmaHmorcs u
HCKPHBJISIOTCS YKe I'paHHIbl 00IaCTH Neprofa 4, y KOTOpOoH BO3HHUKAIOT iBa OTPOCTKa,
OXBaTHIBAIOUME S3bIKM CHHXpoHM3anmu (puc. 3, 2). O6racTh KBasuIepHONAICCKUX
PEXUMOB IPEBPALIAETCS B MOYTH 3aMKHYTYIO 0GNacTh. Menkue A3bIKM CHHXPOHM3aIHH,
HaG/TIONABINMECS paHee y e€ JIEBOro W NpaBOro Kpas, ucuesaroT (mo kpaiinel Mepe,
CTaHOBSITCSI HE3aMETHBIMH).

Ha puc. 4 npuBenieHn! ¢a30Bble HOPTPETh! aTTPAaKTOPOB B Pa3iMYHBIX TOUKAX
TLIOCKOCTH IapaMeTpoB (A, A,) sl 3HaueHust DapameTpa cBsisH £=0.4. BagHO, YTO S3bIK
CHHXPOHH3AIIMH YCTPOEH CJIOXHBIM 00pa3oM. B Toukax, GJM3KHX K TOUKE KacaHHsS
s3pika ApHONbHa JmHHM Oudypkaumu Hefimapka - Cakepa, ¢a3oBele NOPTPETBI
HPENCTaBIIOT cOGOM TJafikie WHBapHaHTHbIE KpuBhle. IIo Mepe yhajeHHs OT TOYKH
KacaHusi HHBApMAHTHbIE KpHBbIe HAUMHAIOT WCKAXaTbC H TEpATH IVIagKOCTh
(dbparments! 2 u 5), a B TOYKaxX, GMM3KHX K JBYM KOHNAM $3bIKa, HaGIIORAIOTCH
(ha3oBble MOPTPETHI ATTPAKTOPOB B BHAE CIOXHBIX JIEHTOOOPA3HBIX OOpa30BaHHIA.
BryTpH sf13bIKa HaGMIONAaeTCs KacKajl yABOCHHI eprona.

3aMeTHM TaKXe, YTO Ha pHC. 3, 8 XOPOIIO BHHO «HAJIOXKEHHE» JPYT Ha [pyra
(BOIM3M IMaroHaM) JBYX OCHOBHBIX 3bIKOB A pPHOJIBA IepHofia 12, YTO WIIFOCTPHPYET
CYILIECTBOBaHHE MYJIbTHCTaOWIBHOCTH B cHcTeMe. MblI, OfHaKO, He OyfeM JETalbHO
OIMCBIBATEL 3TOT (PEHOMEH TUHAMHKH CBSI3aHHBLIX CHCTEM, a Jlajiee COCPeoTOUMMCS Ha
aHaJIM3e KPUTHUECKHX SBJICHUIA.

20

20 6

Ny
.1.0[2=109% A =1381
-1.0 x 20
2.0 5

o= 1223:31= 1342

1.0 x 2.0
2

AN
0
v
otz 1.@1; 1294
-1.0 x 20

™)
y (‘k

10A=1052 A;=1346/2.0
-1.0 x 20

_10 }vz= 1.070 7\.1-_— 1.220 _10 }vz= 1.139 7&-1= 1248
-1.0 x 20 -1.0 x 20

Puc. 4. ®a3oBble NOPTPETbI aTTPAaKTOPOB CHCTEMBI (2) B PasNMYHBIX TOUKaX IUIOCKOCTH NapaMeTpoB
(A A) nnst 3uavenus napametpa cesisH £=0.4. B uenTpe npejicraBneHa Kapra MHAMAYECKHX PEXHMOB
paist e=0.4. Tounvle xoopmumarel (M, A;) Kaxpoif BeIGpaHHOM TOUKH Ha KapTe yKasaHbl B
COOTBETCTBYIOIEM hparMeHTe :
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1.5

M Ay

0.0 B \\&&x\%\\\\\\\\i\k\\\&m 0.0 // ~ R1 FFEFF ]
0.0 A, 15 0.0 N -

Puc. 5. Kapra jpuHampueckux pexxumon @) cucteMbi (2) npu =0.4 u cooTBeTCTBYIOUas € MIOCKOCThL
napametpos (A, ), Ha xoTOpO# M30GpakeHs! OCHOBHbie Gudypxauponnsie mmwn (6). FF -

TepMHHalIbHas TOuKa, R1 - Touka pesoranca 1:1, R2 - touka pesonanca 1:2, R3 - Touka pesonanca 1:3.
C noMolIpio OKPYKHOCTH Ha ¢pparMenTe (6) Bbiienena o6lacTb, KOTOpas B yBEeNIMUEHHOM MaciuraGe
NOKa3aHa Ha pHc. 6

Kak yxe orMeyanoch, oco0blii MHTEPEC BbI3bIBACT OGJIACTh, Tie BCTPEYAIOTCH
JBa pa3HbIX CHECHapus Hepexofa K Xaocy - uepe3 YIABOCHMsI NepHofa M 4Yepes
pa3pylLieHHe KBa3HICPHONMYCCKHX PEKHMOB. JTO OKDECTHOCTH ABYX XapaKTEpPHBIX
OCTpHEB, XOPOLIO BHAHBIX Ha pHc. 3, 6. OnHako g Goiee HeTalbHOrO ONHCAHHS ITHX
obnacTell yXe HeJJOCTaTOYHO HOCTpOEHMS KapT peXuMmoB, a TpeOyeTcs Oonee
TIIATEeNbHBIA OuypKamHoHHb aHamu3. s Toro 9To6bl IPOMIIIOCTpHpOBAaTh 06a
3THX METOJA JUIS CHCTeMEI (2), Ha pHC. S TOKa3aHbI B OJHOM MacIITabe KapTa pexKMMOB
(puc. S, a) n GudpypranuonHas muarpamma (puc. S, 6) Juis 3HaueHNS apaMeTpa CBA3U
¢=0.4 ", Bonee geranbHO GUyPKAUMOHHBIC JMHHM M TOUKA B OKPECTHOCTH HPaBOro
OCTpHsl INIOKa3aHbI B YBEJMYCHHOM BHie Ha pHc. 6. OKpecTHOCTH JIEBOIO OCTDHsI
YCTpOEHA COBEPLIEHHO aHAJIOTHIHO B CUITy CHMMETPHH CHCTEMEI.

Ipu peikeHud u3 OONACTH YCTOMYMBOCTH IWKJa nepuoga 1 B CTOpOHY
yBEJMYCHUS TapaMeTpa A, MOXHO HaGJIONATh Kackaj GHypKaiWii yNBOCHUs IEPHONaA.
Haunnas ¢ nukia nepuosa 4, COOTBETCTBYIOIINE JTUHMA OudypKallUK YABOCHHS epHOfia
IpH YBEJWYEHHH NapaMeTpa A, 3aBEPUIAIOTCS, HE JOXOAi JI0 MMArOHANH, B TOYKAX
Gucpypxauuu Kopasmeprocry 2. [l Uukia meprona 4 - 910 TOuKa pe3oHanca 1:2 (Ha
pHUCYHKax TOdka R2, o6a MyIbTHILIHKAaTOpa UHKJA PaBHbI uu:-l), a II1 IHKIOB
GOMNBIIEro NEPUONa 3TO MePMUHAALHbBLE TOUKH, B KOTOPBIX MYTbTHIUIMKATOPR! W,=-1 K
=1 (na pucynkax Touku FF, ot Flip-Fold).

3aMeTHM, 9TO M3 TOYKH R2 Bhixomut jmHEs Oucdpypkamuu Hefimapka - Cakepa
NS, (lu,l=1, Bbimenena xupHo#l mmHueil), KoTopas W oGpasyer Kpail oGmacTu
KBa3UIEPUONMICCKUX PEXKAMOB, ONHCAHHOH paHee C JIOMOLIBIO KapT JAMHaMHUYECKHX
pexumMoB. Ha Hee ommparoTcsi s3bIKH APHONBJA pa3IuyHOro mepuona (cM. puc. 5, a),
BKJEOUas o6nacTsh peszoHanca 1:3 (touka pesonarnca R3 ma puc. 5, 6). Janee, U3 Touku
R2 poixonur eme opgna nuHMA Hefimapka - Cakepa NS,, Takke MoKaszaHHAs SKUPHOM
muHMel Ha puc. 6. Takum o6pa3oM, o6GnacTh YCTOAYMBOCTH ILHKJIA MepHoma 8
orpaHuueHa cBepxy (cM. puc. 6) yuactkoM OudypkanuonHoi muuum Heilimapka -

* PacueTsi IPOBOJMIKCH ¢ nomolkio nporpammel CONTENT [Yu.A. Kuznetsov and V.V. Levitin
(1997) «CONTENT: A muitiplatform environment for continuation and bifurcation analysis of dynamical
systems» Centrum voor Wiskunde en Informatica, Kruislaan 413, 1098 SJ Amsterdam, The Netherland, ftp://
ftp.cwi.nl/pub/content].
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A Cakepa NS, 1 IuHHEN KECTKOrO NEpexona

1.075 - (u,=1, lwl<l, nyEKTHpHAA JMHHEA),

KOTOphble pa3ficieHbl TOYKON GUdypKaluH

1.050 Kopa3MepHoctd 2 (Ha pucyHKe 00O3Ha-
yena R1 - Touka pesonanca 1:1, p, ,=-1).

1.025 OTMETHM, YTO CIMCOK JIOKAJbHBIX

Oudypkanuii, CBSI3aHHBIX C PE30HAHCOM

1.000 1 1:2, wucuepmbiBaeTCs IpHBEJECHHbIMM Ha

0.975 - puc. 6. CregyeT, OfHaKO, MORYEPKHYTH,

' yro 6ucdypkauusi Hefimapka - Caxepa Ha

0.950 - manun NS, sBisieTcst cyGkpuTHyeckoi. B

T T T T T T

132 136 1.40 1.44 ), OKPECTHOCTH DE3OHAHCa CYLECTBYET eLle

HECKOIPKO JIHMHHHA riobanbHbIX Ougyp-

Puc. 6. YBennuerHstit dpparment puc. 5,6. Uudpamu Kagui, CBA3aHHLIX C HEPECTPONKaMU

ﬁ:;’fl;;g: 4’°6§fa°112 "cyggﬂiﬁizﬁ: e oo 3AMKHYTBIX MHBAPHAHTHBIX MHOr0OGpasui,

COOTBETCTBYIOT JHMHMAM Oudypkanuit yjgBoeHUs
Nepuojia, TMNpEephIBUCThIE - JIMHUAM  JKECTKOro

BO3HUKAIOUUX B pe3ynbTare OudypKauuit
Ha yuuusx NS, u NS, (cMm., Hanpumep, [5-

fepexofa, KUpHblE - JUHUAM  OudypKaumit

6], rne mompoGHO onucaHbl G ypKanuy B
Heiimapka - Cakepa NS

OKPECTHOCTH pe3oHaHca 1:2).

JI7Ist UKIIOB YABOEHHOTO NEpHOMa Ha pHC. 6 MOXKHO BUETH NOCAENOBATENbHOCTD
TepMUHANbHLIX Touek FF (Ha pucyHKe ykaszaHbl Tpu Takde Toduku). B TaGimme
NpHUBeleHbl TepMHUHaIbHbIC TOYKM FF nns juHmi Gudypkauvu ynBOECHMs IIEPHOJA,
HauMHas ¢ nukiIa nepuopga 8 go 1024. MoxkHO BuAeTh, YTO 3Ta MOCIENOBATEILHOCTD
HakamuBaeTcs K HEKOTOpPOH IpefienbHofl  kpuTuueckoi Touke. IlomoGHas
NIOCNeNOBaTeILHOCTL OHypKallii THIa TepMHHAlhRHBIX ToueK FF MccienoBaiach B
pa6otax [6-10], i 6bLIO OGHAPYXKEHO, YTO COOTBETCTBYIOLIAS KPUTHYECKAsl TOUKA ITOIO
THNA acCOUMUpPYETCs € LMKIOM IlepHOofla 2 PEeHOPMIPYNIOBOIO IpeoOpa3oBaHMs
ynaBoeHust (TO €CTh ¢ HENOABHXKHOM TOYKOM IpeoGpa3oBaHust yuerBepenus PI'). Jta
TOUKA SIBJISETCS TEPMUHAIBLHON [ pelreH6ayMOBCKO! KPUTHUYECKON JIMHUM, TO €CTh
TOUKOH, B KOTOpoOil ¢elireHbayMoBcKast JMHUS OOpbIBaeTcs. Tako# THII KpPUTHYHOCTH
nomyunn HaumeHoBanue C-tum. JJokasaHo, 4YTO B KpUTHYecKod Touke Thma C
KpDUTHYECKHI KBa3MaTTPaKTOP COCTOHUT U3 OECKOHEUHOI'O MHOXKECTBA COCYILIECTBYIO-
X aTTPaKTOpOB - YCTOHYMBBIX LMKIOB NepHONOB 2:4* W HEYCTOMYMBBIX LHMKIIOB
nepuonoB 4* (k=1,2,...,00) [7-11].

Tabmna

Tepmunanbable Toukd FF cucremst (2) mis sHaueHus napamerpa cas3u e=0.4

Ne
YpOBHS X y A, A
8 1.52748654438 0.832027050076 142211434872 | 1.04536723026
16 1.51924944092 0.925594316666 143342291359 | 1.06527796425
32 1.51549610195 0.944420633912 1.43540783724 | 1.06925872682
64 151462907469 0.947525094423 1.43560852092 | 1.06967100717
128 151448606773 0.948436165896 1.43574276220 | 1.06994764874
256 1.51444199033 0.948492315004 1.43572781554 | 1.06991681069
512 155015567623 0.691545135397 143574642151 | 1.06995521068
1024 1.55014968148 0.691536759962 1.43573942195 | 1.06994076322
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Crenyer OTMETHTb, 9TO B OONACTH MalbiX 3HaueHuit mapaMeTpa A, (a B cuiy
CHMMETPHHM M B OONIaCTH MAJBIX A;) TakKXe HaGNIONAETCH HAKOMICHHE TEPMUHATLHBIX
TOYeK JIMHHUI YABOCHHMS HEPHOMa, ONHAKO B JaHHOU paGoTe Mbl MOAPOCHO MCCIERyeM
JMIIL HHTEPECYIOLIYIO HAC 06JacTh, B KOTOPOIl CXOJSTCS 00/ACTH KBa3HIEPAOIHYECKUX
IBAKEHNMI M KacKajl YABOECHHS IIEpHOJIa.

2. Ceazannble ocuansaTopsl yddunra
IOJ BHENIHMM rapMOHMYECKHM BO3JeHCTBHEM

Kak MBI BHfenH, yCTPONCTBO IIOCKOCTH YIPaBISIOINMX HapaMeTpPOB CHCTEMbI
IByX HEHACHTHYHBIX CBS3aHHBIX JIOTHCTHUYECKMX OTOOpaxkKeHMil objajaeT HOCTaTOYHO
TOHKOH CTpykTypolél. HHTepecHO BBIACHMTB, B Kakoli Mepe COOTBETCTBYIOIE
OCOOCHHOCTH XapakTepHBL I Oollee pPEATMCTUYHBIX MOJelel, B YaCTHOCTH, s
mdpepeHambEbIX CHCTEM. [l OTBeTa Ha 3TOT BOIPOC Mbl OOpaTHIMCh K CHCTEME
CBs13aHHbIX ocnuuaTopoB [ydduHra, HaXOmAINUMXCsl MO BHEUIHWM IapMOHHYECKUM
BO3/ICHCTBUEM
&x/de? +y dxldt + x + x* + e(x - ¥) = Acos (ot),
)
dylde? +y dyldt +y +y® + e(y - x) = Beos (wt).

3mecy x, y - qMHAMUYECKHE TIEPEMEHHBIE, ! - BpeMs, y - DapaMeTp 3aTyXaHuf, € -
napaMmeTp CBa3d, A, B - aMIUMTYAbl BHEIIHEro BO3[ICHCTBUSA, ® - YaCTOTa BHELIHETO
BO3ACHCTRHS. -

AspronomHb ocumunisitop  [ydduara npum  ¢UKCHPOBAaHHBIX IIapaMeTpe
[MCCHIIALMA Y M 9aCTOTE BO3ACHCTBHA o C POCTOM aMIUTUTYABLI BHEIIHEro CHTHana A
IEMOHCTPHPYET KacKaj OudypKalWil YABOEHHS H NEPeXOX K Xaocy IO CIEeHapHIO
Qeiirenbayma. [losroMy MOXHO OXHAaTh, YTO [IBa CBS3aHHBIX OCIMILISTOpA 3)
OTHOCATCS K pacCMaTpABAEMOMY HaMH KJIACCY CUCTEM.

Ha puc. 7 wuszoOpaxeHbl KapThl [MHAMHIECKMX PpPEXHMOB CBSI3aHHBIX
ocnuaTopoB  [lydduAra Ha IIOCKOCTH aMIUIATYH  BO3JCHCTBHA  OTAEIBHBIX
ocouIATOpoB (A, B) I pasiMuHbIX 3HAYeHMN NapaMeTpa CBS3H &. 3HaUCHHS
lapaMeTpa JUCCHOANMM M YacTOThl BHEUIHEro CHTHaja BblOpaHbl paBHBIMM
coorseTcTBeHHO ¥=0.2, w=1.46. PaccMoTpenue KapT [Wis OTOKOBOM chcTeMsl (3) U ux
CpaBHEHHE C AHAJIOTHYHBLIMH KapTaMH JUIS CBS3aHHBIX JIOTHCTHYECKHX OTOOpakeHnit (2)
BBISIBJISIFOT PSIf CXOIHBIX YEPT.

HMeercs TakKe XapakTepHas o0lacTh KBa3HUIEPUOIUYECKUX PEKHUMOB, TONBKO
Telepb OHAa OrpaHAYeHa OOJacThIO MUKiIa mepuona 2. Ha puc. 7, 6-0 MOXHO BHAETH
MEJIKHE S3bIKM CHHXDOHHM3alldl y JIEBOrO U IIpaBOro  KpaeB  OO/IacTH
KBa3UIepHONNYECKHX IBUKEHUA. B TO Xe BpeMs, YCTpOHCTBO IIJIOCKOCTH ITapaMeTpOB B
OKPECTHOCTH JMAarOHaJ M MOXET CYUIECTBEHHO oTvmMuYarhbes. PesoHanc 1:3, croms
XapakTepHbIA 71 CBS3aHHBIX JIOTHCTUYECKUX OTOOpaKCHHH ¥ 3aHAMAFOLIMI IOYTH BCIO
obacTh B LEHTpe pHC. 3, 3[leCh OTCYTCTBYeT. BMecTo Hero Ha puc. 7, 6 Mbl BHOUM
pe3oHanc 1:5. (SI3eik Apnoubna nepuona 10, onmparoumiics Ha JHHHIO GudypKanun
Hefimapka - Cakepa o6JacT¥ yCTOMUMBOCTM IMKJIa Hepuofia 2.) OpHako ¢ pocToM
napaMeTpa CBS3M € SBOJIONMS KapT IPOMCXOMMT Ho-upyroMy. O6macTe
KBa3UIepUOIUUECKIX PEXKUMOB He 3aMblkaeTcd, Kak Ha puc. 3, 2, a HaoboporT,
pacumpsercs (puc. 7, z-e). TakKe onpeeneHHble OTIMIUS HAGIIONAIOTCS M IpH
YMEHBLICHMN NapameTtpa cBsi3d ¢ (puc. 7, a-6). Tak, Ha puc. 7, a Mbl BHOUM, YTO
JOJNToNepHOANYEeCKHE NKJIIbI 00pa30Baiy 001acTH, CBEPHYThHIC B BUAE NOMYKOJIE.

Hrak, cucreMa cBf3aHHBIX ocquuIATOpoB [ydduHra Takke AeMOHCTPHpYET
COCYILIeCTBOBaHME [IBYX CIICHapHEB IEPEXOa K Xaocy - Uepes YABOEHHs NEpHOofa U Yepe3
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14.0 4 200 ., 110 A 20.0

5 10 4 250 50 A 30.0

Puc. 7. Kaprsl [MHAMHYECKHX PEXHMOB CHCTEMBI CBf3aHHBIX ocuuuiaropoB Hydpurra (3) Ha
IWTOCKOCTH (A, B) npy pasnuuHbX 3HaueHHsIX napameTpa cpsisue: a - 02,6 - 0.3, - 0.5,2 - 0.7,0- 0.8,
e - 1.0. Ilpn nocTpoeHHM KapT paccMaTpUBAIMCh Hepuodbl, KpaTHbie JByM. Ilapamerpnl y=0.2 n
0=1.46. Uudpamu ormeyeHbt 06AaCTH CYIIECTBOBAHMS LMKJIOB Pa3JIMUHBbIX HEPHONOB

KBa3HTICDHOJHYECKHE PEXXKHUMBI, OFHAKO TOHKHME HETAM KapTHHBI NEpeXofa MOTYT
OTIMYATHCS OT AHAJIOTHYHON KapTHHBI J7IS CBS3aHHBIX JIOTHCTHIECKHX oToOpaxkeHui. B
TO Xe€ BpeMs, Ha pHC. 7, 6 MOXHO BHAETh XapaKTepHble OCTpHA B OGNacTH, IAe
BCTPEYAIOTCH 3TH CIEHAphd. JTO CHTHAIM3HAPYET O BO3MOXHOCTH CYI{ECTBOBAHMS
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COOTBETCTBYIOIIETO THIAa KPUTHYHOCTH KOpasMepHocTH jBa. OIHAKO €ro HOHCK H
HajieXKHas ueHTH(UKaung Il fuddepeHHanbHON CHCTEMBI laXKe I COBPEMEHHBIX
KOMIIBIOTEPOB IPENCTaBNACT CIMIIKOM CIOXHYIO 3afayy. TakeM ofpasoM, noka
IIPHXOJHTCA OrPaHHIUTHCS BU3YATbHBIM COOCTABIICHAEM KapT PESKMMOB.

3ameTHM, HAKOHET, YTO IS cHcTeMB! (3) nipn £=0.3 mocTpoeHs! Takxe (ha3oBble
IOPTPEThI aTTPaKTOpoB B ceuenun ITyankape (puc. 8).

0.4 7 6.0

-0.05 7
x 8
b
A=20.2 A=22.05
.1.15 B=20.2 =  B=20.0
2.7 x 3.7 x 4.0
-0.5
x
A=18.0| 5.0{== 51 e - A=220 -
0.7 B=19.0 2.0 B=18.0
2.5 x 35 39 x 44
x x
A=20.0 A=212 ;
0.6 B=19.4 »° 09 B=19.4 ot

387 «x 411 393 x 424

Puc. 8. ®asosble noprpersl arTpakropoB cucTemb! (3) B ceuenun ITyankape B pasnuuHBIX TOUKAx
IJIOCKOCTH NapaMeTpos (A, B) s 3Hauenus napaMeTpa casie=0.3 (B LeHTpe PHCYHKa NPECTaBJICH
¢dparMenT KaprTel puHamudeckux pexumos s €=0.3). Toumste kooppusatsl (A, B) kaxpolt

BBIGPAHHOM TOUKY Ha KapTe PEXKUMOB yKa3aHbI PSJIOM C COOTBETCTBYIOLIMM ceucHueM Ilyankape

3akmoueHue

TakuM o6pa3oM, TNPOCTPAaHCTBO YHPABIOIMX NapaMeTpoB HNPOCTEHIMX
CBSI3aHHBIX HEWJCHTHYHBIX CHCTEM C VYABOCHUSIME IlepHOfa - JIOTHCTHYECKHMX
orofpaxkeHMli - o0jlajaeT OYECHb TOHKMM H CJIOXHBIM YycTpodcTBoM. OHoO
XapakTepu3yeTcsi CBoeoOpa3HON KapTHHOM $3bIKOB CHHXPOHH3AllMM M HaJAYdEM
KPHTHIECKAX TOYEK KOPa3MEPHOCTH [Ba, M3BECTHbIX Kak C-THI KPHTHYHOCTH M
| IPEJICTaBISIIONMX CO0OM  KOHNeBble TOukU  (peiirenGayMoBckux Jmmmi.  [Iist
ociiusttopoB  [ycgdunra nmoj rapMOHWYECKMM BO3[EHCTBUEM MOXHO OTMETHTH
CXOJICTBO C TaKO¥M KapTHHOH, HO HMEIOTCS H ONpPENEICHHBIE OTIHYHSL.

Pa6oma evinoanena npu nodoepxke Poccuiickozo ghonoa dynoameHmarvrbix
uccaedoeanuit (zpaum Ne 03-02-16074), Amepurarckozo ¢PHonda 2pamOaHcKux
uccaedoeanutt u paseumun (CRDF, epanm M REC-006) u ¢gonoa Hexommep4ecKux
npoepamm «Jquracmus» npu codeticmeuu MLIODOM.
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YHUsepcumem

STRUCTURE OF CONTROL PARAMETERS SPACE OF NONIDENTICAL
COUPLED SYSTEMS WITH PERIOD-DOUBLINGS

A.P. Kuznetsov, J.V. Sedova, L.R. Sataev
The structure of control parameters space of nonidentical coupled logistic maps is
discussed. The critical points of codimension two connected with accumulation of

bifurcation situations of codimension two are found. The structure of control parameters
space of two coupled Duffing oscillators is discussed.
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