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[ m rLg ^H_ m g \�c tHc Z [ Ä m g \ \ [ h
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c
Y e$Ä
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e [ [ hVÃLg m `@pL_ Z�_ c$[ ÉVÂ@[ m Z [ h
Z Y"Ä
g ^H_ e [ c Z�g�rVtVÂ@[ l Ã@Y \ _ m�m rLg Y Z _ m�g Z Z l g m Z Y l"Ê x x p)x 	 Ë ¸$b ^�f$[ e ¸�Ê x 	 Ë�Z rL[�g dHZ rLY l�m Y ^Lc Z l dLm Z c
g ^�g l Z _ ÏLm _ g \�u 
��LY Í c tHc Z [ Ä-Í�_ Z r7g
��\ tV`V_ ^7Z tVÂ@["g Z Z l g m Z Y l�_ ^&Z rL[���Y _ ^Lm g l��["Ä
g Â)¸*Î
rH_ c
[ ÉHg Ä"ÂH\ [�hH[ ÏH^H_ Z [ \ t*\ YVY `Hc�Z YVY"m Y Ä�ÂH\ _ m g Z [ h�Z Y"Ã)[�l [ g \ _ � _ ÃH\ [�g c$g"ÂHrVtHc _ m g \�hH[ aV_ m [ ¸�b ^�f$[ e ¸
Ê x u Ë Z rL[
g dHZ rLY l c�g l k dL[�_ ^�e g aVY l�Y eH[ ÉV_ c Z [ ^Lm [
Y eHg ^�g Z Z l g m Z Y l�Y e���\ tV`V_ ^�Z tVÂ)[�_ ^�g��LY Í�c tHc Z [ Ä
Ä"Y Z _ a g Z [ h�Ã t*^L[ dHl g \�hVtV^Lg Ä�_ m c ¸�{)_ ^Lg \ \ t pL_ ^�Z rH_ c$m Y ^VZ [ ÉVZ$_ Z�_ c�Í�Y l Z r�^LY Z _ ^Hk*g�ÂLg Â@[ l�Ê x w Ë
hV_ c m dLc c _ ^Hk
g�Â)Y c c _ ÃH\ [$ÃH_ e dHl m g Z _ Y ^�Ä
[ m rLg ^H_ c Ä Y e�Z rL[$ÃH_ l Z r�Y e�rVtVÂ@[ l Ã@Y \ _ m�g Z Z l g m Z Y l c ¸
b ^"g�l [ m [ ^VZ�ÂLg Â)[ l�Y eLY ^L[�Y eLZ rL[�g dHZ rLY l c�Ê x · Ë pVg ^�_ hH[ g$Í�g c�g hVa g ^Lm [ h�Y eH_ Ä�ÂH\ [ Ä"[ ^VZ g Z _ Y ^
Y e�g7r tVÂ)[ l Ã)Y \ _ m&g Z Z l g m Z Y l*_ ^4g�c tHc Z [ Ä Y e�Z Í�Y�m Y dHÂH\ [ h0^LY ^Hi g dHZ Y ^LY Ä
Y dLc*a g ^4hH[ l
��Y \
Y c m _ \ \ g Z Y l c ¸�b ^�Z rL[���Y _ ^Lm g l��[
Ä
g Â�g$m rLg Y Z _ m�g Z Z l g m Z Y l�rLg c)Ã@[ [ ^�e Y dH^Lh@p Í�rH_ m r�hH[ Ä
Y ^Lc Z l g Z [ c
c Y Ä
[
m rLg l g m Z [ l _ c Z _ m*c _ k ^Lc�Y e�r tVÂ)[ l Ã)Y \ _ m*g Z Z l g m Z Y l c ¸7q
t7g�^Lg Z dHl [*Y e�Z l g ^Lc e Y l Ä"g Z _ Y ^ÇY e
Z rL[*ÂHrLg c [*c ÂLg m [
aVY \ dHÄ"[�_ ^ÇZ rL[�m Y dHl c [�Y e$Z rL[�[ a Y \ dHZ _ Y ^)p�_ Z"_ c"c _ Ä�_ \ g l"Z Y&Z rL[�o Ä"g \ [*Å
ÆÇ_ \ \ _ g Ä"c�c Y \ [ ^LY _ h@¸�b Z)\ YVY `Hc)l Y ÃHdLc Z ¶)Z rL[���g ^VZ Y l i \ _ `V[
Z l g ^Lc aV[ l c [�c Z l dLm Z dHl [
g ^Lh�Z rL[
Â@Y c _ Z _ aV[
�@t g ÂHdH^LY aÇ[ ÉVÂ@Y ^L[ ^ Z
g l [*_ ^Lc [ ^Lc _ Z _ a [*Z Y�a g l _ g Z _ Y ^ÇY e$ÂLg l g Ä
[ Z [ l c"_ ^�Z rL[*[ Ü dLg Z _ Y ^Lc ¸Çn�^
g ^Lg \ Y k Y dLc
c tHc Z [ Ä/rLg c�Ã@[ [ ^"ÃHdH_ \ Z�g c
g ^
[ \ [ m Z l Y ^H_ m$hH[ aV_ m [�g ^Lh"c Z dLhV_ [ h"_ ^
[ ÉVÂ)[ l _ Ä"[ ^VZ$Ê x � Ë ¸
��ÃVaV_ Y dLc \ t p�_ Z�Í�Y dH\ h7Ã)["hH[ c _ l g ÃH\ [
Z Y�rLg a [*g*Ä
g Z rL[ Ä"g Z _ m g \$m Y ^HÏHl Ä"g Z _ Y ^ÇY e�Z rL["rVtVi
Â@[ l Ã@Y \ _ m�^Lg Z dHl ["Y e
Z rL[�g Z Z l g m Z Y l ¸�n$c�o _ ^Lg _�rLg c$c dHk k [ c Z [ h�_ ^&hVdL[�Z _ Ä"[*Ê x Ë p)Y ^L[�Â@Y c c _ ÃH\ [
Í�g t*e Y l$c dHÃLc Z g ^VZ _ g Z _ Y ^�Y e�Z rL[�r tVÂ)[ l Ã)Y \ _ m _ Z t*e Y l$g Z Z l g m Z Y l$Y e�g���Y _ ^Lm g l��[�Ä"g Â�m Y ^Lc _ c Z c�_ ^
^ dHÄ
[ l _ m g \�aV[ l _ ÏLm g Z _ Y ^�Y e�m [ l Z g _ ^�c d��
m _ [ ^VZ$m Y ^LhV_ Z _ Y ^Lc�e Y l Ä�dH\ g Z [ h�_ ^�Z [ l Ä"c$Y e�_ ^Lm \ dLc _ Y ^Lc
e Y l�[ ÉVÂLg ^LhV_ ^Hk�g ^Lh&m Y ^ Z l g m Z _ ^Hk�m Y ^L[ c�_ ^�Z g ^HkV[ ^ Z�aV[ m Z Y l�c ÂLg m [*Ð Z rL["c ÂLg m [�Y e�c Ä
g \ \�Â@[ l i
Z dHl ÃLg Z _ Y ^
aV[ m Z Y l c Û ¸�b ^"Z rH_ c
ÂLg Â@[ l p Í�[$hV_ c m dLc c
g�Ä"[ Z rLYVh
g ^Lh"ÂHl [ c [ ^ Z�l [ c dH\ Z c�Y e)m Y Ä�ÂHdHZ [ l
a [ l _ ÏLm g Z _ Y ^*Y e@Z rL[ c [�m Y ^LhV_ Z _ Y ^Lc�_ ^
g ÂHÂH\ _ m g Z _ Y ^
Z Y$Z rL[�c tHc Z [ Ä#Y e@m Y dHÂH\ [ h�^LY ^Hi g dHZ Y ^LY Ä"Y dLc
a g ^�hH[ l���Y \�Y c m _ \ \ g Z Y l c ¸
Î�rL[�c tHc Z [ Ä ÂHl Y Â)Y c [ h*_ ^�f$[ e ¸�Ê x · Ë)_ c�l [ ÂHl [ c [ ^VZ [ h*ÃVt*g"c [ Z�Y e�hV_ �)[ l [ ^VZ _ g \�[ Ü dLg Z _ Y ^Lc

ẋ = ω0u, u̇ = −ω0x+ [A cos(2πt/T ) − x2]u+ (ε/ω0)y cosω0t,
ẏ = 2ω0v, v̇ = −2ω0y + [−A cos(2πt/T ) − y2]v + (ε/2ω0)x

2.

Ð x Û

Î
rL[
c tHc Z [ Ä5m Y ^Lc _ c Z c�Y e�Z Í�Y�a g ^�hH[ l���Y \�Y c m _ \ \ g Z Y l c�Í�_ Z r�m rLg l g m Z [ l _ c Z _ m
e l [ Ü dL[ ^Lm _ [ c
ω0g ^Lh
	

ω0
¸��$[ l [

x
g ^Lh

u
l [ ÂHl [ c [ ^ Z�m YVY l hV_ ^Lg Z [�g ^Lh
aV[ \ YVm _ Z t*e Y l�Z rL[�ÏHl c Z$Y c m _ \ \ g Z Y l p@g ^Lh

yg ^Lh
v
e Y l�Z rL[�c [ m Y ^Lh�Y ^L[ ¸�b ^&[ g m r7c dHÃLc tHc Z [ Ä Z rL[�ÂLg l g Ä
[ Z [ l�l [ c Â)Y ^Lc _ ÃH\ [�e Y l�Z rL[�ÃH_ l Z r

Y e�Z rL["\ _ Ä"_ Z�m tHm \ [ p�_ c�e Y l m [ h&Z Y�Y c m _ \ \ g Z [
c \ Y Í�\ t�Í�_ Z r7Â@[ l _ YVh
T
g ^Lh&g Ä�ÂH\ _ Z dLhH[

A
¸�Î�rL[

	



ÂLg l g Ä
[ Z [ l�Ä"YVhVdH\ g Z _ Y ^*_ c�Y e�Y ÂHÂ)Y c _ Z [$ÂHrLg c [ pHg ^Lh"Z rL[$c dHÃLc tHc Z [ Ä"c
Ã@[ m Y Ä"[�g m Z _ a [$Z dHl ^
ÃVt
Z dHl ^)p
[ g m rÇY ^7_ Z c"Y Í�^�rLg \ e i Â)[ l _ YVh

T
¸7Î
rL[*m Y dHÂH\ _ ^Hk&_ c"m rLg l g m Z [ l _ � [ h�Ã t7ÂLg l g Ä
[ Z [ l

ε
¸

Î
rL["ÏHl c Z�Y c m _ \ \ g Z Y l�g �)[ m Z c�Z rL["c [ m Y ^Lh&Y ^L[�aV_ g�g*Ü dLg hVl g Z _ m�Z [ l Ä-_ ^&Z rL["[ Ü dLg Z _ Y ^)¸
Î�rL[
ÃLg m `VÍ�g l h*m Y dHÂH\ _ ^Hk�_ c
_ ^VZ l YVhVdLm [ h
Ã t*g�ÂHl YVhVdLm Z�Y e)Z rL[$a g l _ g ÃH\ [

y
g ^Lh
g ^*g dHÉV_ \ _ g l t*c _ k ^Lg \

Y eLe l [ Ü dL[ ^Lm t
ω0
¸�b Z�_ c�g c c dHÄ"[ h�Z rLg Z�Z rL[
_ ^ Z [ l a g \

T
m Y ^ Z g _ ^Lc�g ^�_ ^VZ [ kV[ l�^ dHÄ�Ã)[ l
Y eHÂ)[ l _ YVhHc

Y e�Z rL[�g dHÉV_ \ _ g l t�c _ k ^Lg \
N0 = ω0T/2π

pHc Y�Z rL[�[ ÉVZ [ l ^Lg \�hVl _ aV_ ^Hk"_ c�Â)[ l _ YVhV_ m ¸
q�[ c _ hH[
Z rL[
ÃLg c _ m�[ Ü dLg Z _ Y ^Lc p Í�[
Í�l _ Z [�hHY Í�^
g$c [ Z
Y e@[ Ü dLg Z _ Y ^Lc�e Y l
c Ä"g \ \HÂ)[ l Z dHl ÃLg Z _ Y ^Lc
[ a Y \ aV_ ^Hk7g \ Y ^Hk&Z rL[*k _ a [ ^ÇZ l g Ì [ m Z Y l t7^L[ [ hH[ h�Ã)Y Z r�e Y l"Z rL[
ÂHl YVm [ hVdHl [�Y e$a [ l _ ÏLm g Z _ Y ^0Y e
r tVÂ)[ l Ã)Y \ _ m _ Z t�g ^Lh�m g \ m dH\ g Z _ Y ^�Y e�Z rL[ �@tVg ÂHdH^LY a�[ ÉVÂ)Y ^L[ ^VZ c ¸
b Z�l [ g hHc

δẋ = ω0δu, δu̇ = −ω0δx− 2xuδx+ [A cos(2πt/T ) − x2]δu+ (ε/ω0)δy cosω0t,
δẏ = 2ω0δv, δv̇ = −2ω0δy − 2yvδy + [−A cos(2πt/T ) − y2]δv + (ε/ω0)xδx. Ð 	 Û
{LY l$g"hH[ Z g _ \ [ h�c Z dLhVt pHÍ�[�c [ \ [ m Z

ω0 = 2π, T = 6, A = 5, ε = 0.5.
Ð uVÛ

Î�rL["c tHc Z [ Ä-Y Â)[ l g Z [ c�g c�e Y \ \ Y Í$c ¸��)[ Z�Z rL[�ÂHrLg c [
Y e�Z rL["ÏHl c Z�Y c m _ \ \ g Z Y l�Y ^7g ^7g m Z _ a [
c Z g k [�Ã)[

ψ
¶
x ∝ sin(ω0t + ψ)

¸�n$c$Z rL[�rLg \ e i Â)[ l _ YVh�m Y Ä
[ c$Z Y
Z rL[�[ ^Lh@p@Z rL[�[ ÉHm _ Z g Z _ Y ^&Y e
Z rL[
c [ m Y ^Lh&Y c m _ \ \ g Z Y l"YVm m dHl c�_ ^7ÂHl [ c [ ^Lm [
Y e�Z rL[�Z [ l Ä

x2 Z rLg Z�c [ l a [ c�g c�ÂHl _ Ä�_ ^HkH¸�Î
rH_ cZ [ l Ä-m Y ^ Z g _ ^Lc�Z rL["c [ m Y ^Lh�rLg l Ä"Y ^H_ m ¶
cos(2ω0t + 2ψ)

p�g ^Lh�_ Z c$ÂHrLg c [�_ c 	
ψ
¸��$[ ^Lm [ p)Z rL[

Y c m _ \ \ g Z _ Y ^Lc*Y e
y
Í�_ \ \$kV[ Z
Z rH_ c"ÂHrLg c [
	

ψ
¸ �$g \ e�g&Â)[ l _ YVh�\ g Z [ l p$[ ÉHm _ Z g Z _ Y ^4Y e�Z rL[�ÏHl c Z

Y c m _ \ \ g Z Y l*_ c*c Z _ Ä�dH\ g Z [ h0Í�_ Z r4Z rL[�Z [ l Ä
y cosω0t
¸#Î�rL[ ^)p�Z rL[�Y c m _ \ \ g Z _ Y ^Lc*Y e

x
g m m [ ÂHZ

Z rL[�ÂHrLg c [�	
ψ
e l Y Ä Z rL["c [ m Y ^Lh&Y c m _ \ \ g Z Y l ¸���^&c dLm m [ c c _ a [�Â@[ l _ YVhHc$Z rL[�ÂHrLg c [�Y e
Z rL[�ÏHl c Z

Y c m _ \ \ g Z Y l$Í�_ \ \)e Y \ \ Y Í/g ÂHÂHl Y ÉV_ Ä
g Z [ \ t*Z rL[�[ Ü dLg Z _ Y ^

ψn+1 = 2ψn +
m Y ^Lc Z

(mod2π).
Ð wVÛ

Î
rL[�l [ \ g Z _ Y ^ÇÐ wHÛ�m g \ \ [ h�Z rL[�q�[ l ^LY dH\ \ _�Ä"g Â�_ c$Í�[ \ \�`V^LY Í�^&g c$Y ^L[�Y e
Z rL[�c _ Ä"ÂH\ [ c Z�Ä"YVhH[ \
[ ÉHg Ä"ÂH\ [ c�_ ^�Z rL[�m rLg Y c�Z rL[ Y l t ¸ �
{LY l�g m m dHl g Z ["hH[ c m l _ ÂHZ _ Y ^7Y e
Z rL[�hV_ c m l [ Z [�Z _ Ä"["hVtV^Lg Ä�_ m c$_ Z�_ c�m Y ^Va [ ^H_ [ ^ Z�Z Y
Z dHl ^&Z Y
Z rL[ ��Y _ ^Lm g l��[�Ä
g Â7Ê 	 i vHp)x �Vp x v Ë ¸�{Vl Y Ä c Y \ dHZ _ Y ^�Y e�Z rL[�hV_ �)[ l [ ^VZ _ g \�[ Ü dLg Z _ Y ^Lc�Ð x Û
Í�_ Z r�Z rL[
_ ^H_ Z _ g \$c Z g Z [

xn = {x(tn), u(tn), y(tn), v(tn)} g Z tn = nT
p�Í�[
kV[ Z"g�^L[ Í aV[ m Z Y l

xn+1g Z
tn+1 = (n + 1)T

¸4n$c"_ Z
_ c
hH[ Z [ l Ä"_ ^L[ hÇdH^H_ Ü dL[ \ t�ÃVt
xn
p
Í�[�_ ^VZ l YVhVdLm [�g&e dH^Lm Z _ Y ^

Z rLg Z"Ä
g ÂLc�Z rL[
w 
 c ÂLg m [ {x, u, y, v} _ ^VZ Y�_ Z c [ \ e ¶ xn+1 = T(xn)
¸0Î
rH_ c���Y _ ^Lm g l��[�Ä"g Â

g ÂHÂ)[ g l c
hVdL[�Z Y�Z rL[$[ a Y \ dHZ _ Y ^*hH[ Z [ l Ä"_ ^L[ h"ÃVt"Z rL[$hV_ �)[ l [ ^VZ _ g \)[ Ü dLg Z _ Y ^Lc
Í�_ Z r*c Ä
YVY Z r
g ^Lh
� ��� �	� 
 � � 
 � � 
�� ����� �	� � ��� � � 
 � � 
 ����� � � � �	� � � � 
�� ��
 � �	� 
 � � � �	
 ��
 � � � � � � ��
 ��
 � �	� � � � 
 � 
 � 
 � � � 
 !"
 � �


 � � � # # � 
 
 �$
 
�� � 
 
 � � �$� � %&! � '&( �$� � ! 
 ) � %�( '&� � � � � 
�
 ��
 � � * � �+� 
 ��
 � �$� � � � �,) � � � � ( # � ��-.�$� 
 � � � �	
 � � 


 � ��� � � � �

ψ
� � � � 
 
�( �$% � / � � % * # 
 ( � # # '�
 ��
 � �	0�� 
 # ��
 � !,��� � 
 � � ) � #

T 1
� 
�� � ��� � � � ��
 � # ' � ��
 � ��� 
 � 
 � � 



 � 
 � �	% � � � � � 
 ��
 � !,�	% � � � � � � 
 � 
 � �32 � % � � % 4 
 � 
 � ��� 
 � * ��0�� � � 
 � ��/ � � 
�
 � � � # # � 
 
 ��� ��% � ! � � % 4 � 
 ��� ! � # � 
 � % �
� �	� ! � # # 4 � � % 
 � �	� � � � ��� ��� 
 
�0�� # #3% � / � � % �

u



Ã@Y dH^LhH[ h7l _ k r Z i rLg ^Lh�ÂLg l Z c�_ ^Çg�ÏH^H_ Z [�hHY Ä
g _ ^ÇY e�a g l _ g ÃH\ [ c {x, u, y, v} ¸0b ^Çg m m Y l hHg ^Lm [Í�_ Z r�Z rL[ Y l [ Ä"c$Y e�[ ÉV_ c Z [ ^Lm [ pLdH^H_ Ü dL[ ^L[ c c p@m Y ^VZ _ ^ dH_ Z t p)g ^Lh�hV_ �@[ l [ ^ Z _ g ÃH_ \ _ Z t�Y e�c Y \ dHZ _ Y ^Lc�Y e
hV_ �)[ l [ ^VZ _ g \�[ Ü dLg Z _ Y ^Lc pHZ rL[�Ä"g Â��#_ c�g"hV_ �@[ Y Ä"Y l ÂHrH_ c Ä*p@g"Y ^L[ i Z Y i Y ^L[�hV_ �@[ l [ ^ Z _ g ÃH\ [�Ä"g Â
Y e�m \ g c c

C∞
Ê x � Ë ¸

�$[ l [ g e Z [ l pVÍ�[�Í�_ \ \)hH[ g \)g \ Í�g tHc�Í�_ Z r
Z rL[$hV_ c m l [ Z [ i Z _ Ä
[$hH[ c m l _ ÂHZ _ Y ^*Y e)Z rL[$hVtV^Lg Ä"_ m c
_ ^
Z [ l Ä"c$Y e�Z rL[ ��Y _ ^Lm g l��[�Ä
g Â)¸
b ^"Z rL[$m Y dHl c [$Y e)_ Z [ l g Z _ Y ^Lc�Y e@Z rL[�Ä
g Â

xn+1 = T(xn)
pVg�c Ä
g \ \LÂHrLg c [ i c ÂLg m [�aVY \ dHÄ"[�_ c

c Z l [ Z m rL[ h*\ YVm g \ \ t
_ ^�g"hV_ l [ m Z _ Y ^�g c c YVm _ g Z [ h
Í�_ Z r�Z rL[$ÂHrLg c [$_ ^*Z rL[�g ÂHÂHl Y ÉV_ Ä"g Z [�[ Ü dLg Z _ Y ^
Ð wHÛ�g ^Lh*dH^LhH[ l kVYV[ c�m Y ^ Z l g m Z _ Y ^�_ ^�Z rL[�Y Z rL[ l�Z rHl [ [�hV_ l [ m Z _ Y ^Lc ¸
Î�Y�_ ^VZ [ l ÂHl [ Z$Z rL[$Ä
g ÂHÂH_ ^Hk
k [ Y Ä"[ Z l _ m g \ \ t p _ Ä"g k _ ^L[
g�c Y \ _ h�Z Y l Y _ h
Ð g�hV_ l [ m Z)ÂHl YVhVdLm Z�Y eHg�m _ l m \ [
g ^Lh�g�u 
7ÃLg \ \ Û@_ ^�Z rL[�w 

c ÂLg m [ ¸���^L[�_ Z [ l g Z _ Y ^&Y e�Z rL[���Y _ ^Lm g l��[�Ä
g Â�Í�_ \ \
m Y l l [ c Â)Y ^Lh�Z Y
\ Y ^Hk _ Z dLhV_ ^Lg \�c Z l [ Z m r&g ^Lh
Z l g ^Lc aV[ l c g \$m Y ^VZ l g m Z _ Y ^0Y e$Z rL[
Z Y l Y _ h7Í�_ Z rÇc dHÃLc [ Ü dL[ ^VZ"_ ^Lc [ l Z _ Y ^0Y e$Z rL[*hHY dHÃH\ t�e Y \ hH[ h
� Z dHÃ)[ ��_ ^VZ Y7Z rL[�Y l _ k _ ^Lg \�hHY Ä
g _ ^)¸#b Z*_ c*g ^Lg \ Y k Y dLc
Z Y&Z rL[&m Y ^Lc Z l dLm Z _ Y ^4Y e�o Ä
g \ [�g ^Lh
ÆÇ_ \ \ _ g Ä"c$Í�_ Z r�Z rL[�Y ^H\ t�hV_ �)[ l [ ^Lm [�Z rLg Z$Í�[�hH[ g \�Í�_ Z r�Z rL[�w 
/l g Z rL[ l�Z rLg ^�Z rL[�u 
/ÂHrLg c [
c ÂLg m [ ¸
Î�rL[*Ä
[ ^ Z _ Y ^L[ hÇZ Y l Y _ h�Í�_ \ \$Ã@[*l [ e [ l l [ h�Z Y7g c
g ^0g ÃLc Y l ÃH_ ^Hk�hHY Ä"g _ ^

U
¸ b Z
Ä"[ g ^Lc

Z rLg Z�dH^LhH[ l"g ÂHÂH\ _ m g Z _ Y ^�Y e�Z rL["Ä"g Â�� Z rL["_ Ä
g kV[ c�Y e$g \ \
Â)Y _ ^ Z c�e l Y Ä
U
Í�_ \ \�Ã@[ \ Y ^Hk�Z Y

_ Z c$_ ^ Z [ l _ Y l ¶
T(U) ⊂ b ^ Z U ¸"Î�rL["g Z Z l g m Z Y l�Z rL[ ^&Ä"g t�Ã@["hH[ ÏH^L[ h&g c$_ ^ Z [ l c [ m Z _ Y ^7Y e
Z rL[

_ Ä
g kV[ c�Y ÃHZ g _ ^L[ h*dH^LhH[ l�Ä�dH\ Z _ ÂH\ [�g m Z _ Y ^�Y e�Z rL[$Ä
g Â)¶
A =

∞
⋂

n=1
T

n(U)
¸

Î�Y"Í�l _ Z [�hHY Í�^&g ^�g ^Lg \ tVZ _ m�hH[ ÏH^H_ Z _ Y ^�e Y l�Z rL[�hHY Ä
g _ ^
U
_ Z$_ c$m Y ^ aV[ ^H_ [ ^VZ$Z Y"l [ hH[ ÏH^L[

Z rL[�m YVY l hV_ ^Lg Z [�c tHc Z [ Ä�¸�Æ7[$_ ^ Z l YVhVdLm [�^L[ Í4a g l _ g ÃH\ [ c {x0, x1, x2, x3}
g c�e Y \ \ Y Í$c ¶

x0 = x/r0, x1 = (u−cuxx)/r1, x2 = y−cyxx−cyuu, x3 = v−cvxx−cvuu−cvyy.
Ð · Û

Î�Y"hH[ Z [ l Ä"_ ^L[�Z rL[�m Y ^Lc Z g ^VZ c�Í�[�g m m dHÄ�dH\ g Z [�g�\ g l kV[$^VdHÄ�Ã@[ l�Y e�Â@Y _ ^VZ c {x, u, y, v} Y ^Z rL[�g Z Z l g m Z Y l�_ ^
Z rL[���Y _ ^Lm g l��[�c [ m Z _ Y ^
ÃVt"^VdHÄ"[ l _ m g \)c Y \ dHZ _ Y ^*Y e)Z rL[�[ Ü dLg Z _ Y ^Lc�Ð x Û ¸�Î�rL[ ^)p
Ã t�Z rL[�\ [ g c Z�c Ü dLg l [�Ä"[ Z rLYVh�Í�[�ÏH^Lh&Y dHZ�Z rL[�m YV[ �
m _ [ ^VZ c�Z Y
Ä"_ ^H_ Ä�_ � [�Z rL[�Ä
[ g ^Hi c Ü dLg l [
a g \ dL[ c

< (u − cuxx)
2 >
p
< (y − cyxx − cyuu)

2 >
p
< (v − cvxx − cvuu − cvyy)

2 >
¸

� [ Y Ä"[ Z l _ m g \ \ t pL_ Z$m Y l l [ c Â)Y ^LhHc�Z Y"hV_ l [ m Z _ ^Hk"Z rL[�m YVY l hV_ ^Lg Z [�g ÉH[ c�g \ Y ^Hk�Z rL[$ÂHl _ ^Lm _ ÂLg \)g ÉH[ c
Y e�Z rL[�[ \ \ _ ÂLc Y _ h*Z rLg Z�g ÂHÂHl Y ÉV_ Ä"g Z [ c�Z rL[�g Z Z l g m Z Y l ¸
n�hHhV_ Z _ Y ^Lg \ \ t pLÍ�[$^LY l Ä
g \ _ � [

x0
g ^Lh

x1Ã t
g ÂHÂHl Y ÂHl _ g Z [$e g m Z Y l c�Z Y�rLg aV[��
x2

0 �
	
�
x2

1 � ≈
x � 	H¸�{�_ ^Lg \ \ t pVg Z
Z rL[�ÂLg l g Ä
[ Z [ l�c [ Z$Ð u Û�Í�[

k [ Z
cux = 0.438, cyx = −0.042, cyu = 0.226, cvx = −0.218,
cvu = 0.029, cvy = −0.118, r0 = 0.812, r1 = 0.721.

Ð � Û

b ^*Z rL[�^L[ Í m YVY l hV_ ^Lg Z [ c pH\ [ Z�dLc�hH[ ÏH^L[$Z rL[�g ÃLc Y l ÃH_ ^Hk
hHY Ä"g _ ^
U
ÃVt
Z rL[�_ ^L[ Ü dLg \ _ Z t@¶

[(

√

x2
0 + x2

1 − r

)

/dr

]2

+ (x2/d)
2 + (x3/d)

2 ≤ 1.
Ð � Û

j�Ä"ÂH_ l _ m g \ \ t�c [ \ [ m Z [ h*m Y ^Lc Z g ^ Z c$g l [
r = 0.94, dr = 0.4, d = 0.15

¸

w



b ^"{)_ kH¸ x�Í�[�c rLY ÍÇg�u 
ÇÂH\ Y Z�_ \ \ dLc Z l g Z _ ^Hk�Ä�dHZ dLg \H\ YVm g Z _ Y ^"Y eLZ rL[�hHY Ä
g _ ^Lc
U
g ^Lh �

(U)
¸

b Z�_ c$_ ^7Y ÃVaV_ Y dLc�m Y l l [ c Â@Y ^LhH[ ^Lm [�Í�_ Z r&Z rL[�ÏHl c Z�c Z [ Â&Y e
Z rL[�m Y ^Lc Z l dLm Z _ Y ^7Y e
Z rL[
o Ä"g \ [�Å
ÆÇ_ \ \ _ g Ä"c�g Z Z l g m Z Y l ¸�Î
rL[�Z l g ^Lc e Y l Ä"[ h&hHY Ä
g _ ^ �

(U)
\ YVY `Hc$\ _ ` [�g"^Lg l l Y Í/ÃLg ^Lh�Ã@[ m g dLc [

Y e�aV[ l t�c Z l Y ^Hk
m Y Ä"ÂHl [ c c _ Y ^�Y e�Z rL[$ÂHrLg c [$aVY \ dHÄ"[�_ ^�Z rL[$l [ c Â@[ m Z _ aV[�hV_ l [ m Z _ Y ^Lc ¸
Æ7[�Í�_ \ \�a [ l _ e t�r tVÂ)[ l Ã)Y \ _ m _ Z t�m Y ^LhV_ Z _ Y ^Lc�l [ Ü dH_ l [ h�Ã t&g"Z rL[ Y l [ Ä�Ð c [ [�[ ¸ kH¸
Ê x p�·Vp
x 	 Ë Û
g hHY ÂHZ [ hÇe Y l
Z rL[*ÂHl Y ÃH\ [ Ä�dH^LhH[ l*m Y ^Lc _ hH[ l g Z _ Y ^)¸���^H\ _ `V[*Z rL[�k [ ^L[ l g \$e Y l Ä�dH\ g Z _ Y ^)p�_ Z"_ c
c d��"m _ [ ^ Z�rL[ l ["Z Y*hH[ g \
Í�_ Z r7g�hV_ �@[ Y Ä"Y l ÂHrH_ c Ä5Y e�m \ g c c��

∞
_ ^&Z rL["j�dLm \ _ hV_ g ^�c ÂLg m [

R
4 p^Lg Ä
[ \ t pHZ rL[���Y _ ^Lm g l��[�Ä"g Â �
Ð ��Û ¸�j�a Y \ dHZ _ Y ^�Y e�g�Â@[ l Z dHl Ã@[ h*c Z g Z [

x + δx
m Y l l [ c Â)Y ^LhHc�Z Y

Z l g ^Lc e Y l Ä
g Z _ Y ^�Y e�Z rL[�Â@[ l Z dHl ÃLg Z _ Y ^7a [ m Z Y l
δx
_ ^&\ _ ^L[ g l�g ÂHÂHl Y ÉV_ Ä
g Z _ Y ^

δx′ = DTxδx
p

Í�rL[ l [
DTx

_ c
Z rL[�� g m Y ÃH_)Ä"g Z l _ É
g Z���¶
DTx = {∂x′i/∂xj}, i, j = 0, 1, 2, 3.

Î
rL[$^LY Z _ Y ^
DT

−1
x

hH[ c _ k ^Lg Z [ c�Z rL[�hH[ l _ a g Z _ a [�Ä
g Z l _ É
e Y l�Z rL[$_ ^Va [ l c [�Ä"g ÂHÂH_ ^Hk
T

−1(x)
¸

���
	���
 	���� ��� ��� ����� ��o dHÂHÂ)Y c [�Z rLg Z�g�hV_ �@[ Y Ä"Y l ÂHrH_ c Ä �4Y e@m \ g c c �
∞
Ä"g ÂLc�g�Ã)Y dH^LhH[ h

hHY Ä
g _ ^
U ⊂ R

4 _ ^ Z Y*_ Z c [ \ e ¶
T(U) ⊂ b ^ Z U p�g ^Lh A ⊂ b ^VZ U _ c�g ^&_ ^ a g l _ g ^ Z"c dHÃLc [ Z�e Y lZ rL[�hV_ �)[ Y Ä
Y l ÂHrH_ c Ä�¸$Î�rL[�c [ Z
A
Í�_ \ \�Ã@[�dH^H_ e Y l Ä�\ t*rVtVÂ@[ l Ã@Y \ _ m�_ e�Z rL[ l [�[ ÉV_ c Z c$g
m Y ^Lc Z g ^VZ

γ > 1
g ^Lh
Z rL[$e Y \ \ Y Í�_ ^Hk
m Y ^LhV_ Z _ Y ^Lc�rLY \ h@¶

x ¸${HY l$[ g m r
x ∈ A
_ ^�Z rL[�c ÂLg m [

Vx
Y e�w 
 aV[ m Z Y l c

δx
Z rL[�[ ÉVÂLg ^LhV_ ^Hk
g ^Lh�m Y ^VZ l g m Z _ ^Hk

m Y ^L[ c
Sγ

x

g ^Lh
Cγ

x

Ä
g t&Ã@[
hH[ ÏH^L[ h@p
c dLm r�Z rLg Z ‖DTxu‖ > γ ‖u‖ e Y l�g \ \ u ∈ Sγ
x

p
g ^Lh ∥

∥DT
−1
x v

∥

∥ > γ ‖v‖ e Y l
g \ \ v ∈ Cγ
x

Á�Ä
Y l [ Y a [ l p�e Y l
g \ \
x ∈ A
Z rL[ tÇc g Z _ c e t

Sγ
x ∩ Cγ

x = ∅ g ^Lh Sγ
x + Cγ

x = Vx
¸

	V¸$Î
rL[7m Y ^L[ c
Sγ

x

g l [7_ ^Va g l _ g ^VZ�_ ^ l [ c Â)[ m Z�Z YÇg m Z _ Y ^#Y e�� �"p�g ^Lh
Cγ

x

g l [&_ ^ a g l _ i
g ^VZ�_ ^�l [ c Â)[ m Z�Z Y&g m Z _ Y ^ÇY e

DT
−1 p�_ ¸ [ ¸7e Y l
g \ \

x ∈ A DTx(Sγ
x) ⊂ Sγ

T(x)

g ^Lh
DT

−1
x

(Cγ
x) ⊂ Cγ

T−1(x)

¸

b e�Z rL["e Y l Ä�dH\ g Z [ h�m Y ^LhV_ Z _ Y ^Lc�g l [�a g \ _ h&e Y l�g�hHY Ä
g _ ^�m Y ^VZ g _ ^H_ ^Hk�Z rL[
g Z Z l g m Z Y l p�c g t p

T
n(U)
p�Z rL[ t7g l [
Y ÃVaV_ Y dLc \ t&Z l dL[
e Y l�Z rL[
g Z Z l g m Z Y l

A =
∞
⋂

n=1
T

n(U)
¸�Î�rL["ÂHl YVm [ hVdHl [
Y e

m Y Ä"ÂHdHZ [ l$a [ l _ ÏLm g Z _ Y ^�Y e�Z rL[ c [�m Y ^LhV_ Z _ Y ^Lc$m Y ^Lc _ c Z c�_ ^*Z rL[$e Y \ \ Y Í�_ ^HkL¸
o Z g l Z _ ^Hk4g Z

x = {x0, x1, x2, x3} ∈ U
p�Í�[&Â@[ l e Y l Ä ^VdHÄ"[ l _ m g \"c Y \ dHZ _ Y ^/Y e
j�ÜVc ¸

Ð x Û�Y ^ Z rL[&_ ^ Z [ l a g \
t ∈ [0, T ]

g ^Lh k [ Z�Z rL[&_ Ä
g kV[
x
′ = {x′0, x′1, x′2, x′3}

¸�b ^ ÂLg l i
g \ \ [ \ p�Í�[7c Y \ a [&Z rL[&c [ Z&Y e
[ Ü dLg Z _ Y ^Lc�e Y l�c Ä
g \ \�Â)[ l Z dHl ÃLg Z _ Y ^Lc�Ð 	 Û�Y a [ l�Z rL[7c g Ä
[�Â)[ i
l _ YVh@¸
b Z�_ c�hHY ^L["e Y l�e Y dHl�Z _ Ä"[ c p�g c c _ k ^H_ ^Hk*Z rL[�_ ^H_ Z _ g \
a [ m Z Y l c�_ ^7m YVY l hV_ ^Lg Z [ c*Ð ·VÛ$g c�e Y \ i
\ Y Í$c ¶ {δxi} = {1, 0, 0, 0}, {0, 1, 0, 0}, {0, 0, 1, 0} g ^Lh {0, 0, 0, 1} ¸�{Hl Y Ä#Z rL[�l [ c dH\ Z _ ^Hk�e Y dHla [ m Z Y l i m Y \ dHÄ�^Lc$Í�[�m Y Ä�Â)Y c [�g�Ä
g Z l _ É

U = DTx

¸
n�e Z [ l�Y ^L[
_ Z [ l g Z _ Y ^
Y eHZ rL[���Y _ ^Lm g l��[�Ä
g Â"g ^ t�_ ^H_ Z _ g \HÂ@[ l Z dHl ÃLg Z _ Y ^"a [ m Z Y l��*Z l g ^Lc e Y l Ä
c
Z Y

u
′ = Uu
¸$n#c Ü dLg l [ h�j�dLm \ _ hH[ g ^&^LY l Ä Y e�Z rH_ c�aV[ m Z Y l$_ c ‖u′‖2 = u

T
U

T
Uu
pLÍ�rL[ l [

TÄ"[ g ^Lc�Z rL["Z l g ^Lc Â@Y c _ Z _ Y ^)¸��$_ g*Z rL["_ ^ aV[ l c [
Ä"g Z l _ É
U

−1 Í�[*m g ^7Í�l _ Z [
u = U

−1
u
′
g ^Lh

‖u‖2 = u
′T

U
−1,T

U
−1

u
′
¸�nÇm Y ^LhV_ Z _ Y ^"Z rLg Z�ÂHl [ _ Ä"g k [�Y e

u
′
l [ \ g Z [ c�Z Y$Z rL[�[ ÉVÂLg ^LhV_ ^Hk�m Y ^L[

Sγ
x

pV_ c�g ^*_ ^L[ Ü dLg \ _ Z t ‖u′‖ > γ ‖u‖ pLY l u′T
Hγu

′ < 0
pHÍ�rL[ l [

Hγ = U
−1,T

U
−1 − γ−2 ¸

·



o Z g l Z _ ^Hk
g Z
x
′ = T(x) = {x′0, x′1, x′2, x′3}

pHg�a [ m Z Y l
u
′
Z l g ^Lc e Y l Ä
c�Z Y

u
′′ = U

′
u
′
pHg ^Lh

Í�[�rLg aV[ ‖u′′‖2 = u′TU′TU′u′
¸�Î�rL[�[ ÉVÂLg ^LhV_ ^Hk*m Y ^L[

Sγ
T(x)

g Z
x′ = T(x)

_ c$hH[ Z [ l Ä�_ ^L[ h
Ã t�g ^*_ ^L[ Ü dLg \ _ Z t ‖u′′‖ > γ ‖u′‖ pLY l u′T

H
′

γu
′ > 0
pHÍ�rL[ l [

H
′

γ = U
T
U− γ2 ¸

Î�r dLc p�Z rL[�l [ Ü dH_ l [ h m Y ^LhV_ Z _ Y ^
DTx(Sγ

x) ⊂ Sγ
T(x)

_ c*e Y l Ä�dH\ g Z [ h4_ ^4Z [ l Ä"c�Y e�Z Í�Y
Ü dLg hVl g Z _ m�e Y l Ä
c ¶�b e@Z rL[�_ ^L[ Ü dLg \ _ Z t

u
′T

Hγu
′ < 0
rLY \ hHc p Z rL[ ^
Z rL[�_ ^L[ Ü dLg \ _ Z t

u
′T

H
′

γu
′ > 0Ä�dLc Z�Ã@[$a g \ _ h*Z YVYH¸

�)[ Z*dLc
Â)[ l e Y l Ä g7m g ^LY ^H_ m g \�l [ hVdLm Z _ Y ^4Y e�Z rL[&Ü dLg hVl g Z _ m�e Y l Ä
u
′T

H
′
γu

′
Ã t4g7m Y i

Y l hV_ ^Lg Z [�m rLg ^Hk [ ¸�n$c�Z rL[
Ä"g Z l _ É
U

′T
U

′
_ c�Â@Y c _ Z _ aV[*hH[ ÏH^H_ Z [ p�g ^ÇY l Z rLY ^LY l Ä"g \�ÃLg c _ c�Y e

[ _ kV[ ^ aV[ m Z Y l c
d0,d1,d2,d3

Ä"g t�Ã)[�m rLY c [ ^)¸�Î
rL[ ^)p)Z rL[�Ä
g Z l _ É
D = (d0,d1,d2,d3)

_ c$g
hV_ g k Y ^Lg \ _ � [ l ¶

D
T
U

′T
U

′
D = {Λ2

i δij}, i, j = 0, 1, 2, 3
¸�Î�rL[�[ _ k [ ^Va g \ dL[ c�Y ^�Z rL[�hV_ g k Y ^Lg \

Λ2
i

g l [�c dHÂHÂ@Y c [ h
Z Y�Ã@[�g l l g ^HkV[ h*_ ^*Z rL[�hH[ m l [ g c _ ^Hk
Y l hH[ l ¸
b ^�Y dHl�m g c [ pHZ rL[ l [$Í�_ \ \)Ã@[�Y ^L[
c Z l [ Z m rH_ ^Hk�g ^Lh�Z rHl [ ["m Y ^VZ l g m Z _ ^Hk�hV_ l [ m Z _ Y ^Lc p�c YVp
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Ð m Y Ä�ÂHl [ c c _ Y ^@Û

S = {s−1
i δij}, s0 =

√

Λ2
0 − γ2, s1,2,3 =

√

γ2 − Λ2
1,2,3

p
Í�[
k [ Z
Ĥ
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